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PREFACE

The purpose of this handout is to present, in a clear and elementary manner, the
fundamental mathematical techniques and results in analysis that first-year students in
management and economics are expected to master. The intention is not to prove the
stated theorems or propositions, but rather to elucidate their applications and the under-

lying computational rules.

A substantial part of the material presented in this handout is drawn from the lectures

I have delivered at the Higher School of Economics in Oran.

This handout is composed of six chapters. Each chapter includes a series of exercises,
most of which are accompanied by detailed solutions, allowing students to assess and

consolidate their understanding.

I have endeavored to design a resource that can be used not only by students in math-
ematics, but also by those in economics and management, in the hope of contributing to

the development of Algerian academic documentation.
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Chapter 1

Fundamentals of Functions

1.1 Introduction to Real Numbers

1. We denote by N = {0,1,2,3,...} the set of natural numbers, and by N* = N\ {0}

the set of positive natural numbers.

2. We denote by Z = {...,-3,-2,—1,0,+1,+42,+3,...} the set of integers, and by
Z* =7\ {0} the set of nonzero integers.

3. We define the set of rational numbers by Q = {}—9 :p € Z,q € N*}.
Rational numbers can be expressed as decimal fractions that are either terminating

or repeating.

5) 10 5)
E le 1.1.1. - = 1,25 P — = = - — = 0,7142571425 ... ;
xample 1 .25 € Q; — 3,33... € Q; - 0, 571425 ... € Q;
7,25123123123..... € Q.

Clearly, NC Z C Q.

Definition 1.1.1. Numbers represented by non-terminating, non-repeating decimal frac-

tions are referred to as trrational numbers.
Example 1.1.2. /2 = 1,414213... ¢ Q; /7 = 2.645751311... ¢ Q; m = 3,141592... ¢ Q.

Definition 1.1.2. The set of real numbers, denoted by R, is composed of both rational

and rrational numbers.

Thus, we have reached the following inclusion: N C Z C Q C R.

6



1.2 Intervals in R

Let a and b be two real numbers such that a < b. The types of intervals are as follows:
1. [a,b] ={z € R:a < x < b} (closed interval).
2. la,b[={x € R:a <z < b} (open interval).

3. Ja,b] = {x € R:a <z < b} (half-open interval).

4. la,b[={r € R:a <z < b} (half-open interval).
5. Ja,+o0o[= {x € R:z > a} (open interval).
6. [a,+oo[={x € R: x> a} (closed interval).

7. ]| —00,b]={z € R:z < b} (open interval).

co

.| —o00,b) ={x € R:x <b} (closed interval).

9. | — 00, +00[=R (open interval).

1.3 Special Products (Notable Identities)

The most well-known identities are: V(x,y) € R?
o (v +y)? =2+ 2xy+ >

o (v —y)?=2a?—2xy+y°

o ¥~y = (v —y)(z+y).

To solve the quadratic equation az?+bx+c = 0, we compute the discriminant A = b%>—4ac:

—b— VA —b+ VA
e If A > 0, we have two distinct solutions 11 = ————— and 2y = +—
2a 2a
—b
e If A =0, we have a double root given by 2’ = 2" = 5
a

e If A <0, the equation has no real solution.



1.4 Some Basic Rules

1. a> 0 —a <0.

2.a>be —a < b

3.a>0and b<0=ab<0.

4. a<0and b<0=ab>0.
b.a>bsa—b>0.

6. fb>0,thenVaeR, a—b<a<a+b.
7. a>bet c>0= ac> bc (multiplying by c).

1
8.a>0=—->0.
a

1 1
9. 0<a<b=>0< = < —.
b a

10. If a > 0 and b > 0, then a? < b < a < b.

11. a<bandc<d=a+c<b+d.

/

C_ L ool = d'b, Wb,V 0.

12, —
b v

1.5 Real-Valued Functions

Definition 1.5.1. Let E and F' be subsets of R.

1. We say that f is a real-valued function from E to F if it assigns to each element x

of E an element y of I, denoted by f(x), and we write

f:E—F

f(x) is called the image of x under f.
E is called the domain of f, and F is called the codomain.



2. The set of all x € E that have an image y € F' is called the domain of definition of
f, denoted by:
Dy={zeE[3yeF y=[f(v)}

Example 1.5.1.

f:EFE—F

r— f(x) =2 = Ig,

15 called the identity function.

Example 1.5.2.

fR— R
x

v flr) = =

The expression above defines a real-valued function. However, before using f, we must
specify the set of all real numbers x for which f(x) is well-defined. Since the denominator
x — 1 must not be zero, we exclude x =1 from the domain.

Hence, the domain of f is given by
Di=R—-{zeR:z—-1=0},

that s,
Dy =] — 00, 1{U]1, +00].

Exercise 1.5.1. Determine the domain of definition of the following real-valued functions:

flx) = Va2 —uw=2; g(x) = Jit oz
Solution 1.5.1. Dy =] — 0o, —1] U [2,4+00[ and D, = [0, 2].
Definition 1.5.2. Let f : E — F and A C E. The function g defined by:
g:A— F
z— g(x) = f(z)

is called the restriction of f to A, sometimes denoted by f|a. Conversely, f is called an

extension of g to E.



Example 1.5.3. The function

g=sin:[0,27] — R
T — sinx
s the restriction of
f=sin:R— R
xr — sinz.

to the interval [0, 27].

Graph of a Real-Valued Function
The graph of a function f : E — F is a subset of R? defined by
G(f) ={(z, f(x)) : x € E},

which is represented in the plane with respect to an orthonormal coordinate system

-
(0727])'

1.6 Absolute Value of a Real Number

We denote by R, the set of all non-negative real numbers:
Ry ={zeR |z >0}.

We denote by R_ the set of all non-positive real numbers:
R_={zeR|z <0}

It follows that
R+UR_ :R and R_;,_QR_ = {0}

Definition 1.6.1.

We call absolute value the function from R to Ry, denoted by | - |, defined by:
| . ’ . R — R+
x, ifx >0,
x|z =
—x, ifx <O.

10



Graphical Representation of the Absolute Value Function

y = |zl
0 x
31 31

Example 1.6.1. |3| =3 ; |?| =5 | =7 ==(=7)=7;
| = V3l == (=V3)=V3=1V3|.
Exercise 1.6.1. Write the following expressions without using the symbol | - |7, according
to the values of x:

A=|z+2|; B=l|z+2|+|l—z|+]|z+3

Exercise 1.6.2. Solve in R:
)|z +5[=12; 2)|3—z|=5.
Theorem 1.6.1. The absolute value on R has the following properties:
1) |z| > 0.

2) x| =0<=x=0.

3) |z| = |-zl

4) eyl = |2yl

5) 1% = iy 2o,
y |yl

11



6) |z +y| <l|x|+|y| (called the first triangular inequality).

7) x| — |y|| < |z —y| (called the second triangular inequality).

8) —|z| <z < x|

9) lz| La<—= —a <z <o witha>0.
Note that |z + y| # |z| + |y| in general. For example: | -8+ 1| =7#| -8 |+ |1|=09.
Example 1.6.2. Let a be a strictly positive real number.

1. Show that |z| < a <= —a < x < .

2. Deduce the solutions of the inequality |z + 2| < 1.

3. Solve in R the inequality 1 — x* > 0.
Proof.

1. We have:

0<|z] < a<=|z]* <a?
=2’ —a*<0
<z €] —a,a] (according to the sign of a quadratic polynomial)

— —a<xT <o

2. We have:
lr4+2<l<=-1<z+2<1
— -1-2<z+4+2-2<1-2 (by adding —2)
— —3<z< -1,
hence the set of solutions is S =] — 3, —1][.

3. Since Va2 = |z|, we have:
-2 >0<=2’<l<=|z|<l+=-1<2<1,
hence the set of solutions is S = [—1,1].

12



1.7 The Floor Function of a Real Number

Given a real number z, there exists the greatest integer, denoted by E(z) or [z], such that

E(z) < x. It is called the floor (or integer part) of x. By definition, we have:
VeeR, FE)<z<Ex) +1
with E(x) € Z. Hence, we deduce that:
VreR, z—1<E(x) <=z
Remark 1.7.1. If x € Z, then E(x) =

Example 1.7.1. [3,5] =3 ;[0,7] =0 ; [?] =1;[-0,05] = —1;[-V2]=—-2;

E(-3,4) = B(—3 9; B(-3,1) = B(~4) = 4.

Graphical Representation of the Floor Function

y = [z]
4+ —F
3t —
o —
1+  —
4 3 5 T2 5 4 "
—F -1
—F T2
—F +-3
—Ag +—4

13



1.8 Direct Image and Inverse Image of a Set

Definition 1.8.1. Let f : E — F, AC E and B C F.

1. The direct tmage of A under f is the subset of F', denoted by

fLA)={flx)e FlzeA}

2. The tnverse tmage of B under f is the subset of E, denoted by

[7(B)={zeE|f(x)eB}.

Example 1.8.1.

1. Let the function
fiRY —R
r— f(z) = Inz.
Find f([1,+00)), f({1,2}), f1({1,2}), f7H([1,+00)).
2. Let the function

f:R—R

r— f(r) = 2°.

Find f([-1,1]); f((=00,0)); f(R); f7'({1,2,4}); f71((=3,=1)); f1((0, +00)).

1.9 Composition of Functions

Let £, F, G be three subsets of R, and let f : ¥ — F and g : F — G. The
composition of f with g is the function from F to G, denoted by g o f, defined by

(go f)(z) = g(f(x)), Vxe€E.

Exercise 1.9.1. Let

f(z) =2 and g<x>:1—11—a:'

Compare go f and f o g on their respective domains of definition.

14



Solution 1.9.1.

o g is defined on R\ {—1} and f is defined on R, so fog is defined on R\ {—1}, and
for all x € R\ {—1},

1 1
(Foa)e) = flae) = (135 ) = oo
o fis defined on R and g is defined on R\ {—1}. Hence, go f is defined for all values
of x for which f(x) € R\ {—1} (so that go f can be computed).
Since f(x) > 0, we have f(x) € R\ {—1}. Therefore, go f is defined on R, and for
all v € R,

(9o flx) =g(f(z)) = g(a*) =

We notice that, in general, go f # fog.

Definition 1.9.1. Let f be a function defined on an interval I that is symmetric with

respect to 0. We say that:
1. fisevenifVoel: f(—x)= f(z).
2. fisoddifVeel: f(—x) = —f(x).

Exercise 1.9.2. Show that the function v — expx can be written as the sum of two

functions g and h such that g is even and h is odd.

Solution 1.9.2. The function x —— expx is defined on R, which is symmetric with

respect to 0. Moreover,

{ g9(x) + h(z) = e N { g(z) + h(z) = €*
g(—z) + h(—x) =e"

Solving this system, we find:

Definition 1.9.2. Let f: R — R. The function f is called peritodic with period p if p

15 the smallest positive number such that

VeeR: f(z+p) = f(z).

15



1.10 Trigonometric Functions

1.10.1 Sine and Cosine Functions Yy

Introduction
In an orthonormal coordinate system (O, i , j

consider the right triangle OM M’
such that MTOM' = a.

We have,
. MM’  opposite side
sina = =
OM hypotenuse o
and 0

OM'  adjacent side
cosq = = :
OM hypotenuse

) y

9

M/

According to the Pythagorean theorem,
OM"” + MM"? = OM?

because OM M’ is a right triangle.
Substituting, we get
OM? cos® a + OM?sin* o = OM?,
which leads to
cos? o + sin® v = 1.

This is the equation of a circle with center 0 and radius 1.

Geometric Interpretation Ax

2

1

[ \\M
The trigonometric circle has a radius of 1. |
cos o is the projection of the point M onto the I 0

. ] >

x-axis. T2

sin o is the projection of the point M onto the

y-axis.

—1<sina<1l, —1<cosa<1

16



T s s s 3
0 Glils || ™%
: 1 | V2| V3
Sin 0 5 5 |9 1 0 —1
V3 V2|1
COS 9 5 | 9 5 0] -1 0

Table 1.1: trigonometric lines

We observe that for a € [27,47], we obtain the same values, that is, the functions sinx

and cos x are periodic with a period of 27, since
Ve e R: f(z+2m) = cos(x+2m) = cosxz = f(x) and g(z+27) = sin(z+27) = sinz = g(x).
Therefore, we can restrict our study to an interval I of length 27.

Graphical Interpretation

1) The variation table of f(z) = cosx with f'(z) = —sinz

T —T 0 T
f'(x) + -
1
f(x) SN
-1 —1
Y = CoST
- g % T 37” 21 .
0
—1

There is a symmetry with respect to the y-axis, i.e., f(x) = cosz is an even function

and cos(—x) = cos .

17



2) The variation table of g(x) = sinx with ¢'(x) = cosx

x | -7 -3 Z T
g'(x) - + -
0 1
g(x) e /" ¢
-1 0
Yy =sinx
1
T =3 5 s 37” 2m .
0
—1

There is a symmetry with respect to the origin, i.e., g(z) = sinz is an odd function

and sin(—z) = —sin .

1.10.2 Tangent and Cotangent Functions

The tangent function, denoted by tan, is defined as follows:

sin x

tanx =

,VzeR—A such that A:{ngkw/keZ}.

COS X

The cotangent function, denoted by cot, is defined as follows:

COS T

cotx = ——, Ve € R— B such that B = {kn/k € Z}.
sin
1
For all z € R\ (AU B), we have the following equality: cotx = "
anx

18



Graphical Interpretation

(tanz)" = , VieR—A and (cotz) = — , Ve € R— B.
cos? sin®

The functions tan z and cot x are periodic with a period of 7. We can restrict our study
to an interval I of length 7. For example, we choose:

J = } —g, g [ for the function tanz, and J' = ]0, 7| for the function cot z.

T —% 0 g T 0 g T
(tan z)’ + + (cot )’ - -
+0o0 +00
/‘ \1
tanz 0 cotx 0
/( \1
—00 —00
Yy =tanx Yy = cotx
—37 —T s 3 =T 7r <37
2 2 2 2 T T2 2T
0 :

| i
| B

| B

| |

| |

| o
2y % 2
| |

| |

| |

| |

| |

| |

[ I [
[ [ [
[ [ [
[ [ [
[ [ [
[ [ [
f f f xr
[ [ [
[ [ [
[ [ [
[ [ [
[ [ [
[ \ \

There is a symmetry with respect to the origin, i.e., the function tan z is odd and
tan(—z) = — tanz.
There is also a symmetry with respect to the origin, i.e., the function cot z is odd and

cot(—z) = — cot z.

19



1.11 The Upper and Lower Bounds in R

Let A be a non-empty subset of R.

Definition 1.11.1. (of an upper bound)
We say that the real number M € R is an upper bound of A if it satisfies: Vx € A,
< M.

In this case, we say that A is bounded above.

Example 1.11.1. Let A =1[0,5[. Then 6 is an upper bound since Vx € A, x < 5 < 6.

We observe that every real number M > 5 is also an upper bound of A.

Remark 1.11.1. If M is an upper bound of A, then every M’ > M is also an upper
bound of A.

Definition 1.11.2. (of a lower bound)
We say that the real number m € R is a lower bound of A if it satisfies: Vr € A, x > m.

In this case, we say that A is bounded below.

Example 1.11.2. Let A = [0,5]. Then 0 is a lower bound of A, and we observe that

every real number m < 0 s also a lower bound of A.

Remark 1.11.2. If m is a lower bound of A, then every m’ < m is also a lower bound

of A.

Definition 1.11.3. We say that A is bounded if it is both bounded below and bounded

above.

Example 1.11.3. The set A =] — 1,3[U[4, 7[ is bounded since Ve € A: —1.5 <z <T7.2.

We observe that there are several upper and lower bounds.

Definition 1.11.4. A function f : E — R is said to be bounded if the set f(F) is

bounded. That is, there exist two real numbers M and m such that
Ve € E, m < f(z) <M,

or equivalently, there exists M > 0 such that Vo € E, |f(z)] < M.

20



Definition 1.11.5. (of the least upper bound)
The least upper bound of A is the smallest of all upper bounds of A. It is denoted by
sup A. The sup A, if it exists, is unique.

Definition 1.11.6. (of the greatest lower bound)
The greatest lower bound of A is the largest of all lower bounds of A. It is denoted by
inf A. The inf A, if it exists, is unique.

Example 1.11.4.
1. A=]—2,3[, inf(A) = -2, sup(A) = 3.
2. B =|0,4o0[, inf(B) =0, sup(B) = +oc.

Remark 1.11.3. If a subset B of R is not bounded above (or not bounded below), we set
sup B = 400 (orinf B = —c0).

Remark 1.11.4. If M is an upper bound of A and belongs to A, then it is the supremum
of A, and in this case sup A = max A = M.

If m s a lower bound of A and belongs to A, then it is the infimum of A, and in this case
inf A=minA =m.

If sup A exists but does not belong to A, then max A does not exist.

If inf A exists but does not belong to A, then min A does not exist.
Exercise 1.11.1. Let A be a subset of R, defined as follows:
A= {x2eg / 1<z <10%).
1. Compute sup A, inf A.
2. Do max A and min A exist?
Solution 1.11.1.

1. Let us find sup A and inf A using the variation table. Set f(x) = xQeg, hence
f(x) = e=(2z — 6).

21



T 1 3 10°
f(z) - +
b 1010 105
f(x) N\ /!
9¢?

We observe from the table that inf A = 9¢® and sup A = 100¢ 705 (note that €8 <
1020¢ 705 ).

2. max A = sup A = 1019505 since sup A € A for x = 10°.
min A = inf A = 9e? since inf A € A for x = 3.

1.12 Binomial Theorem

Definition 1.12.1. The factorial of a natural number is defined as:
nl=nn—-1)(n—-2)...2-1=n(n— 1) with 1! =1 and 0! = 1.

_ K n!
The integer C; = W — k)l
By definition, we have C°) = C" = 1.

s the number of combinations of k elements taken from n.

Theorem 1.12.1. (Binomial Theorem,)
For all real numbers x, y and for every integer n > 1, we have the following binomial

formula:

n

(+y)" = Y Ckamry*
k=0
= "+ C’}Lx”_ly + . FCPx" Py 4y
Particular case: (v +y)? = 2% + Ciay + y? = 2° + 22y + y°.

Exercise 1.12.1. Apply the Binomial Theorem to the expression (1 + x)".
Deduce that C0+ Cr + ...+ CI = 2.

Solution 1.12.1. (z+1)"=2"+Cra™ 't +...+ C' x4+ 1.
Substituting * = 1, we obtain: 2" =1+Cl+.. . +C 1 +1=C0+Cl+.. .+ Cr 14 Cn.

Exercise 1.12.2. Ezpand the following expressions: (x + 2)% and (z — 2)%.

22



Chapter 2

Limits and Continuity of Functions

2.1 Limits

Definition 2.1.1. Let f be a function defined in a neighborhood of xqg € R. We say that
f has a (finite) limit | at the point xq if:

Ve >0, Ja >0, Vz, [z — x| < a = |f(z) — | < €],

and we write:

lim f(z)=1 orsimply f—1asx— x.

T—>XQ

Example 2.1.1. Using the definition of the limit, show that:

1) lim (22 —3) = —1.

r—>1

2) lim (2%) = 0.

z—0
Proof.
1) Let € > 0. We have
\(2x—3)+1|:2]1’—1]<e<:>]a:—1|<§,

hence

Ve > 0, Elozzg, Vz € R, [\x—1|<§:>|f(x)—(—1)|<e}.
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2) Let € > 0. We have
lz] < o = |2?| < a® = ¢,

hence
Ve >0, 3o = e, Vaz € R, [|z| < Ve=|2%| <€

2.1.1 Right-hand and Left-hand Limits

Let f be a function defined in a neighborhood of x;. We say that:

1. f has a right-hand limit at z,, denoted by lim+f(x) =1, if

I*)l’o
Ve>0, In >0, Vo, [vo <z <zo+n=|f(x) =] <€
2. f has a left-hand limit at zo, denoted by lim f(x) =1, if
T—rxy

Ve>0, In >0, VYV, [z —n <z <z = |f(z) =] <€

3. The function f has a limit [ at z, if and only if lim+f(x) = lim f(z) =1

T—>T T—>T(
x
Example 2.1.2. Calculate the following limit: lim u
z—0 T
Proof.
x x x —x
We have: lim u = lim —=1and lim u = lim — = —1.
z—0t T z—0+t T z—0~ T z—0~ T
x x
Since lim u # lim u, the function f has no limit at 0.
z—0t X r—0- T

2.2 General Properties of Function Limits

Theorem 2.2.1. (Uniqueness of the Limit)

If f admits a limit | at the point xy, then this limit s unique.
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Theorem 2.2.2. Let f and g be two functions defined from E to R such that lim f(x) =1

T—>XQ

and lim g(z) =1 (or xy = £o0). Then:
T—>XQ

1. lim [f(x) + g(x)] =1+ (except in the case | = +o0 and ' = —0).

T—>XQ

2. lim (Af(z)) = A, VA € R.

T—>XQ

3. lim [f(x)g(z)] =" (except in the case | = +oo and I’ =0).

T—>XQ

4 dim ()] = |

T—
. fle) , ‘ ‘
5. lim ——= = — where I' # 0 and g(x) # 0, for x in a neighborhood of x.
v—aog(x) U

Theorem 2.2.3. Let f: E— F and g: F — G.
If lim f(z)=yo and lim g(y) =1, then lim (go f)(z) = lim g(f(z)) =1

Tr—rx0

Example 2.2.1. (go f)(x) = e®®* — e since f(xr) =cosz — 1 and g(y) =¢¥ — e.
r—>0 r—0 y—>1

Theorem 2.2.4 (Squeeze Theorem or Sandwich Theorem).

1. Let f, g, and h be three functions defined in a neighborhood of xo such that

g < f < hin a neighborhood of xo. If g and h have the same limit | as x — xg,
then lim f(x)=1.

T—rxQ

2. Let f and g be two functions defined in a neighborhood of xo such that f < g in a
neighborhood of xg.

e If lim f(x)= 400, then lim g(x) = 4o0.

T—rX0 T—rX0
o If xli_rgog(x) = —o0, then xh—%of(m) = —00.

Example 2.2.2. Compute the following limit:

s ;)
lim z cos| — ).
x—0 €T

Proof. We know that —1 < cos(%) < 1. For > 0, this implies
1
—x < xcos(—) < z.
x
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Hence,

1
lim (—z) < lim a:cos(—) < lim =z,

z—0t z—0t T z—0t

1
which gives lim xcos(—) = 0.

z—07F T
Similarly, for z < 0 we obtain

1
lim xcos(—) = 0.
r—0— xXr

Therefore,

. 1
lim z cos <—> =0.
x—0 €x

Exercise 2.2.1. Show that lim ST 1.
r—0

Proof.

We have

T
Vo € [O’E[ , sinr <z < tanux,

because, setting h(z) = sinx — x, we have h/(z) = cosx — 1 <0,

x |0 3
W' (x) -
0
Aa) | N\
1
. 1 —cos®x . 9
thus h(x) <0, and for g(z) = tanz — z, we have ¢'(z) = ————— > 0 since cos®z < 1.
cos? x
xz |0 Z
g (@) +
+00
g(x) /
0

Thus, sinz < 2 < tanx, and by dividing by sinx for x > 0, we obtain

1< b ot

sinx ~ cosx
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By taking reciprocals, we get

sinx
cosr < — < 1.

x
Since lim cosx = 1, it follows from the Squeeze Theorem that
z—07+
. sinz
lim =1.
z—=0t I
. . n
It remains to compute lim ——. If we let x = —u, then
z—0- T
. sinx . sin(—u . sinu ) .. .
lim = lim (=) = lim =1 (since sin is an odd function).
z—0- X u—0t —U u—0t U
Finally,
. sinx sin x
lim = lim =1,
z—0t T z—0- T
hence
. sinxz
lim =1
z—0 X

Proposition 2.2.1. Let f and g be two functions defined in a neighborhood of xy. If g

is bounded in a neighborhood of vo and lim f(x) =0, then
T—rX0

lim f(x)g(z) = 0.

T—rx0

Example 2.2.3. Compute the following limit:
: . (1)
lim zsin [ — | .
z—0 x
Proof.

1 1
Observe that sin (—> is bounded since —1 < sin <—) < 1forxz #0. As limox =0, we
T Tr—>

T
obtain

1
lim z sin <—) =0.
z—0 x
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2.3 Indeterminate Forms

Let zo € R or g = co. The following cases are called indeterminate forms because the

resulting limit may take any possible value.

1) If lim f(z) = 400 and lim g(z) = 400, then f — g and f may have any possible
Tr—xQ T—X0 g

behavior near xg.

2) If lim f(x) = 400 and lim g(z) = 0, then f - ¢ and f? may have any possible
T—>XQ

T—>XQ
behavior near xg.

3) If lim f(x) =0and lim g(z) = 0, then ! and fY9 may have any possible behavior
g

T—x0 T—>T0
near ro.

4) If lim f(z) = 1 and lim g(x) = oo, then f9 may have any possible behavior near

Tr—rxQ T—>XQ
Zo.

Exercise 2.3.1. Compute the following limits:

VIZVaZVroa g rE(L)

22 sin(L)

T

1) lim — 2) lim
z—0 Sinx T—a x2 — g2 T—r+00
in(2 3
1) tim SRC2) 5 lim (27 ++Tsinz)  6) lim (1+2)°
x—0 X T—>+00 T—>+00 €T

7) lim a?cos()  8) lim (z—I+a2) o) lim S0PT)

- such that p,q € R*.
o0 T—s+00 z—0sin(qz)

2.4 Continuous Functions

Definition 2.4.1. Let f be a function from E to R and let xo € E. We say that f is

continuous:

1. at the point xo if lim f(x) = f(xo).

T—>XQ

2. from the right at xq if lim+f(x) = f(zo).

CEHQ’JO
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8. from the left at xo if lim f(z) = f(zo).

m—mo

It is clear that continuity from the right and from the left at xo implies the continuity of
f at xg.

Definition 2.4.2. A function [ defined on an interval I is said to be continuous on I if
it 48 continuous at every point of I.

The set of continuous functions on I is denoted by C(I).

Remark 2.4.1. Continuity is studied only in the case where xo € Dy.
A function that is continuous on an interval has a graphical representation that can be
drawn with an unbroken line (without lifting the pencil from the paper) from the lower

bound to the upper bound of the interval.

Example 2.4.1.

1. f(x) =c (c € R), f is continuous on R.
2. f(z) ==z, [ is continuous on R.

3. f(x) =sinx, f is continuous on R.

Remark 2.4.2. If lim+f(3:) # f(xo), then f is not continuous at x.

$—>$0

Y

fleo)p -

lim+f(x): lim f(x)l_____

1‘—)1170 a:—)aco

[SE————g——
=)

If lim+f(:v) # lim f(z) = lim f(x) B. Hence, [ is not continuous at xo.

T—T T—rx) T—T0
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Theorem 2.4.1. Let f and g be two functions defined on I C R and continuous at xg
(respectively on I), then

1. Vo, B € R, af 4+ Bg is continuous at xy (respectively on I).
2. If g(x) # 0,Yx € I then S is continuous at xqy (respectively on I).
g

3. fg and |f| are continuous at xqy (respectively on I).

Remark 2.4.3.

The function f(x) = x is continuous on R, therefore g(x) = x" is continuous on R,
n

Vn € N*. Thus h(x) = Zaixi is a continuous polynomial on R.
i=1

Exercise 2.4.1.

Study the continuity of the following functions on their domains of definition:

. 0 ?>+zx <0
T >
1) f(z) = 7 2)g(x)=q sine ,0<z<m ; 3) h(z)=][z]
0 ,2<0 ,
cosr T >T

r—a ,x>0
4) k(z) =q e* —1

sinx

,—r<x <0
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Proof.

1. The function x —— 1 is continuous on R since it is constant, and the function
x — 0 is also continuous on R* since it is constant. Therefore, the function f
is continuous on R*. It remains to study the continuity at the point 0. We have
m%+f(m) =1+ f(0) = 0. Hence, f is not continuous at 0. That is, f is continuous

on R*.

2. The function z — 22 4+ x is continuous on R* since it is a polynomial, and the
function x —— sinx is continuous on |0, 7| since sin is continuous on R, and the
function x —— 14-cos z is continuous on |, 00| since it is the sum of two continuous
functions (x — 1, £ — cosx) on R. It remains to study the continuity at the
points 0 and 7. We have ¢g(0) = 0 and g(w) = 0, and

lim g(z) = lim 2 +2=0=g(0) = lim g(z) = lim sinu.

z—0~ z—0~ z—07F z—07F

Hence, g is continuous at 0.

lim g(z) = lim sinzx=0=g(r) = lim g(z) = lim (1+ cosz).

T—TT T—T z—T z—T

Therefore, ¢ is continuous at m. Consequently, ¢ is continuous on R.

3. The function x — [x] is continuous on R\ Z, i.e., for o € R\ Z, there exists
n = h(xg) = [zo] such that zo €|n,n + 1] and

xlirf}[a:} =n = [xo] = h(xo),

so h is continuous from the right at z.

$1ir£_[x] =n = [zo] = h(xo),

so h is continuous from the left at x;.

Now, let us study the continuity on Z. Let xy € Z, then h(xo) = [zo] = 2o and

lim [z] =29 = h(xo) # lim [z] =20 — 1.

+ —
Q?—):EO Q?—>IEO

Hence, h is not continuous on Z. Therefore, h is continuous on R \ Z.
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4+ —oA
3t —
ot —
1+ —
N T T R
—F -1
—F T—2
—F +-3
—F —4

Theorem 2.4.2 (Composition of continuous functions).
Let E and F be two subsets of R, f : E — F and g : F — R such that f(F) C F.
Let a € E. If f is continuous at a and g is continuous at f(a), then the function go f is

continuous at a.
Example 2.4.2. Study the continuity of the function x — h(z) = In(z — z?).

Solution 2.4.1. We have h = g o f, which is a composition of two continuous functions
1

r— f(z) =z —2% on]0,1] and z —> g(z) = Inxz on f(]0,1]) :]O,Z] CJ0, 4+-o0|.

Therefore, h is continuous on |0, 1].

Remark 2.4.4.

If f is not continuous at a or g is not continuous at f(a), this does not necessarily imply

that g o f is not continuous at a.

32



Example 2.4.3. Let f and g be two functions defined by

1 >0
f(z) = = and g(r)=2?, VzeR.
-1, <0

We have f is not continuous at 0 and g is continuous at f(0) = 1, but the function
zr—(go f)(z) =1, VzeR,
15 continuous at (.

Example 2.4.4. Let f and g be two functions defined by

11— >0
flx)=0 and g(z)= hot= , VzeR.
-1, x <0

We have f is continuous at 0 and g is not continuous at f(0) =0, but the function
rr—(go f)(z) =1, VzekR,
15 continuous at (.

Theorem 2.4.3 (Intermediate Value Theorem).
Let [ : [a,b] — R be a continuous function. If f(a) and f(b) have opposite signs, then
there exists at least one point ¢ €|a, b[ such that f(c) = 0.

a b X

FO) LN

Example 2.4.5. Show that the equation x — 2 +Inx = 0 has a solution on the interval
11,v/e[, and then prove that this solution is unique (note: \/e ~ 1.64).

33



Solution 2.4.2. Consider the function f(z) =x —2+Inx.
Since f is the sum of continuous functions, it is continuous on [1,/e].
We have

f()y==1<0 and f(Ve)=~0.14>0.

By the Intermediate Value Theorem, there erists at least one point ¢ €)1, /e[ such that
fle) =0.

To prove uniqueness, we examine the derivative:
, 1
fllx)=1+—=>0 forall x>0,
x
so f is strictly increasing. Therefore, the solution c is unique.

Remark 2.4.5.

1. If f is continuous on the closed interval |a,b], then the image of f is the interval

f([a,b]) = [m, M], where m = inf f(z), M = sup f(x).

z€lab] x€(a,b]
2. If f is continuous and increasing on [a,b], then
f(a, b)) = [f(a), F(B)).
3. If f is continuous and decreasing on |a,b|, then

f(la,0]) = [f(b), f(a)].

In general, one has

F(la,b]) # [f(a), FB).
Example 2.4.6. f(z) = a2, f([~1,1]) = [0,1] # [f(~1), f(1)] = {1}.
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2.5 Extension by Continuity

Definition 2.5.1. Let f: I\ {zo} — R be a function and suppose that

lim f(z)=1.

T—T0

Then the function

. . f(x), if o e I\{xo},
f:I—R, f(z)=

l; wa = Zo,

s continuous at xo. The function f 15 called the extension of f by continuity at the point

Zg-

Example 2.5.1.

sin x
1. f(x) = is defined and continuous on Dy = R* as the quotient of two continuous
functions on R*. We know that
sin x
lim =1,
r—0 Qg

so f admits a continuous extension at 0, given by

sin
~ ) , 07
fay-{ = 777

1, if v =0,

which s continuous on R.

2
-9
2. g(z) = xx_ 3 is defined and continuous on D, = R\ {3} as the quotient of two

continuous functions on R\ {3}. We have

2 _ _
i & 9 _ lim (x —3)(z +3)
r—3 ,ZL'—3 r—3 1‘—3

= lim (z +3) =6,
r—3

so g admits a continuous exltension al 3, given by

2 _
T a4,

() ={ T3
6, if x =3,

which s continuous on R.
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3. h(x) = e s defined and continuous on D, = R* as a composition and quotient

of continuous functions on R*. We know that

z=—1 —
lim e« =e > =0,
—0

so h admits a continuous extension at 0, given by
z—1
e, ifxF#0,
0, if v =0,

which 1s continuous on R.

2.6 Inverse Function

2.6.1 Injective, Surjective, and Bijective Functions
Definition 2.6.1. Let f : E — F. We say that f is:

1. injective if V(x1,x0) € E?, [21 # 10 = f(21) # f(12)];

2. surjective ifVy € F, v € E:y = f(x);

3. bijective if f is both injective and surjective. That is, the equation y = f(x) has a

unique solution for every y € F.

Definition 2.6.2. Let
f:E—F zx+— f(z)=y

be a bijective function. The inverse function of f is defined by
fTloF— B,y fTHy) =,

such that
Vec E,VyeF, fa)=yc=z=7["(y),

and we have
Vee B, (fTof)(x)==, VyeF (fof )y =y
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Example 2.6.1. Consider the function

f R —|1,+o0]

r— f(x) =¢€¢"+ 1.
1. Show that f s bijective.
2. Give explicitly the inverse function f=!.
8. Verify that f~' o f =1Ig and fo [~ = Iyl joo.
Proof.

1. We will show that f is both injective and surjective.

Injectivity: Let x1,25 € R. Suppose
flxy) = f(xe) = e +1 ="+ 1= €™ =" = 11 = 19,

using the properties of the exponential function. Thus, f is injective.

Surjectivity: Let y €]1, +oo[. We need z such that f(z) =y:
fl)=y<—=e'+l=y<=e"=y—1>0<«<=x=1In(y—1).
Hence, f is surjective. Since f is both injective and surjective, it is bijective.

2. The equation y = f(z) gives the unique solution x = In(y — 1) for any y €]1, +o0.

Therefore, the inverse function is
i 4o — R
y— [T (y) =In(y - 1).
3. We have:
froftR— R, (fof)(@)=f"[f(z)] =In(e"+1-1) =2 = Iz(2),
and also

foft 1, +o00[—]1, 400,
(Fof MW =fIf "W ="V 4tl=y—1+1=y= I 0)
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Definition 2.6.3. Let f: X — R and let I C X be an interval.

1. The function f is said to be increasing (respectively strictly increasing) on I if
vx17$2 € -[7 T < Ty = f(xl) S f(a?Q)a

i.e.
VI (GRS (P
r1 — T2

f(l'l) - f(ﬁz)

T1 — T2

(respectively, 1 < xo = f(x1) < f(xg), i.e. Yy # xo, > 0).
2. The function f is said to be decreasing (respectively strictly decreasing) on I if
Vay, e €1, 11 < 1o = f(21) > f(22),
i.e.

f(z1) — f(2)

xT1 — T2

VZfl 7é T2, <0

f(x1) — f(z2)

X1 — T2

(respectively, ©1 < xo9 = f(x1) > f(22), i.e. Vo1 # w9, < 0).

3. If f s increasing or decreasing, we say that f is monotone on I.

4. If f 1s strictly increasing or strictly decreasing, we say that f is strictly monotone

on I.
Property 2.6.1. If f is strictly monotone on I, then f : I — R s injective.

Proof. Suppose, for instance, that f is strictly increasing on I. For all z1, x5 € I, with

1 # o, we have
{ T < 1y = f(21) < f(22),

Ty > 19 = f(11) > f(12),

which implies f(x;) # f(z2). Hence, f is injective.

Theorem 2.6.1 (Inverse Function Theorem).
Let I be an interval and let f : I — R be a continuous and strictly monotone function.

Then f is a bijection from I onto f(I), and its inverse function
fLafa) — 1
is continuous and strictly monotone (with the same sense of monotonicity as f).
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Remark 2.6.1. In an orthonormal coordinate system, the graphs of f and f~ are sym-

metric with respect to the line y = x.

Example 2.6.2. Find the inverse function of

f-1L1—R, f(x)= N —mx?

The function f is defined, continuous, and strictly increasing on | — 1, 1] (according to its
variation table). Hence, it defines a bijection from | —1,1] onto f(] — 1,1[) = R.

Let us find f~1. For y € R, there exists a unique x €] — 1,1[ such that y = f(x). We

have:

x
1 — 22

=y +r—y=0.

f@)=y<=y=

Ify=0, thenx =0, i.e. f71(0)=0.
If y # 0, we obtain two possible solutions:

VA R B VA T
_ 3 .

xr = an X
2y

Since we are looking for x €] — 1,1[, the correct solution is

=1 T 4P
= % _

X

We reject

TR

2y

Tr =

Y

1
because for instance, when y = 57 we obtain v = —1 — V2 ¢] — 1,1].

The expression can also be written as

2y

Tt /itag

Therefore, the inverse function s defined by

LR —]—1,1]
2x
141+ 422

r— [l (z) =

39



2.7 Equivalent Functions

Definition 2.7.1. Let f and g be two functions defined in a neighborhood of xo. We say

that f is negligible compared to g as v — xy, and we write

f=o(g),

o flx)
A =0

where g does not vanish in a neighborhood of xy.

Example 2.7.1.
3

1. 23 = o(2?) as x — 0, since lim — = 0.
z—0 12

sin(z —1) =z +1

2. sin(x—1)—x+1=o0(xr—1) asx — 1, since lim 0.
r—>1 x—1
1 1 1 2
3. — = 0(—2) as x — 0, since lim - = lim — = 0.
x €x x—0 = z—0 2
1 1 . R R
4. — =o| — | asx —> 400, since lim = lim — =0.
:EQ xT T—>+00 P T—>+00 [Ez

2. (1 3_ (.4 . :
5. x%sin| — | +2° = o(2) as x — 400, since lim
X Tr—>+00 1‘4

Definition 2.7.2. Let f and g be two functions defined in a neighborhood of xo. We say

that f is equivalent to g as v — xg if

f — 9= O(f)u
and we write
f~g
zo
If there exists a neighborhood V' of x¢ where [ and g do not vanish, then this is equivalent
to
f~g<= lim M =1.
o T—rx0 g(x)
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Example 2.7.2.
1. e =1~z asz — 0.
2. In(1+z)~x asxz— 0.

3. sinx ~z asx — 0.

2
4. l—cosxw%asxﬁo.

5. tanx ~zx as x — 0.
6. (1+2)*~14azx asz— 0.

Property 2.7.1. Let f, f1, g, and g1 be functions defined in a neighborhood of xq. If
f~fiand g~ g1, then:
xo o
f

1. =~ ﬁ, where g and g1 do not vanish near xo (except possibly at xg);
g *o g1

2. fg ;‘0’ fig;

3. If lim f(x) =4, then lim fi(z) = /.

T—>X0 T—>XQ

Consequence:
When computing the limit of a product or a quotient, each factor may be replaced by
a suitably chosen equivalent function to simplify the calculations. However, be careful:

such replacements are NOT valid inside a sum or inside a composite function.

Example 2.7.3.
1)3:—}—1?)/1 and—lmoJ—l, but

x:x+1—1o;0:1—1.
Q)x+13/x2+1but
ln(:v—i—l)o;ln(ﬁ—i—l),

since

In(z + 1) .
m—>01n(3;‘2 -+ 1) o :vlin(]ﬁ - 7& 1
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Example 2.7.4. Compute the following limits: (A #0)

s in? 1 — z)sin ) 1 —si
¢ 2) lim sin® x 3) lim (1 — x)sin Az 1) Tim 821115(}.
z—0 SIn T e—01 — cosw t—0 1 —cos2x z—73 tan“x

Remark 2.7.1. There are cases where two functions are equivalent at xo but do not have

a limit. For instance,
1 1
flz)=(x+1) Sin(;) and g(z) = sin(;).

We have f ~ g even though neither f nor g has a (finite) limit as t — 0.

2.8 Practical Rules for Sum and Composition Equiva-

lences

1. If f and g have the same sign, then f + g ~ f; + g1, where f ~ f; and g ~ ¢;.
x0 o )

2. If f ~ a;z™ and g ~ asx™, then f + g > a,x", where n = min{n;,ny}. For
example,
» L 2t a?
sin x—l—(l—cosx)r;x +???.
3. If f ~ a;z™ and g ~ asx™, then f + g ~ a,2™, where m = max{ns,ns}. For
examogle, - -

2+ 32" — 23+ 5~ 32",

4. If ny =ny =n, then f+ g ~ (an, + an,)x™ at 0 or at co. For example,

-1 ]
5 ottt

sinx +

5. When f = o(g), the function g dominates f, so f + g~ g as © — x.
For example,

2?nr+z ~ 22lnzx
“+oc0o

since x = o(z®Inx) at +o0.
6. If f~ g, then f* ~ g*.
o o
7. If f~gand lim f(x)# 1, then Inf ~Ing.
o T—>XQ xTo

8. If lim [f(z) — g(x)] =0, then e/ ~ 9.

T—>X0 o
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Chapter 3

Differentiable Functions

3.1 Differentiable Functions

Definition 3.1.1. Let I be an interval of R, xg € I, and let f : I — R be a function.
We say that [ is differentiable at xq if the limit

o f@) = fwo)

T—XQ T — :L'O

exists and is finite. This limit is called the derivative of f at xy and is denoted by f'(xo).
The function f is said to be differentiable on I if it is differentiable at every point of I.

The mapping x —— f'(x) is called the derivative function.

Remark 3.1.1.
1) The above definition implicitly assumes that x — xg, but © # x.

2) The previous definition allows us to write

F@ = F@0) _ popy () with  lim e(x) =0,
T — 70 T——T0
or equivalently,

f(@) = f(xo) = (w = mo)[f'(w0) + e(2)].

Example 3.1.1.

1. f(z) =c¢,Vx € R. Let vy € R,
f(x) — f(20) c—c¢

f'(zg) = lim = lim
r—z0 T — X T—20 X — T

=0= f'(x) =0,Vx € R.
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2. f(x) =z, Vx € R. Let xy € R,

r — T

f'(xg) = lim

T—xo L — Xy

= 1= f(z)=1,Vz € R.

3. f(x) =2% Vo € R. Let 7y € R,

2 _ .2
f'(xo) = lim T fim oot rg = 2x9g = f'(x) = 2z,Vr € R.
r—rxo0 T — J}O Tr—>rx0

4. f(z) =sinz, Vx € R. Let xy € R,

f, <x0) = hm w — hm 2 Sln(%) COS(I—E:UO)
Tr—>x0 T — Xo T— 20 T — 70
sin (=%

2

Definition 3.1.2.

We can define the notion of the right-hand and left-hand derivatives at xo in an analogous

way:

1. f is right-differentiable at vy if lim M exists, and it is then denoted

a:—>za' T — X
by f'(xg)-

2. f is left-differentiable at zy if lim M exists, and it is then denoted

T—zg Tr — X
by f'(xq )

It is clear that f is differentiable at xo if and only if f'(xf) = f'(xy).
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3.2 Geometric Interpretation of the Derivative

fi(x0}

fr—p

Let A(zo, f(z0)) and M (x, f(x)) be two points on the curve (C') of the function f.

The expression

f(@) — (o)
T — X
represents the slope of the line (AM).
To say that f is differentiable is to say that, as = approaches xy (that is, as M moves
closer to A), the secant line (AM) tends to the tangent line (") whose slope is f'(zg).
The line (7') is the tangent to (C') at the point (x¢, f(z0)), and its equation is:

y = f'(xo)(x — m0) + f (o).
e If f'(xg) = 0, then the tangent (T) is horizontal.
o If f’(xy) = oo, then the tangent (7°) is vertical.

o If f'(xf) # f'(zy), then (C') admits a right-hand and a left-hand tangent at z;
that is, the graph has a corner point at My(zo, f(zo)).

Remark 3.2.1. The differentiability of a function at a point can also be used to compute

limits of rational functions that would otherwise give an indeterminate form.

lim sin(mx)

x—1 1 —

= (sin(7z)),_; = wcos(r) = —.
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Example 3.2.1. Study the differentiability of the following functions at the point xy:

1. f(x)= |z —1| at xy = 1. We have

— f(1 11—
i 7@ = F) w120
z—1+ x—1 r—1+ x—1
and
g L@ - o—e+1-0
z—1— z—1 z—1— r—1

Thus, f is right- and left-differentiable at x = 1, but f/(17) =1 # f'(17) = —1.
Therefore, f is not differentiable at x = 1.

2.
sinxz, x>0,
flx) = at o = 0.
T, <0
We have
. sinx —sin0 . sinzx .o x—0
lim —— = lim =1= lim )
z—0+ z—0 z—0t T z—0- T — 0
Hence, f is differentiable at 0 and f'(0) =1
3.
zsin (1), x#0,
flz) = ) # at xg =0
0, T =

We have

zsin(1) — 0

. . 1 )
lim ——%—— = limsin [ — | does not exist.
z—0 xz—0 x—0 x

Therefore, f is not differentiable at 0.

3.3 Properties and computation of derivatives

Theorem 3.3.1. If f is differentiable at xq, then f is continuous at xg.

Proof. Since f is differentiable at xy, we have
f(@) = f(xo) = (x — 550)(]“(%) + 5(37))7 where xli_}xgoa(:c) = 0.

Hence,
lim [f(z) — f(x0)] = lim (z — x9) lim (f'(z0) +(z)) = 0.

T—rT0 T—T0 T—T0

Therefore, f is continuous at x.
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Remark 3.3.1.

e By contrapositive, we obtain:

«If f is not continuous at xo, then it is not differentiable at xq.»

e The converse of the theorem is false. Indeed,

f(z) = |x| is continuous at 0 since limof(x) = 0, but it is not differentiable at 0
T—>
because
f@) = £(0) ol
x—0 x
has no limit as x — 0.

Theorem 3.3.2. Let f and g be differentiable functions on an interval 1. Then:
1. For every o € R, af is differentiable on I, and (af) = af’.
2. f+ g is differentiable on I, and (f +g9)' = f"+ 4.
3. fg is differentiable on I, and (fg) = f'g+ f¢ .

4. i is differentiable at every point xo in I such that g(x¢) # 0, and
g

([)' _fla- 19
9 9
Theorem 3.3.3. If f is differentiable at x¢ and g is differentiable at yo = f(x¢), then

the composite function g o f 1s differentiable at xy, and

(g0 f) (z0) = f'(0) g'(f(x0)).
Example 3.3.1.

1. (sian)/ — 21 cos x>,

2. (Inya) = %% =5

3. (cos(z® + 2z + 1))/ = — (322 +2)sin(z® 4 2z + 1).
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Exercise 3.3.1. Compute the derivative of the following functions:

1) f(z)=va2 -1 2) flz)=\zx+Vr+2 3) f(z) = vInz+ 1+ In(vx + 1)

4) f(z) = eV 5) f(z) = (2 + Tx — 1)18 6) f(z) V/cosx

1l —e

Theorem 3.3.4 (Derivative of the Inverse Function).
Let [ be a bijective and continuous function on an interval I, with range J = f(I).
Assume that [ is differentiable at some point xy € I and that f'(xz¢) # 0. Then the
inverse function [~ :J — I is differentiable at yo = f(xo), and its derivative is given
by

(f7) (wo) = (f =) (f(wo)) =

f'(xo)
3.4 Application to the Inverse Trigonometric Functions

Definition 3.4.1 (The function arcsin).
The function sinx is continuous and differentiable on [— g, g} and its derivative 18

(sinx) = cosx > 0 on this interval.

cos T +
1
sin x /‘
—1

T
Therefore, the function sinx is strictly increasing on [—5, 5] , and hence defines a bijec-

tion from [—g, g} onto [—1,1]. The inverse function, denoted by

T 7r]
272
Yy — arcsin y,

arcsin = sin~': [~1,1] — |

is called the arcsine function.
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af2t-------- -

",

—— — — — — — & =

=3
2

It is clear that the function arcsin is continuous, odd, and strictly increasing on [—1, 1].

Moreover,
1. Ve e |- z, Z} s arcsin(sinx) = .
22
2. Yy € [-1,1] : sin(arcsiny) = .

3. Vy €] — 1,1 (arcsiny) = ——.
1—y?
Let us prove 3. Let y €] — 1,1[. We have (sinx)’ = cosz > 0 on ] — g, g [; therefore,

the inverse function arcsin is differentiable on | — 1, 1], and

1 1 T T
iny) = = h = si e-1,1,ze]-=,=]
(arcsiny) Gz cosz’ where y = sinz, y €] [ @ } 5 2[

Hence,

1 1
(arcsiny) = =

V1—sin’z 1—y2'
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Definition 3.4.2 (of the function arccos).

The function cosx is continuous and differentiable on [0, x|, with derivative

(cosz) = —sinz < 0.

—sinx —

COS T \‘

—1

Thus, the function cos is strictly decreasing on [0,7|, and therefore defines a bijection

from [0, 7] onto [—1,1]. Its inverse function is denoted by:

arccos = cos ' : [~1,1] — [0, 7]

Yy —> arccos y,

is called the arccosine function.

LY
¥ = Arccosx
17
¥y=x
2
2 m

= X
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It is clear that the function arccos is continuous and strictly increasing on [—1,1]. More-

over,
1. Vz € [0, 7] : arccos(cos z) = z.

2. Yy € [-1,1] : cos(arccosy) = y.

-1
3. Vy €] — 1,1[: (arccosy) = ——.
1 — 1?2
Let us prove 3. Let y €] —1,1[. We have (cosz)’ = —sinz < 0 on }0,7‘(‘[; therefore,
the inverse function arccos is differentiable on | — 1, 1], and
, 1 1
(arccosy)’ = = ,  where y =cosz, y €] —1,1], z € ]O,ﬂ'[.

(cosx)  sinz

Hence,
-1

—1
Vi—cos?z /1—y2

Definition 3.4.3 (of the function arctan).

(arccosy) =

T
The function tanx is continuous and differentiable on ] ~ 35 [, with derivative

1
tanz) = > 0.
( ) cos? x
1
cos? +
+00
tan x /(
—00

™
Thus, the function tan is strictly increasing on} 55 [, and therefore defines a bijection

from } — g, g[ onto R. Its inverse function is denoted by:
arctan = tan~! : R — } — g,g[

Yy — arctany,

is called the arctangent function.
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B S N
: ¥ = Arctanx /’/:
! 1 S :ﬁ‘”’
: ¥=X < :
e n
_ﬂIZE -='I 1 E:i'r,-"Z = X
: /ﬁ _1_ i
R )
e 2

It is clear that the function arctan is continuous, odd, and strictly increasing on R.

Moreover,

1. VfL‘G}—

bo | 3
bo | 3

[ - arctan(tanz) = .

2. Vy € R: tan

—~

arctany) = y.

1
14 y*

3. Vy € R: (arctany) =

Let us prove 3. Let y € R. We have (tanz)’ =1+ tan?z > 0 on } — g, g [; therefore,
the inverse function arctan is differentiable on R, and

1 1

(tanx)’ " 1+tan’x

T
, Wherey:tanx,yER,xE]—

(arctany)’ = B E

Hence,
;o 1 1

T 1+tan’z 1ty

(arctany)
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Remark 3.4.1.

arccotan = cotan™" : R —]0, 7|

Yy — arccotany = r <= y = tanx.

3.5 Hyperbolic Functions and Their Inverses

Hyperbolic Functions

Definition 3.5.1. The real functions

eX +e*

e r+— coshzr = — 15 called the hyperbolic cosine.
: er—e " I
e v+ sinhx = — 15 called the hyperbolic sine.
sinh ]
e r+— tanhx = mr_ ¢ 15 called the hyperbolic tangent.

coshzr €2 +1

coshr e*+1 , ]
e r+— cothr = — = , x #0, is called the hyperbolic cotangent.
sinhz  e?® —1

From this definition, we deduce
sinh(0) =0, cosh(0) =1, tanh(0)=0, cosh(—z)=coshz, sinh(—xz)= —sinhuz.
Propertys 3.5.1.

1. cosh?z —sinh®z = 1.
1

s— =1— tanh?® .
cosh” x

3. The functions sinh, cosh, and tanh are differentiable on R with

(coshz)" =sinhz, (sinhz)' =coshz, (tanhz) = — =1 —tanh®z,
cosh” x

and the function coth is differentiable on R\ {0} with

1

thz) = ————.
(coth z) sinh?
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Inverse Hyperbolic Functions

Definition 3.5.2 (of the function arsinh).
Let us consider the function sinh on R. The function sinh s continuous and differentiable

on R, with derivative (sinhz)’" = coshx > 0.

T —00 +00
coshz +
+00
sinh x /‘
—00

The function sinh 1s continuous and strictly increasing on R, and therefore defines a

bijection from R onto R. Its inverse function is defined and denoted by

sinh™ = arsinh: R — R

z —> arsinhz = ln(m+ val +:L“2).

The function arsinh is differentiable on R, with derivative

1
V1+a?

(arsinh z)" =
Definition 3.5.3 (of the function arcosh).
Let us consider the function cosh on R. The function cosh is continuous and differentiable

on R, with derivative (coshx) = sinhx.

r | —o0 0 ~+00
sinh — +
+00 —00
cosh \‘ /‘
1

We will focus our study on [0, +oo[. The function cosh is continuous and strictly increasing

on [0,4+00[, and therefore defines a bijection from [0,4+o00] onto [1,400[. Its inverse
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function is defined and denoted by

cosh™! = arcosh : [1, +00[ — [0, +o0|
x — arcoshz = In(z 4+ Va2 — 1).

The function arcosh is differentiable on (1,4o00], with derivative

arcoshzr) = ——.
( ) o

Definition 3.5.4 (of the function artanh).

Let us consider the function tanh on R. The function tanh is continuous and differen-

1
tiable on R, with derivative (tanhz) = ——— > 0.
(cosh™ )
x —00 +00
! +
cosh? z
1
tanh z /(
—1

The function tanh s continuous and strictly increasing on R, and therefore defines a

bijection from R onto | — 1,1]. Its inverse function is defined and denoted by:

tanh™' = artanh :] — 1,1 — R

1 1
z+— artanhx = = In e .
2 l1—=x

The function artanh is differentiable on | — 1, 1], with derivative
/ — 1
1—a2

(artanh x)

3.6 Higher-Order Derivatives

Let f be a function defined on an interval I. If the derivative f’ itself has a derivative,
this is called the second derivative or the derivative of order 2 of f, and is denoted by f”.
In this case, f’ is called the first derivative of f. Similarly, we can define the derivative
of order n (or the n-th derivative) of f, denoted by f™, as the derivative of f™~Y. We

adopt the convention that the derivative of order 0 is the function itself, f(©) = f.
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d dr
Remark 3.6.1. We can also write f'(x) as d_f and f™(z) as d—{
T T

Example 3.6.1. Compute the derivative of order n of:

1. f(z)=e" = f'(z)=ae™ = f"(z)=ad%". = f"(z)=a"e".

2ol = e )= = )=
CIE T b g ~ (ax +b)? g ~ (ax +b)3
—6a3 24a* (—=1)"nla"
3) - " = g® - = — g S e e
g7 () (ax +b)* 9w (ax + b)® 9" @) (az + b)rt1’

Vn € N.

3.7 Functions of Class C"

A function f defined on an interval I is said to be of class C"(I) if it is n times differentiable
and its n-th derivative f is continuous on I. In particular, f is of class C°(I) if it is

continuous, and of class C*°([) if it is infinitely differentiable.
Example 3.7.1. Determine the differentiability class of the following functions:
1. f(x) = 2% We have
f'@) =22, f'(z)=2 f"(z)=0forn>3,
all of which are continuous. Hence, f € C*(R).

2. g(x) =sinz. For alln € N,

g™ () = sin (3: + ng)

is continuous. Therefore, g € C*(R).

) — 2?sin (1), z#0,
0, xz=0.

(a) The function h is defined on R, and the function
2 (L
x —> x”sin (5)
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15 differentiable on R* since it is the product of two differentiable functions on

R*: x — 2% and v — sin (—) Moreover, x — sin (—) 1 the composition
x x

1
of two differentiable functions on R*: x — — and x — sin x.
x

At x =0, the derivative exists since

lim M = lim xsin (1) = 0.

z—0 €T z—0 x

1 1

because sin (=) is bounded (|sin(=)| < 1) and x — 0. Therefore, h is
x x

differentiable at 0, and hence differentiable on R.

(b) However, the derivative

18 not continuous at x = 0 because
lim (Qx sin (l) — CoSs (1)) does not exist.
z—0 X X

Hence, h ¢ C1(R), though h € C(R).

3.8 Rolle’s Theorem

Theorem 3.8.1.
Let f : [a,b] — R be a function continuous on |a,b|, differentiable on ]a,b|, and such
that f(a) = f(b). Then there exists a number ¢ €|a,b| such that f'(c) = 0.
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Geometric Interpretation
y

™

fla)=flb) : ey

Let A = (a, f(a)) and B = (b, f(b)). Rolle’s Theorem states that on the segment AB of
the graph, corresponding to the interval [a, b], there exists at least one point C' = (¢, f(c)),

distinct from A and B, at which the tangent to the curve is parallel to the line segment
AB.

3.9 Mean Value Theorem

Theorem 3.9.1. Let f : [a,b] — R be continuous on |a,b] and differentiable on |a,b].

Then there ezists at least one number ¢ €la,b| such that

f(b) = fla) = (b—a)f'(c).
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Geometric Interpretation

r{l‘lj Tkt Ell-/z

Consider the graph of f and the points (a, f(a)) and (b, f(b)). The line AB has slope
)~ f(@
b—a
and equation
y = d(x) = f(a) + p(z — a).
Define
R(z) = f(x) — d(x).
Clearly, R is continuous on [a,b] and differentiable on ]a, b, and moreover

R(a) = R(b) = 0. By Rolle’s Theorem, there exists a number ¢ €]a, b] such that R'(c) = 0.
But

so that ) — f(@
— f(a
/ pu— = —-——
flle)=p —
This equality shows that at x = ¢, the tangent line to the curve is parallel to the line

segment AB.

Corollary 3.9.1. Let f : I — R be a differentiable function (with I any interval). Then,
for any two distinct points x1,xy € I, there exists at least one number ¢ €|xy, xs[ such
that

f(xe) = fx1) = (x2 — 21) f'(c).

59



Example 3.9.1.

1) Apply the Mean Value Theorem to the function f(t) = In(1+t) on the interval [0, x].
2) Deduce that In(1 + z) < x for all x > 0.
Solution 3.9.1.

1) The function f is continuous on [0,z] and differentiable on 10, x[, so by the Mean

Value Theorem, there exists ¢ €]0, x| such that

f@) = f0)=zf(c) <= (1 +2) = 7.

1
2) Since ¢ > 0, we have 1 + ¢ > 1, hence 7 < 1, which gives

+c

In(l1+z) = < x.

1+c¢

3.10 L’Hopital’s Rule

Let f and ¢ be two functions defined and differentiable in a neighborhood of xq, with ¢

nonzero in this neighborhood.

If lim /(@) is of the form 9 or g, with zy € R, and
e—wo g(x) 0 00
/
lim f(z) =1,
a0 g'(x)
then
lim @ = 1.
z—a0 g(x)

Exercise 3.10.1. Compute the following limits:

.1 —cosa? . COSX — COS T . Inz . sinr —x
1) lim — 2) lim — 3) lim 4) lim ——.
e—0 e—zo sin & — sin x z—+oo €7 z—0z(cosx — 1)
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Solution 3.10.1.

o 1—cosx® g .. 2xsinx? sin 2 1
1) lim ——— = lim ————— = lim = —.
z—0 x4 z—0 4x3 z—0 212 2
. COST —COSTy H ,. —sinx
2) lim ——— = lim = —tan zg.
z—zo SIN X — sinxy z—w0 COST
Inz g 1
3)  lim = lim = 0.
z—r+o0 e¥ z—r+oo prer
. sinx — x H .. cosx — 1 H .. —sinx
llm — = lim - = lim -
z—o0z(cosz — 1) e—0cosT — 1 —xsinx +—0-2sInT — T COST
—Ccosx 1

im - .
z—0—3cosx + xrsinx 3

3.11 Extrema

Definition 3.11.1. Let f be a function defined on I C R with values in R. The function

f has @ maximum (respectively ¢ minimum) at xo € I if
Ve e l, f(z) < f(xg) (respectively Vx € I, f(x) > f(xo)).

An extremum is either a maximum or a minimum. Every extremum is a local extremum.
Theorem 3.11.1. Let f be a C? function on I, and let zo € 1.

1) If f'(z0) = 0 and f"(xo) <0, then xo is a local mazimum.

2) If f'(xo) =0 and f"(xo) > 0, then xq is a local minimum.
Example 3.11.1.

1) The function f(x) = x* defined on R has a global minimum at 0.

2) The function f(x) = cosz defined on R has a local mazimum at 0.
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Chapter 4

Integrals

4.1 Antiderivatives

Definition 4.1.1. Let f be a function defined and continuous on an interval I. A function

F I — R is called an antiderivative of f f
F'(z) = f(z) forallxel.
Remark 4.1.1. This definition implies that F is differentiable.

For example, the function
1
r— F(z) = §$3
is an antiderivative of

r— f(r) =2?

on R, since

1 ) /
F'(z) = (§$3) =2? forall v € R.

It is easy to see that the functions
L 3
x> F(z) = 3% +C

(where C'is an arbitrary constant) are also antiderivatives of f(x) = x2.
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4.2 Definite Integrals

Definition 4.2.1. Let f be a continuous function on [a,b], and let F' be an antiderivative
of f. The number
S =F(b) — F(a)

s called the definite integral of f from a to b, and represents the area bounded by the
graph of f (the curve Cy), the x-azis (y = 0), and the vertical lines v = a and x = .

AY

o f(x)

>
a b x

Notation:

b
5— / f(@)dx = F(b) — Fla) = [F(2)]2,

and is read as: the integral of f(z) from a to b with respect to x.

/a b f(z)dz

is called the definite integral of the function f over [a,b], and we say that f is Riemann

Definition 4.2.2. The quantity

integrable.

e The number a is the lower limit of the integral and b the upper limit.
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e [a,b] is the interval of integration.

e 1 is the variable of integration, so that

/abf(x) dz = /abf(t) dt.

x 18 called a dummy variable and plays no role in the definition; that s, the definite
integral depends only on the function f and the limits, but not on the variable of

integration.

Example 4.2.1. Compute the area under f(x) =k on [a,b]:

/abf(x) dz = k(b — a).

4.3 Properties of the Riemann Integral

4.3.1 Linearity of the Integral with Respect to the Function

Let f and g be two integrable functions on [a, b]. Then (f+g¢) and (af) are also integrable

on [a,b], and we have:

b b
1. / af(x)dx:a/ f(x) dx, where o € R.

b

2. /ab(f(x)—irg(x))dx:/abf(x)d:c—l—/a g(z) dx.
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4.3.2 Additivity (Chasles’ Relation)

If f is integrable on [a, b], then for any ¢ € [a, 1],

/f m_/f m+/f
/aaf(x)dxzo — /abf(a:)dx:—/baf(as)dx

4.3.3 Order Property

Also,

Suppose [ is integrable on [a,b] with a < b. Then:

b
f(z) >0 for all x € [a, b :>/f(x)dx20.

If
f(x) = g(x) on [a, b},

applying the previous property to f(x) — g(z) > 0, we obtain

b
/ (f(z) - g(x)) dz > 0,

b b
/f(a:)dxz/ g(x)dx.
Moreover,

@I < f@ < @] = - [ i@l < [ f@de < [

< [

and by linearity,

b
f(x)dz

4.3.4 Symmetry

1. If the function f is even and integrable, then

/if@ﬂdmzﬁ{éafuﬁdx

65



/a f(z)dx = 0. & 3 ke

2. If the function f is odd and integrable, then f(a)

4.4 Indefinite Integrals

The set of all antiderivatives of a function f : [a,b] — R is called the indefinite integral

of f, denoted by
/f(a:)dm =F(z)+C,

where F'is an antiderivative of f and C' € R.

From the definition of the integral, we have
!/
([ f@rir) = ) +0y = st

If f and g admit antiderivatives, then so do f + g, and we have:

I /(f(a:)+g(m))da::/f(:c)da:Jr/g(x)dx.

2. /ozf(x)dac:oz/f(x)dx, for any a € R.

Propertys 4.4.1.

3. If/f (x) +C, then/f ar +b)dx = iF(am—l—b)+C’, C eR.

Theorem 4.4.1.

Every continuous function f : [a,b] — R admits an antiderivative, which can be defined

by N
- [ 1w Fe =0

where ¢ € [a,b] is fized.
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Theorem 4.4.2 (Derivative of an Integral with Variable Limits).

Let f be continuous on [a,b], and let u,v : [, 8] — [a,b] be two C functions. Define

Proof. Since f is continuous, it admits an antiderivative F', so that

v(z) U(l’) c
o) = [ s [ sware [
)

u(z c u(x)

_ / F(#) di — / () dt
= F(v(z)) — F(u(x)).

Differentiating, we obtain
g'(x) = F'(v(z)) v'(z) — F'(u(z)) u'(x) = fv(@))v'(z) = f(u(z))u'(z).

2x 2z
Example 4.4.1. g(z) = V14 ttdt = f(t)dt and its derivative is

T x

g (r) = 2¢/1+ (22)* — V1 + 24,

Exercise 4.4.1. Calculate the following indefinite integrals:

1) /xd:)s 2) /;n?dx 3) /:r”dx,n;é 14 /(xf—xa)n,n# 1
5) / édx 6) / e“dx 7) / e*dx 8) / Vadr

1
9) /sinxdx 10) /cosxdx 11)/ s—dx 12) /tanxdw
cos? z
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1 1 1
13) /shxda: 14) /chxdw 15) / dx = —ln’ + 2l

1— 22 27 |1 — 4

1
16) /thxdm 17) /tan2 xdx 18) / de =In(z + Va2 — 1)
Var—1

1 1
19) /1+x2d:c 20) /mdaﬁ

Examples 4.4.1.

/(2x3—5cosx+3\/5)dx = 2/x3dx—5/cosxdx+3/\/§dx
o
= 7—581nx+2$\/§+c(c€]1%).

1
/cos?xdx = ?sin7x—|—c(c€R).

1 -1 1
/€2x+3dm - 7€2x+3+C(CER)‘
1
x
/\/m = V1+a22l=v2-1
0 X

Before concluding this section, let us recall the following integrals:

[r@pr@is = —rti@ e 0oL

4.5 Integration Methods

S@) 4 = n| f(z) | +c n=—
f(x)dx—l|f()|+, L.

4.5.1 Integration by Parts

Theorem 4.5.1. Let u and v be two C* functions on [a,b]. Then

b

[ wtant@r o= [aton) - [ v

a
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Proof. By integrating the derivative of the product (uv)’ = u'v + wv’, we have

b

/a b(uv)’(x) dz = [u(x)’u(x)]

_ / bu(m)v’(:) dz + / " @yola) de,

which immediately implies

/a b (@) (z) dz

I
—
=
=
=
8
L

Examples 4.5.1.
1. /a:ezdx = /m(ex)’dx = xe® — /(x)’exdx = xe” — /e"”dx =(z—1)" +c

2. 1= /$2 sinxzdx. Applying integration by parts twice, we obtain

/x2 sin zdx = /xz(— cosx)dr = —a®cosx+ / 2z cos xdx
= —2?cosw +/2x(sin x) dx,
then

/m2 sinzdr = —zx° cosx+2xsin:p—2/sinxdx
_ 2 :
= —z“cosz 4+ 2rsinT + 2cosx + c,

hence

/a:ZSinxda: = (2—a%) cosz + 2zsinx + c.

1
3.1 :/ arctan zdz, we set
0

u(z) = arcltanx V'(x) =
u'(x) = e v(x) =2

then
1

1 1
1 2
[:[xarctan:c] —/ v 2d:c = E——/ x dx
0 0 1+$ 4 2 0 1+I2
T 1
4 2




u(z) =Inx V() =1
4. I = /lnajdaz, we set 1
u(z) = — v(z)==x
x
thus
I:xlnx—/dx:xlnx—x+c.
u(zr) = arccos v'(z) =1
5. I = /arccosxdw, we set —1
u'(x) = v(z) ==z
1 — a2
then
I / L
= xarccosxt — | ———=dx
V1—2a?
= xarccosr — V1 —2x2+c.
u(x) =Inx V'(z) =22
6. I = /x2 Inzdx, we set / 1 23
u'(x) = - v(x) = Y
thus 5 ) X ;
I:x—lnx—/x—dx:x—lnx—x——i-c.
3 3 3 9

where ¢ is a constant in R.

4.5.2 Integration by Substitution

Computing integrals is not always straightforward. Sometimes, we perform the following

change of variable in the integral [ f(z)dx:

T = @(t),

where f : [a,b] — R is continuous, and ¢ : [, 3] — [a,b] is a C* bijective function such
that p(a) = a and ¢(8) = b. Then

b B
/ f(x) dz = / Flo(t))(t) dt.

Remark 4.5.1. It is sometimes preferable to choose the change of variable in the form
t =(x) instead of © = o(t).
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Examples 4.5.2. Compute the following integrals: (c € R)

sin x
1. I = /tanxdw :/ dx. Let t = cosz, then dt = —sinx dx, hence
cos T

-1
I:/Tdt:—ln\t]+c:—ln\cosx]+c.

1 3
2. 1= /ﬂdac Let Inx =t, then dt = df, hence
x

tt (Inz)*
[: 3 = — = .
/t dt 4+c 1 +c

3. 1= / Y dr. Let 2 = t, then dt = 2x dx, hence
1+a4

1 1 1
I = / m dt = 5 arctant + c = 5 arctan($2) +c

4. I = /\/sinxcosxdm’. Let sinx = t, then dt = cosx dx, hence

2 2
I = /\/%dt: §t3/2+c: g(sinx)3/2—|—c.

™

5. I = cos’x sinwdx. Let cosx = t, then dt = —sinadx, and forx =0 =t =1,

0
r=m=t=—1, hence

-1 1 371
t 2
I:/ —tht:/ t2dt = [—] =,
1 —1 3 1 3

6. [:/ < dr. Let /1 +x=t= x=1>—1, then du = 2t dt, hence

v1i+zx
2t(t? — 1 2 . 2
I:/%dt:/w?—l)dt:§t5—2t+c:5(1+x)3/2—2\/1+x+c.
d 1 d
7. I—/—x—— Q—x, with a # 0. Let t = £, then dx = adt, hence
:):2—|—a2 a2 §_2+1 a

7 1/ dt 1 ‘ (x>+
== = —arctan | — c.
al t24+1 a a
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d
8. [:/—xQ, with a > 0. Let t = %, then
a

2 g

I = arcsin <£> + c.
a

1
9. I = / V1—22dx. Let x = sint, then dx = costdt, and for x = 0 = t = 0,

0
r=1=1t=m/2, hence

/2 1 w/2 T
I:/ cothdt:—/ (14 cos2t)dt = —.
0 2 Jo 4

d 3 1 — si 2
10. [:/t v :/cosgxdx:/( smsx)cosxd% hence

an®

sin® x sin® x
. 3 Ccos T 1 )
I'= [ cosx sin>zdr — — dr = ———— —In|sinz| +c.
sin x 2sin“ x

4.5.3 Integration of Rational Functions

Definition 4.5.1. Let P and QQ be real polynomials, with QQ # 0. The function

P(x)
Q(x)

T +—

is called o rational function. If

Q(r) = (x — 29)"Q1(z) with Q1(xo) # 0,

P(z)
Q(z)

then xg s called a pole of order m of the fraction A rational function is called

proper if deg P < deg ().

Definition 4.5.2. The functions

A px +q

—_ —
‘ (x — xo)"’ v (ax? + bx + )™’

where n,m € N and A,a,b,c,p,q € R with A = b*> — 4ac < 0, are called simple elements

of the first and second kind, respectively.
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Theorem 4.5.2.

1. Every proper rational function can be decomposed into a sum of simple elements.

2. If deg P > deg Q), perform polynomial division first to write

= A(z) + %, deg R < degQ,

R(z)
Q(x)

Example 4.5.1. If deg P < 7 and p* — 4q < 0, then the rational function

then decompose the proper fraction into simple elements.

P(z)

fle) = (x — x)3(x% 4 px + q)?

can be decomposed in the following form:

aq as as bll' + bg%’ + C

x) = + + + :
/(@) r—x9 (x—1x0)?2 (v—20)° 2?4+pr+q (22+pr+q)?

Exercise 4.5.1.

Decompose the following rational functions into a sum of simple elements:

20 — 1 2 — 1 35 + 22 + 22 4+ 32 + 2
Df(z) = CEDICTEL 2)f(x) = @27 3)f(x) = 22 11 )
1) f(x) = i 5)f(r) =
Solution 4.5.1.
3 7 0 2 3

DI =50 =5 Y53y LA A Py R ER )

B 3(2r + 1) B 1 x+24 4x + 16
DI@) =307+ 20% =30 =14 =5 DO = ey T B e a) 5 4P

a b c d ex + f gr+h

R P Ry S PR s PR R ) o
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Example 4.5.2. Compute the following integrals:

1 1
”L:/EHI§§¢“ %L:/$ﬂ+wXL+m%ﬁﬂ%

22 x3
3) /m_ldas, ) /mz_ld:t

Solution 4.5.2.

1
NI = / ————dx. We begin by decomposing the integrand into partial fractions:
(1 + x?)

1 a br+c z*a+b)+cr+a

x(1+x2)75+1+x27 r(l1+22)

By comparing coefficients, we find a =1, b= —1, and ¢ = 0. Hence,
1 1 T

c(1+22) z 142

Integrating both terms gives

I—/ da:—/ da:—ln|x\——ln(1+ac)+

dx. We decompose the rational function as follows:

m[:/xﬂ+@ﬂ+x+ﬂ)

1 1 1
r(14+z)(l+z+22) 2 14z 14z+22
Therefore,
1 1 1 2 1
I = /;dx—/ 7 +xdx—/ mdm = ln]x\—ln|1+x]—7 arctan [7( —)} +c,
since

1 1 4 1
/—2 1d$:/—12 Sdﬂj = 5/ P} dx
T4 +x + (l‘+§) +3 [2($+%)] +1
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2 2
I = / * 1dx. Performing the polynomial division, we obtain

22
r—1 r—1

Hence,

2
I—/(2x+2)d1’+/ 1dx:x2+2x+2ln]a:—l|+0.
I_

3
I :/ 5 dx We rewrite the numerator as follows:
x

[ 3 —x x
I = /—xQ—l dm:/ﬂ_lda}—k/ﬂ_ldx

1 2z | 9
= /xdm—l—i/ﬁ_ldx—?—i—iln\:c —-11+C,

where C € R.

4.5.4 Integration of the form /R(e‘r) dx

Let R be a rational function. Set t = e”; then dt = e*dx, so dv = —

Example 4.5.3.

/ dr —/ / =In L +c=1n ¢ +c
L+er ) t(1+1) 1+t 1+t N 1+e® '

4.5.5 Integration of the forms [ 9%’y and [ 20

ax?+br+c \/m
Compute the following integrals:
dx
1. /—2562 v arctg(2x — 1) + c.
2dx 1. x—5
2. [ — =1
/x2—6x—|—5 2n] H—C

3 [ OO 1822 — 7o+ 1] + .
/3x2—7x+11 n|3e% =Tz + 11 +c
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dx 1
4./ = argsinh =ln(z+=-+vVa2+ao+1)+
Val+ o +1 (\f f) 3 )
/ —arcsin S(x + 1) +c
5—6x—3x2 f V8 '
6 / (3z —2)dz /%(10m—3)—|—%—2
' 5x2 — 31 + 2 512 — 3z + 2
3 11 10x — 3
= —Inl|5z%? -3z +2 arct
0" BN TR NG
. bz +3 B /g(2x+4)—5§+3
. \/x2+4x+1 Va2 + 4z + 10
= bVl 4+4rx+10—-Thn|z 4+ 2+ Va2 +42+ 10| + ¢
+ 2
= 5Va2 4+ 4x+ 10 — 7argsinh(—=—) + ¢.
Vv g (\/6)

4.5.6 Integration of the form /R(sin x,cosx)dx

We make the substitution

2dt

tan (g) =1t, sothat dx= T

and the trigonometric functions sinx and cosx can be expressed as:

, 2sin(%) cos(£) 2t cos?(%) —sin®*(%) 1 —¢?
sinz = —— — = 5 CoST = —— — o = 5
cos?(£) +sin*(%) 1+t cos?(5) +sin*(3) 1+t
Examples 4.5.3.
1 2dt &t
1) / , dx:/lgf = 1n|tg( )|—|—c
sinx e t
dz 2dt dt
) [ [ = [ T =l tg(5) e
1 +sinz + cosx (1+)(1+ 25 + 5%) L+t
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Special cases:

1. If the integral can be written in the form I = /R(sin x) coszdr,

try the substitution sinx = t.

2. If the integral can be written in the form [ = /R(cos x) sinz dx,

try the substitution cosz = t.

3. If the integral can be written in the form I = /R(tan T) —5—,
cos? T
perform the substitution tanz = t.

Example 4.5.4. Compute the following integrals:

. 5 2
, sin® x cos xdx 1 +tg°x
/cos4 x sin® zdx:; / dx; / e /tg%da:; / —gdx
COS T 3 —cos?w 1+ 2tg%x

4.5.7 Integration of the form /R(sinh x,coshx) dx

The same principle used for trigonometric functions can be applied here. In

the general case, we set

2 dt 2t 1+t
tanh(f) =t, sothat dr=-——, sinhz= , coshz = + .
2 1 —¢2 1 —¢2 1 — 2

1. If the integral is of the form I = /R(sinh x) cosh x dz,

use the substitution sinh x = t.

2. If the integral is of the form I = /R(cosh x) sinh z dz,

use the substitution cosh x = t.

Example 4.5.5.

Zdt
/th 1n\tanh( )|+ c.
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Remark 4.5.2. Integrals of the form
J = /R(sinhx,cosha:) dx

can also be evaluated by using the substitution e* = t.

4.5.8 Integrals of the form / Vaz? + bx + cdx

For integrals of this type one typically uses trigonometric or hyperbolic sub-

stitutions.

L. f(x, a? — :U2) dx. Use the substitution = asint.

Alternatively, by integration by parts one gets

1 2
/ Va2 — x?dx = 57 a? —a? + % arcsin(g) +c.

2. /f(a:, Va2 + :132) dz. Use the substitution = asinht.
Alternatively, by integration by parts,

1 a? x
Va2 + 2?dr = 7 22+ a® + gargsh(—) +c
a

/f —a2)dx For x > a > 0 use v = acosht (for x < —a <0
use x = —acosht, since cosht > 1). Alternatively, by integration by
parts,

2

1
Va2 —aldr = 5TV 2?2 —a? — %argch(z) +c
a
Example 4.5.6. Compute the following integrals:

x4+ 1
V' 1+ 22dx; /\/ — 2z — 22dx.
/ \/1—:1:2

x
Exercise 4.5.2. Calculate /—dx p403 Piskounov).
Vs +1 ( 4
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Chapter 5

Taylor Expansions

5.1 Taylor Formulas

Let f be a continuous function on a closed interval [a,b], differentiable at

some point xy €]a, b[. Then, near xz(, the function can be written as

f(x) = f(xo) + f'(x0)(x — wo) + (x — x9)e(x), where :ch—gclo e(z) = 0.
R(x)

This means that f can be approximated by the first-degree polynomial
p(x) = f(xo) + f(z0)(z — o).

Here, R(x) represents the error of this approximation, which tends to zero
as r — .

The Taylor formula generalizes this result, showing that if f is sufficiently
smooth (f € C™(R)), then, in a neighborhood of z, it can be approximated
by a polynomial P, of degree n:

f' (o) f"(x0)

f(x) :f($0)+ T (x — xo) + o (x — 0)2+ -+ - (f—wo)i
Pu(a)
+ Ry(x) .
ind
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The term R,(z) is called the "remainder of order n". Depending on the
smoothness of f, several equivalent forms of this remainder can be given,

leading to different versions of the Taylor formula.

Theorem 5.1.1 (Taylor’s Theorem with Lagrange Remainder).
Let f : [a,b] — R be a function such that f € C™([a,b]) and f) exists on
la,b[. Then, there exists a point ¢ €la,b| such that

"(a ae ") (q
f(b) = f(a)+f1(!)(b—a)+f2(!)(b—a)2+---+fn!( )(b—a)”
f(nJrl)(C) n+1
+ —(n+1)!(b—a) :

This result can also be written, setting h = b — a, as

fa), f1@,, @, [ ),

flath)=Jla)+=; 2l n! (n+1)! ’

where 6 €]0, 1].

Remark 5.1.1. If we take a = 0 and let x = a+ h, we obtain the Maclaurin

formula of order n:

f(z) = f(0) + fll(!o)a: + f/;(!o)atz +-- 4 f(Z!(O):U” + —f((:j: (19)?):1:”“
Example 5.1.1.
Since e* € C*(R), we have, for some 0 €)0, 1],
22 g8 g gl
€x=1+$+§+§+"'+m+ CES
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Theorem 5.1.2 (Taylor’s Formula with the Little-o Remainder).
Let f € C™(I), where I is an interval containing xo. Then, for every x € I,

"1 "o (")3;
flz) = f(a:o)+f(1!0)(a:—xo)+fé!o)(az—xo)2+---+f n(! 0)

+ 0((:1: — :z:o)”),

(x — xp)"

where

lim o((:z: — 1;0)”)

=g (gj — :[;O)n

= 0.
Alternative form:

o((z — x0)") = (x — x0)" e(z), with xh_>ng’610 e(z) =0.

Theorem 5.1.3 (Maclaurin’s Formula with the Little-o Remainder).
Let f € C"(I), where I is an interval containing 0. Then, for every x € I,

f'(0) (0) f(0)

f// . .
@) = f0) + =+ —; :1;‘2+---+—n! " 4 2" (x),
where lim e(z) = 0.
xz—0
Examples 5.1.1.
1. For f(x) = e®, since f)(x) = €”, then
e_ 1, " 2 x" n
e’ = +ﬁ+§+"‘+m+x e(x).

2. For f(z) =sinz, since f™(z) = sin (x + ng), then
O S S L2+
(2n+1)!

sinzx =2 — —+———+---+(=1)" +x2n—|—1€(x)7
which is the Maclaurin expansion of order 2n + 1.

3 5 7!
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3. For f(z) = cosx, since f™(z) = cos (x + ng),

5132 $4 ZL‘G x?n on

p— _—— —_— DY _— n
cost =1 or t Gl + -+ (-1)

which is the Maclaurin expansion of order 2n.

4. For f(z) = (14 )%, where o € R,
since f"(z) = ala —1)(a —2) - (@ —n+1)(1 +2)*", then
ala—1) , ala—1)(a—=2)---(a—n+1)

(I+2)* = 1+aw+Tx +---+ o x"

+ a"e(x).

When o = n € N*, we recover the binomial formula:

nin—1) , nn—1)---2-1

(1+x) :1+nx+Taz + ot oy "
Fora = -1,
(14+z)t= ! =1—x+2°— 4 (=1)"2" + 2"(z),
1+x
1
(1—:1:)_1:1 =l+a+a>+--+2" +a"().
— T

where lim e(z) = 0.
z—0

5.2 Taylor Expansions at the Origin

Definition 5.2.1. Let f be a function defined in a neighborhood V' of 0. We
say that f admits a Taylor expansion of order n in this neighborhood if

there exists a polynomial P, of degree n such that

VeeV: f(x)=P,(x)+2"e(x) where lime(x)=0,

x—0
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or equivalently,
f(2) = ap + a1z + agr® + - + a2 + a"e(z).

The polynomial P, is called the Taylor polynomsial of degree n or prin-

cipal part of the expansion.

Theorem 5.2.1. If f admits a Taylor expansion of order n in a neighborhood

of 0, then this expansion is unique.

Example 5.2.1.

(1) The function f(z) = ﬁ, defined for x # 1, admaits a Taylor expansion

of order n near 0, obtained by performing the division in increasing powers

of x:

1ix = 1+x+x2+x3+---+fi+;
= l+az+2°+2°+- +a"

Y

11—z

with e(z) = — 0 as x — 0.

— X

(2) If Q is a polynomial, then @ admits a Taylor expansion near 0, and its
expansion is itself, with e(z) = 0.
Remark 5.2.1.

1. The principal part of the Taylor expansion of an even function is even.

2. The principal part of the Taylor expansion of an odd function is odd.
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5.3 Obtaining Taylor Expansions by the Maclaurin-Young

Formula

Theorem 5.3.1. If f(”)(()) exists, then f admits a unique Taylor expansion
of order n in a neighborhood of 0:

KON .

fla) = f(0) + =, o o

where lim e(x) = 0.
z—0

Conclusion: If f(”)(()) exists, then f has a unique Taylor expansion of order

n near 0; that is,
f(r) = ap + a1z + agx®* + - - - + a, 2" + 2"e(x),

and by matching coefficients, we obtain

/ (n)
f(0) = ay, fl(!o):al, . / (O):an.

Remark 5.3.1. If f admits a Maclaurin expansion, then it also admits a
Taylor expansion near 0.

However, a function may have a Taylor expansion without being differen-
tiable. For example, the function

@) = 2" sin (1>

X

admits a Taylor expansion since

x z—0 x—0 x

fl@)=0+z2"(x sin(l)), and lime(x) = lim z sin <l> =0,

but it does not admit a Maclaurin expansion because it is not defined at

x=0.
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5.4 Operations on Taylor Expansions

Theorem 5.4.1. Let f and g be functions defined in a neighborhood of 0,

each having a Taylor expansion of order n about 0. Then:

1. The sum f+g also has a Taylor expansion of order n, whose polynomial

part is the sum of the polynomial parts of f and g.

2. The product fg has a Taylor expansion of order n, whose polynomaial
part is obtained by multiplying the polynomaial parts of f and g and

keeping only the terms of degree less than or equal to n.

3. The quotient i has a Taylor expansion of order n (provided that
g
g(0) # 0), whose polynomial part is obtained by dividing the polynomial
part of f by that of g, keeping terms up to degree n.

Examples 5.4.1.

1. Find the expansion of coshx and sinh x about 0.

Since
2 .%'3 £E4 "

x n
6—1+x+§+§+z+ +H+O(J;)’

and

such that lim o(@") = 0. We get
z—0 "
e” + et $2 $4 x2n on 0($2n)
cosha::T—1+2'+4'+ +(2 )!—l—( >/110{E2n
T —T 3 $2n+1 0($2n+1)

- _e ~¢€ L2t _
sinh x = 5 —.T—|-3'-|— +(2n—|—1)!+0( )/ h im = =

=0,
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2. Find the fifth-degree expansion of cos® x about 0:

2 1’4 4

cos’z = (1 — % +51 —1-0(:165))2 —1—a?+ % + o(z?),
5
such that lim 0(:[; ) = 0.
z—0 T
3. Find the fifth-degree expansion of tanx = e about 0:
cos T
3 5
T — %+ 55 + o2’ 3220
tanz = 22 13&240 (5)=$+x—+i+0(x5),
5
such that lim ol’) = 0.
z—0 9
inh
4. Find the fifth-degree expansion of tanhx = MY about 0:
cosh x
z+ L 4Lt o(af 3 2a°
tanhz = 52 1:6%10 (5>:x—§+1—5+0($5),
1+ 5 5t 0(513 )
o(x°)

such that lim = 0.

z—0 ,CL‘5

Theorem 5.4.2 (Taylor expansion of a composite function).
Let f and u be two functions that each admit a Taylor expansion of order n

near 0, such that
f(z) = P(x)+o(z") and u(z)=Q(x)+ o(x"),

n
where llm o(z")
x—0 I

a Taylor expansion of order n near 0, and its principal part is obtained by

= 0 and u(0) = 0. Then the composite function fou admits

computing (PoQ)(x) and keeping only the terms of degree less than or equal

to n.
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Example 5.4.1. Find the fifth-order Taylor expansion at 0 of eSB%, ¢3¢

and +/cos x.

1.

esinm _ em—%—i—l‘”—;o—l—o(xf’)

3 5

we setu =1 — — + —— + o(z”) so that u(0) = 0, then
6 120 ’

2 ’LL3 u4 )

sinx __ u __ u_ e w ’LL_ )
Mt =¢ —1+u+2!+3!+4!—|—5!+0(u)

. (x—Z 422 (p—2Z 4 23
_ 1 o 6 1 120 6 120
-yt ! + 3!
(e +i) -+ s
1l 5] +ola”)
L+ x3+x5+x2 x4+az3 x5+x4+x5+(5>
= r——+—+ =+ —— —+ —+ —+o(x
6 120 2 §) §) 12 24 120
2 4 b .
— 1 Lz
+x+ 5 T + o(x?),
5
such that lim o(z’) = 0.
z—0 1'5
2.
eCOST el—%—i—%—l—o(m"’) _ e'e—é—i—%—i—o(gﬂs)’
2 ot 5
we set u = —— + — + o(x”) so that u(0) = 0, then
2 24
cosT U u2 u3 u4 U5 5
Pt =ee = e[1+u+§+§+z+a+o(u)]
72 4 (_%2+92c_i>2 ;
= 6[1+ —?-l—ﬂ)‘l‘T-l-O(CC )]
22 ot gt
_ T 5
e 2+24—|—8+0(:U)]
2
= 6[1—7+€+0(x5)],
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o(x°)

such that lim = 0.
z—0 0
3. ) A
T x
-1 - 4+ = g
COS T 5 +24+0($ )
2 ot .
we set u = ——+ — + o(z°) so that u(0) =0, then
2 24
u 5
Vveosr = \/1+u:1+§—§+0(u)
1, 22 2t 1, 22 2t
- 1 (T R Y A N2 5
T3 ) Tty Tag) Tl
x? ! 5
B
5
such that lim o) = 0.

z—0 1‘5

5.5 Differentiation and Integration of Taylor Expan-

sions

Propertys 5.5.1. Let f : I — R be a function defined on an interval 1

containing 0, and suppose that f admits a Taylor expansion of order n about
0. Then:

1. If [ is differentiable on I, its derivative f' also admits a Taylor ex-
pansion of order n — 1 about 0, whose principal part is obtained by
differentiating the principal part of f; that is,

fl(z) = p'(x) +o(z" 1), lim o)

r—0 qpn—1

= 0.

2. If f admits an antiderivative F', then F' admits a Taylor expansion of

order n+ 1 about 0, whose principal part is obtained by integrating the

88



principal part of f and adding the constant F(0); that is,

F(z)=F(0)+ [ p(x)dx+ 0(:6”“) lim o(z"") —0
’ z—0 gntl '
Examples 5.5.1.
. 1 ' 1 '
1. From the expansion of , we can obtain that of ——— by differ-
l -2 (1 —2x)?
entiation.:
=l+a+a>+2°+- -+ 2" +o(2"), limo(x):()’
1l—2z z—0 "
hence
1 I ) ; o .
RV =1+42x+32"+42° + -+ nax" +o(x"),
(1—x)? 1—x
n—1
with lim ol : ) 0.
z—0 "™
2. Integration example:
(hﬂl+xD':]_+x::1—x+x?ﬂﬁ+~~+(—1yuﬂ+ouﬂh iE%OS;)::Q
therefore

In(1+2)=1In(1+0)+ /(1 —x 42— 2+ (=1)"2") dv + o(2" )

2 3 4 Lt 1
e 1\ n+
x 2+3 4—|- + ( )n+1+0(x ),
n+1
with 1im 2 ) g
r—0 qpntl

By replacing x by —x, we get




3. Find the Taylor expansion of order 2n 4+ 1 about O for arctanx and

arcsin x:
1
(arctanx) = ke 1—a? 4+ 2% — -+ (=1)"2* 4 o(z®™),
hence
arctan r = arctan 0 + /(1 — 2+t — 4 (1)) dx 4 o(z® )
.%’3 I5 x?n—i—l
— T . -1 n 2n+1
"T3 T3 T g Fele™),
. . O(C[I2n+1)

with ilir(l) peoT = 0.
Likewise,
(arcsinz)’ = L (1 — 2712

V1— 2?2

1 1-3 3:5---(2n—1)
—1 =2 4 . 2n 2n

Tyt Tt T e @ © o)

therefore
1 1-3 3:-5---(2n—1
arcsin x = arcsin 0 + / (1 + 5.7:2 - ﬁafl + -+ W 6(~ n(2n))a:2”) dx
T 0(1,271—1-1)
122 1-32° 3:5---(2n—1) z?*!
— S ST L ( ) (2n+1)’
23 245 2.4-6--(2n) 2n+ 1
' . O(x2n+1>

with };12% onl = 0.
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5.6 Taylor expansions near xy # 0 and at infinity

Definition 5.6.1.

1. Let f: I — R with I an interval and xo € I. We say that f admits a

Taylor expansion of order n at zq if one can write
f(@) =ao+a1(z — ) + -+ + an(x — 20)" + o(x — 20)"),

such that lim 0((3: — ) )
=T (x — xo)”

= 0.

2. We say that f admits an asymptotic expansion of order n at infinity if

one can write

fl@)=co+ =+ +C”+(1) im 2E)
z)=co+ o OxN’xgroloxin_'

Remark 5.6.1. By the change of variable y = x —x¢ (soy — 0 as © — x¢)
one reduces a Taylor expansion at xo to one at 0. Similarly, the change of

variable y = 1/z (so y — 0 as x — 00) reduces an expansion at infinity to

one at 0.

Example 5.6.1.

1. Expansion of order n for e* about ro=1.
Puty=x—1 (soy is near 0). Then

2 n

ex:ey'Fl:eey:e(1+y+y_+...+y_+0(yn))’
2! n!
hence
x—1)? x—1)"
R )
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2. Expansion of order 2n for sinx about xy =

N[ S

Puty =z — g (so y is near 0). Using sin(z) = sin(y + g) = cosy and

the cosine erpansion,

2 4 n,,2n
Yy (—1)"y o
cosy—l—a—l—ﬁ-i—--—-i-w—l-O(y )
we obtain
. (z—3)? (z-3) (—1)"(x —3)™ T on
g = 1= =i ek oy el =)

3. Expansion of eV* about xy =1 to order 3.
Put y = \/x — 1 or equivalently x = (1 + y)? with y — 0. One may
expand eV? = eV = e(1 +y + %2 + % + o(y®)) and then substitute
y = +/x — 1 and re-expand in powers of x — 1 up to order 3.

4. Expansion of In(1 + 3z) about vy =1 to order 3.
Puty=x—1. Then

3 3
In(1 + 3z) =In(4 + 3y) = In(4(1 + Zy)) =In4+In(1+ Zy)

Ul 3
Ezxpanding In(1 +1t) =t — B} + 3 + o(t?) with t = 1Y yields

3 173 \2 173 \3
In(1+3x)=In4d+ -y — —(—y) + —(—y) + o(y?),

4 2\4 3\4
I.€.
3 13 —1)\2 1/3(z—1)\3
1430) = 3oL (EDY BN
n(143z) = In —|—4(£U ) 5 1 +3 1 +o((z—1)?)
322 1
5. Expansion at +co of f(x) = 2;2 ;—L;;J—ll to order 2.

1
Puty=— (soy— 0 asx — 00). Then
T

<1> Ftytl 34yt

Uv T 24541 245y+y?
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Expanding in powers of y gives
1 3 13 63 ,

f(;) =5~ ZZ/JF <Y +o(y?),

hence, returning to x,

f(x):%—5+ 63 +o(i).

dr ' 8x2 22

2 1
6. Expansion at +oo of f(x) = Ll to order 3, and of ln< v )
x

For f(z) =

7 expand in powers of y = 1/x:

T 1+1+1+1+(1>
= — 4+ —4+ =4+ —=).
x—1 A A /5 3

For the logarithm,

1n<2x; 1) = 111(2 + é) =In2+ ln(l + %),

hence the expansion at infinity is

Remark 5.6.2.
1. If f admits a Taylor expansion of order n at xg, that is,
f(@) =ag+ai(z —x) + -+ + an(z — 20)" + o (x — x0)"),
then

lim f(x) = ay.

T—Xo

By contraposition, if lim f(x) does not exist or equals oo, then f does
T—T

not admit a Taylor expansion of order n at xg.
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For example:

f(z) =In|z| —— —o0 == f has no Taylor expansion at 0,

z—0
and
. (1 .y .
f(z) = sm(—) has no limit as * — 0, hence no Taylor expansion at 0.
x
)
If f is continuous at xg h_r)n f(z) =ao = f(xo) and
X Zo
2.4 and f admits a first-order == § f s differentiable at xy and
Taylor expansion at x. f'(x0) = ay
\
Indeed,
lim f(z) = /() = lim [a1 4 as(z — z0) + -+ + ap(z — )"
T—X0 €Tr — xo T—T0

+o((x —20)" )] = ar.

If f is continuous but not differentiable at xo, then f does not admit a

first-order Taylor expansion there.

For instance, f(x) = ~/x — 1 is continuous at x = 1 but not differen-

tiable since

lim

r—1 r—1 rsl (gj — 1)2/3 = 100,

hence f admits no Taylor expansion at x = 1.

Definition 5.6.2 (Generalized Expansion).
Let f be a function that does not admit a Taylor expansion at xy, but such
that the function

v (@ —x0)"f(z), acQ,
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does admit one. Then
(z — 20)" f(x) = ap + ar(z — ) + - -+ + an(z — 20)" + o((x — z)"),
and consequently,

1 "+ol(x — x0)"
ma0+a1($—$o)+"'+an(f€_$0) +o(( 0) )}

flz) =
This expression is called the generalized expansion of f.

Example 5.6.2. Find the generalized expansion of order 3 at 0 of

COS T

f(x) =cotx = —.
sin

Since lir% cotx = 400, [ does not admit a Taylor expansion at 0.
T—

2 4
CoS ¥ C+ 5+ o)
cotr = =

1_
. 3 5
sinr  x — & + 155 + o(x0)

:l.l—x;—l—%—i-o(x‘l)
To1—Z 4 24 o(xt)
1 2?2t

=z (13 - +e)
1 z 23

“r s m o)

Compute likewise the generalized expansion of

fla) = —

x — 12

at x = 0.
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5.7 Applications of Taylor Expansions

Taylor expansions and generalized expansions are particularly useful for com-
puting limits, approximating functions near a point, and determining the
asymptotic behavior of functions at infinity, including the identification of
asymptotes.

1) Computing limits. Example:

sin x + o(x)

lim = lim
z—0 X z—0 xT

= 1.

2) Finding asymptotes using generalized expansions.

If lim f(z) = oo, then f may have an asymptote near infinity. To find the
eqfl;‘s;on of this line, we compute the generalized expansion of order 1 of f
at infinity.

1
Let y = — in order to move to a neighborhood of 0. If
x

1 1 a
f(&) = §(a0 + aly + a2y2 + O(y2)) = ;O + ai + a2y + O(y)7

then returning to the variable x gives

1
f(z) = apr + a4 —|—%—|—O<—).
T T

Consequently,
: o (@2 I\y
Jim (7(0) = (ana + ) = Jim (7 +(7)) =0,
so the line y = agx + a1 is an asymptote of the graph of f at +oo0.

To determine the position of the graph relative to its asymptote, consider

the sign of f(z) — y. It has the same sign as %; therefore,
x

e near 400 (respectively —oo), the sign of f(z) — y is the sign of ay

(respectively —ay).
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Example 5.7.1.

1. Compute the generalized expansion at +00 of

372—33

fla) = T,

and deduce the equation of the asymptote of the graph Gy at +o0, as
well as the position of the graph relative to that line.

1
Let y = —. Then we have

x
12 1 1
f<1)(§> R el
Y I+, 2 y(+y)
1—y ,

We expand T as a series around y = 0:

Y
l—y 2 2 2 +
m:(l—y)(l—y—l—y — .. )=1-2y+2y*"+o(y°), y—0".
Hence,

f(;) _1-2y+ 2yy2 +o(y®)

which corresponds to

1
:§—2+2y+0(y), y — 0T,

2 1
f(x):ac—2—|-—-|—0(—), x — +00.
T T

Then

2 1
f(x) :$—2+;—|—0<5).
Since

lim (f(z)—(x—2)) = lim (3+o(1)):0,

rT—+00 r—+o0 \
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the asymptote is the line y = x — 2. To find the position of the graph,

consider

f@y—@—Qy:%+4l)

X

This difference is positive near +0o; hence the graph lies above its

asymptote as xr — +00.

. Compute the generalized expansion at —oo of

f@)=v1+z+a?

and deduce the asymptote of the graph G at —oo, as well as the position
of the graph relative to that line.

1
Let y = —. Then
x

1 /1 1 1 12 1 1 3
f(—): 1+ -+—5=-(1+y+y ==+ -+ sy+oly).

Hence, in terms of x,

o) =g+ g o(3)

S0Y =2+ % is an asymptote at —oo. Since
1 3 1
f@ = (o +3) =g +47):

this difference is negative near —oo; therefore the graph lies below its

asymptote as x — —00.
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Chapter 6

Sequences of Real Numbers

6.1 Definitions and General Properties

Definition 6.1.1. A sequence of real numbers is any function from N to R.

Typically, a sequence is denoted by (Un)nen, (Vn)neN, (Tn)nens (Yn)neN, - - --

For a sequence (up)nen, the number u, is called the general term of rank n.

Example 6.1.1. Consider the sequences defined by

)= (255)0 (@)= (1), (@) = @),

Compute the terms ug, uy, and us.

Definition 6.1.2. A sequence (uy,)n>0 is said to be:
1. increasing if Vn € N : u, 1 > Uy,
2. decreasing if Vn € N : u, 11 < uy,
3. monotone if it us either increasing or decreasing,
4. bounded above if AM € R,Vn € N: u, < M,

5. bounded below if 3m € R,Vn € N : u, > m,
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6. bounded if it is both bounded above and below,
7. constant if Vn € N : u,1 = uy,.
Monotonicity can be determined by studying the sign of w, 1 — u,. If u, is

Up+1

Up,

positive, one can also compare the ratio with 1, or, if u, = f(n), use

the functional approach.

Exercise 6.1.1.

1. Consider the sequence (u,) = ((—1)"). Is it bounded? Monotone?
We have us, = 1 and usp1 = —1, so (uy) is not monotone because it

is alternating. Since —1 < u, <1, the sequence (u,) is bounded.

2. Consider the sequence (vy)n>2 defined by

_n+2
-1

Un

(a) Show that (vy)n>2 is decreasing.
(b) Deduce that (vy,)n>9 is bounded.

6.2 Convergence of Sequences

Definition 6.2.1. Let (u,)n>0 be a sequence of real numbers. We say that

(uy,) converges to [ if
Ve>0, Ing e N, Vn>ny: |u, —I] <e

We write lim wu,, = 1.
n——+00

A sequence that does not converge is called divergent, i.e., either linil Uy =
n——+0oo

oo or the limit does not exist.
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Theorem 6.2.1. If a sequence (uy)n>0 converges, then it is bounded.

Remark 6.2.1. The converse of the theorem 1is false. There exist bounded
sequences that do not converge. For example, u, = (—1)" is bounded but not

convergent, because its limit does not exist (ug, =1 and ugp41 = —1).

Theorem 6.2.2. Let (u,) and (v,) be sequences such that (u,) is bounded

and (vy,) converges to 0. Then the sequence (u,v,) converges to 0.

Example 6.2.1.

—1)"
lim ) =0
n——4oo n
1
because the sequence (—1)" is bounded and lim — = 0.
n—-4oo N

Theorem 6.2.3 (Squeeze Theorem).
Let (uy,) and (v,) be two sequences converging to the same limit 1, and let

(wy) be a sequence satisfying
Up < Wy < VUp

for all n sufficiently large. Then (w,) converges to the same limit [.

Example 6.2.2. We have

T
n—>-+00 n
because
1 sin(n) 1
o< < =
n n n
) 1
and lim — =0
n—-4oo n
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Theorem 6.2.4 (Comparison Theorem).
Let (uy) and (v,) be sequences such that u, < v, for all n sufficiently large.

Then:

1. If lim wu, = +o0, then lim v, = +o00.

n—-+oo n—-+o00
2. If lim v, = —o0, then lim wu, = —o00.
n—-+0o0 n—-+o00

Example 6.2.3. Consider the sequence
2cos(n) + 3(—1)" — 3n.

We have
2cos(n) +3(—1)"=3n<5—3n

and lim (5—3n)=—o00, so lim [2cos(n)+ 3(—1)" — 3n| = —c0.

n—s+00 n—s+00
Theorem 6.2.5 (Convergence of Monotone Sequences).

Let E = {u, | n € N}.

Any sequence (uy)n>o that is increasing and bounded above converges to its
SUPTEMUIM,:

lim wu, =sup k.
n—>—+00

Any sequence (uy)n>o that is decreasing and bounded below converges to its

lim wu, = inf F.
n—-+00

Example 6.2.4. Study the convergence of the sequence

n—1
Uy = TR n € N.
The sequence (uy)n>0 s increasing because
8
el = = B S B g)
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and it 1s bounded above because for n # 0,

3n+5>3n — Lt 5 opzl not 1
n n — —.
3n+5  3n 3n+95 3n 3
1 1 , .
Forn =20, uy = = < 3 Hence, (uy,) is convergent toward its supremum.
Therefore,
: . n—1 1
lim u, = lim = —.
n—>-—4oo n——+oco 3N + 5 3

6.3 Recursive Sequences

Definition 6.3.1. Let f: [ — R and up € I (we assume f(I) C I).

A recursive sequence is a sequence defined by
(o given,

Up+1 = f(un)a Vn € N.

6.3.1 Monotonicity

o . (Un)n>0 18 increasing if uy > wuy.
If f is increasing on [, then -
(Un)n>o 1s decreasing if wu; < uy.

If f is decreasing on I, then the sequence (uy,),>0 i not monotone.

Indeed, assuming u; > ug, we obtain
up > ug = up = f(ur) < fluo) =

— Uz > U

—> uy < ug (stop).

This alternating order uy < ug > us < uy > wuy shows that (u,),>0 is not

monotone.
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Examples 6.3.1.
1. The sequence defined by
uy  given,
Upr1 =Up +7, TER

1s called an arithmetic sequence. The number r is called the common

difference. The general term can be written as
Up = U + N7,
or more generally
Up =up+ (n—p)r, n,peN

The sum of consecutive terms of an arithmetic sequence is

_m-—p+1

S:up+up+l+"'+um 2

(up + Up).
Example: Compute the sum
S=11+134+15+--- 447+ 49

of 20 consecutive terms of an arithmetic sequence with common differ-

ence 2:

20 49— 11
S =5 (11+49) =600, (20=——+1).
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2. The sequence defined by
vy quven,
Upt1 = QUn, qE€R

s called a geometric sequence. The number q is called the common

ratio. The general term can be written as
n
Up = Voq

or more generally

Uy, =vy-q¢" ", n,peN.

The sum of consecutive terms of a geometric sequence is

1_qm—p+1
S=v,+Vpp1+ -+ =1, g q# 1.
Example: Compute the sum
S—l—l—l—l-l—l- + !
4 8 16 16384

of 13 consecutive terms of a geometric sequence with ratio 5 and first

o
erm —:
4 1\13
1 1= s
1 T1-1 T 1634
v 1 In 4096
Note: (2ynt=tn _ 1 1= — 19
(Note: (3) o 4006 " 2 /
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6.3.2 Convergence

Suppose f is monotone and continuous on D. If the sequence (u,) converges

to [ € D, then this limit satisfies

[ = f(0).

If this equation has no solution, the sequence has no limit. Otherwise, if there
exists one or more numbers [y such that Iy = f(ly), the problem reduces to

determining whether (u,) converges to one of these .

Exercise 6.3.1. Consider the sequence (uy,), defined by

UOZQ,

4
un+1:5—u—, n € N.
n

1. Show thatVn € N, 1 < u, < 4.
2. Show that (uy), converges and find its limat.

3. Give sup E and inf E, where E = {u,, : n € N}.
Solution:

1. By wduction. For n = 0, we have 1 < ug = 2 < 4, so the property
holds. Assume 1 < u, < 4 and show 1 < u,+1 <4 forn > 0:
1 1
l<uy, <4d—=-<—<1
4 u,

1
— 4 < -—— < -1
Un,

4
:>1<Un+1:5——<4
Up
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4
Alternatively, consider the function f(x) =5 — — for x €]1,4[. Since
x
f is increasing and f(]1,4]) =]1,4[, and ug = 2 €]1,4], it follows that
u, €]1,4] for all n > 0.

2. Since f is increasing and u; = 3 > ug = 2, the sequence (uy), is

Imcreasing.

3. Since (uy), is increasing and bounded above by 4, it converges. Let | be

the limit of (u,)n. Then [ satisfies

l:5—§ <— [=1 or [=4.

Since (up)y 18 increasing, we must have | = 4.

4. Finally, since (uy), is increasing and converges to [,

inf £ =wuy=2, supk =1[1=4.

6.4 Subsequences

Definition 6.4.1. Let (u,,) be a sequence and g a strictly increasing function

from N to N. Then the sequence (ug(,) is called a subsequence of (u,,).

Examples 6.4.1.
1) The sequences (ug,) = (ug, U, ..., Ugp, ...) and
(ugns1) = (U1, Uy ooy U i1, --.) are two subsequences of (uy,) = (g, Uty ..., Up, -..).

o—=1,..)
are two subsequences of (u,) = ((—=1)") with g1(n) = 2n and go(n) = 2n+1.

For instance, the sequences (us,) = (1,1, ..., 1, ...) and (ug,+1) = (—1,—1, ..

1 1
2) The sequences (uys) = (—3> and (ugn) = (2—> are subsequences of
n n
1
(uy) = (—) with g (n) = n® and gy(n) = 2".
n
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Theorem 6.4.1. If the sequence (u,) converges to l, then all subsequences

of (uy,) also converge to l.

Remark 6.4.1. The converse is false: it 1s possible to find a convergent
subsequence of a divergent sequence.
Ezample: (u,) = ((—1)") is divergent, but its two subsequences (ug,) = (1)

and (ugn+1) = (—1) converge.

Theorem 6.4.2. A sequence (u,,) converges to L if and only if the two sub-

sequences (Uay,) and (ugn41) converge to the same limit [.

In other words, if a subsequence of (u,) diverges, then (u,) diverges; or if

two subsequences have different limits, then (u,) diverges.

Example: If lim wug, = 1 # lim w9y = —1, then (u,) = ((—=1)")
n——+0oo n—-—+00
diverges and lim (—1)" does not exist (because it cannot tend to infinity).
n—>--+00o
. . . nm .
Exercise 6.4.1. Show that lim sin (—) does not exist.
n—-4oo 2
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