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About Analysis

The present course deals with the most basic concepts in analysis. The goal
of the course is to acquaint the reader with rigorous calculus and application of
theorems and propositions in analysis.

We start with a discussion of the real number, most importantly its complete-
ness property, which is the basis for all that comes after. We then discuss the
simplest form of a limit, the limit of a sequence. Afterwards, we study functions
of one variable, continuity, and the derivative, ending with the chain rule and
Taylor’s theorem are discussed. Next, we discuss sequences of real valued. We
define the definite and indefinite integrals. Finally, we give the fundamental ruls
of calculus to obtain the primitive of real-valued functions of one variables.



Preface

This handout is intended for students of the first year of Higher Graduate
School of Economics. This handout deals with an important part of Mathemat-
ical Analysis is compliant the official program of Mathematical Analysis for the
Higher Schools of Economics. It should be possible to use the handout for both
a basic course for students who do not necessarily wish to go to graduate school
(such as Higher Graduate School of Economics), but also as a more advanced
two-semester course that also covers topics such as science and technology, a
high school teacher.

This programme will be covered by the nine chapters, each chapter in sub-
chapters, each sub-chapter in paragraphs, numbered in the order of this division,
so that the reader can quickly find a part quoted in the presentation.

The exercises are classified by chapters corresponding to the major divisions
of the program. Within each chapter, each of the subdivisions is preceded by a
reminder of the essence of the corresponding part.

This course has been written in such a way that the essentials are said for
each concept introduced. Are there to help the student position the acquisition
of his knowledge (concepts and results) in a "broad line", they give the theorems
and essential results without demonstrations

This course contains many examples illustrating the definitions and helping
the understanding of the conditions of application of theorems and propositions.

The drafting of the solutions was done with the greatest care, the main con-
cern being to familiarize the student with mathematical reasoning and him. learn
especially to write.

We hope that the practice of this handout will help students to asimile more
quickly the concepts and methods introduced to the course. Our greatest thanks
go to all those who have contributed to the training of students at the Higher
Graduate School of Economics.

Finally, it is with gratitude that we welcome criticism and Suggestions that
users of this handout will send us.



Notation

In this handout, we will use the following notations.

Symbols logiques et mathématiques:

€ in,x € Ai.e., x is an element of A.

C inclusion,

<, > large inequalities, * < y, x less than or equal to y. * > y read x is greater than or
equal to y.

<, > strict inequality, * < y read x strictly less than y. x > y read x strictly greater than y.
= implication, p = ¢ read p implies ¢( if p then q).

<= equivalence, p <= ¢ read p is quivalent to ¢. (p if and only if ¢).

E (z) or [z]: integer part of z, z € R.

Ck: Coefficient of binom, cardinality of the set of subsets of k elements of a set of n elements,
k<n.

R [X] The set of plynomials with real coefficients of inconnu X.

© empty set.

|-| absolute value.

x¥ exponentiation of z > 0 and y € R.

1" 3 f™ second, third,..., n'* derivative of f.

sup F supremum of F.

inf £/ infimum of F.

max I/ maximum of F.

min £ minimum of FE.

Ja, b[ open bounded interval

la, b] closed bounded interval

la,b], [a,b[ half-open bounded interval or half-closed bounded interval

R*the extended real numbers

R = [—00, +oq]

oo infinity.

Alphabet grec:
a alpha.

5 béta.

~ gamma.

0, A delta.

€ epsilon.

A lambda.

0 téta.

> sigma.



Chapter 1

Real numbers

1.1 Basic sets

The following are sets including the standard notations. We donote the set of natural

numbers by
N={0,1,2,...,n,...},

the set of even natural numbers and the set of odd natural numbers respevtively
{2m, meN}, and {2m+1, m e N},

and the set of integers by
Z={..,-n,...,—2,—-1,0,1,2,...,n,...},

and the set of rational numbers by

Qz{rzg,anZ,q%O}

:{g,pGZ,qu*}.

We show that all rationnel number § can be written at the decimal limit expansion form
as
p _
- = QpQ7q ...0n,
q

or in periodic infinitely form

g—Oéooq..-Oén5152~-5m5152-~5m~--7

where ap € N, ag, 5; €{0,1,2,...,9} et 5105 ... By, is the period.
Remark 1. Note that NC Z C Q C R.

Definition 1. We called an irrational number every dicimal limit expansion periodic.

Definition 2. R = QU Q, where Q¢ is the complement of Q.

10



1.2. Axiomatic definition of R 11

1.2 Axiomatic definition of R

The set R endowed (equiped) by two binary operations : Addition 4+ and Multiplication x
or - and order relation < satisfying the following axioms:
(A1) Commutativity : The commutative law holds for addition z+y = y+z, Vz, y € R.
(Ag) Associativity : The associative law holds for addition = + (y+2) = (x +y) +
z, VYV, y, z € R.
(Az) Additive identity element e : Je=0€R/z+e=e¢+x =2z, Vo € R.
(A4)Multiplicative identity element e : Je=1€R/x-e=e-z =1z, Vx € R.
(As) Additive inverse element 2/ = —z for : Ve € R, 32’ = —x € R /z + 2’ = 0.
(Ag) z-y=y-x, Vo, y € R.
(A7) Associativity: associative law holds for multiplication z-(y - 2) = (x - y)-2,Vz, y, z €
R.
(Ag) Multiplicative inverse element z’ = i =z ldeax: Vo € R, oz #0, I = % €
R/x-2'=1.
(Ag) Distributivity: The distributive law holds: z - (y+2) =z -y+x -2, Vo, y, z € R.
yx <z, VzreR.
Wr,yeR: (z<yNy<z)=x=y.
o) Transitivity : Vo, y, z€R: (z <y ANy<z)=z <z
3) Ordred Vz, y € R, on a soit x < y soity < .
DV, yeR: e <y=z+z2<y+z2 VzeR.
) Ve, yeR: 2 <y, 2>20=z-2<y- 2

1
1
1
1

(
(A
(A
(A
(A
(A

1.3 Absolute value

Definition 3. We define the absolute value of x € R by

x, ifx>0,
|z =

—x, 1f v <0.

1.4 Intervals of R

Definition 4. The set I of R is called an interval if and only if satisfying the following
properties
r,yel, x<y=VzeR: (z<z<y=z€l).

The different intervals in R sont: Let a, b € R such that a < b.

1) Closed interval : [a,b] = {z € R/ a < 2 < b} ( Bounded interval of extremities a and
b, both end points are included).

2) Open interval : |a,b[ = {z € R/ a <z < b} ( Bounded interval of extremities ¢ and b,
neither end point is included.).

3) Half-open interval (Half-closed ) : [a,b] = {x € R/ a <z < b} ( Bounded interval of
extremities a and b ).

4) Half-open interval (Half-closed ) : Ja,b] = {x € R/ a < x < b} (Bounded interval of
extremities a and b).
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5) [a,+o0[ = {x € R/ 2 > a} ( unbounded intervals of extremity a).
6) Ja,+oo[ = {xr € R/ x > a} ( unbounded intervals of extremity a).
7) |—o0,b] = {r € R/ 2 < b} (unbounded intervals of extremity b).
8) |—00,b[ = {z € R/ z < b} ( unbounded intervals of extremity b).
10) R = ]—00, 400[ ( Open and closed interval of R).

1.5 Supremum and infimum of a Set of R

Definition 5. We say that X C R is

1) bounded above if there exists M € R called upper bound of X such that Vo € X,
< M,

2) bounded below if there exist m € R called lower bound of X such that Vz € X, x > m,
3) bounded if there exist M, m € R such that Vo € X, m <z < M.

Remark 2. (i) Any larger number of X called upper bound of X and any smaller number of
X called lower bound of X.

(22) If M is an upper bound of X, but no number less than M, then M is a supremum
of X, and we write sup X = M.

(73i) If m is an lower bound of X, but no number greater than m, then m is a infimum
of X, and we write inf X = m.

(v)If there exists zg € X such that M = xy or m = zg, then M = max X or m = min X.

Theorem 1. 1) A bounded nonempty set has a unique supremum and a unique infimum.
2) If a nonempty set of real numbers is bounded above (respectively bounded below), then
it has a supremum (respectively infimum,).

Remark 3. The property (2) of Theorem 1, called property of the upper bound , it is not
true in the set of rational numbers Q.

Theorem 2. 1) If a nonempty set X of real numbers is bounded above and M € R, then

i) M is an upper bound of X,

M =sup X <— 3
i)Ve>0,dr e X : M —e<x <M.

2) If a nonempty set X of real numbers is bounded below and m € R, then

i) mis an lower bound of X,

m = inf X <— g
ii)Ve>0,dr e X :m<zx<m+e.

1.6 Archimedean property and their consequences.
The following property called Archimedean property
VreR, dneZ : n>ux.

This property is also often expressed as



1.7. Demonstration by reccurence (Principle of Mathematical Inductiod}

Vhe R, Ve e R, n € Z : nh > .

We deduce
VeeR, dneZ n<zx<n+ 1.

Definition 6. The integer number n € Z satisfying the above relation is called the integer
patrt of x denoted by [z] or F (z).

The integer number n is less than x.
For example: [0,28] = E(0,28) =0, [v2] =1, [-1,20] = —2.

We deduce from the Archemedean property, the following theorem :

Theorem 3. (Dense property): (i) For all real numbers a, b such that a < b, there is
rationnal number r such that a < r < b that 1s, the set of rational numbers is dense in the
reals.

Lemma 1. (i4) For all real numbers a, b such that a < b, there is rationnal number s such
thata < s < b that is the set of irrational numbers is dense in the reals.

1.7 Demonstration by reccurence (Principle of
Mathematical Induction)

Let p(n) be proposition for each positive integer n € N ( P (n) be a statement depending
on a natural number n). Suppose that

(1) (Basis statement) p(ng) is true.

(2) (Induction step) If p (n) is true for each positive integer n > ng, then p (n 4 1) is true.
Then p (n) is true Yn > ny.

1.8 Topology elements in R

1.8.1 Open and closed sets in R

In this section we study topological concepts in the context of the real line.

Definition 7. (i) The set O C R is called open if O = () or if for all z € O, there is an open
interval I C R contain in O and containing the point x that is we say that a set is open if it
does not contain any of its boundary points.

(77) The set F' C R is called closed if it’s complement in R is open that is Aa set F is
said to be closed if it contains all its boundary points.

Remark 4. Note that R and () are both open and closed.

Example 1. 1) The intervals |a, b[, |—00,a[, |a, +oo[ and |—oo0, +0o0o[ are opens.
2) The intervals |—o0, al, [a, +00[ and |]—oo, +00[ are closed.
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1.8.2 Notion of neighborhood of a point.

Definition 8. (i) Let 2 € R. We say that a neighborhood of a point x is any subset V' de
R containing an open O contain it self a point x.

(#7) A neighborhood of a point a € R is an interval of the form |a — €, a + €[, where € > 0
is any positive real number. Thus, the neighborhood consists of all points distance less than
€ from a:

la—eat+e[={reR: |z —a|l <e}.

Example 2. 1) The open interval I = ]a, [ is a neighborhood for any = € I and any set of
the form |z — 6,2 + 6], § > 0, is called neighborhood of z.

2) The closed interval E = [a,b] is a neighborhood for any point x € ]a, b[, but it does’t
a neighborhood of a points a and b. Indeed, Vx € |a, b[, we have ]a,b[ C E and x € ]a, ],
but, according to the definition of the interval there is no open interval contains a or b and
include in [a, b].

1.9 Q@Q is dense in R.

Definition 9. We say that the set A C R is dense in R if A = R. That is

A=R<=Va,beR : (a<b=]a,b[NA=0).

Lemma 2. The set of rational numbers Q is dense in R, that is Q = R.

Exercise 1. Resolve in R the following equations:
D3z =4[ =3,2) lr+1| = o = 1| =2,3) /(z - 2)" = —z +2

solution: We write the following expressions in equivalent forms not involving absolute
values:
1) From the properties of absolute value, we have

33;—4:%, 1f 3xr —4 >0,
3v—4=—1if3r—-4<0,

T

1
]3x—4|:§<:>{

T 4
v=g, if v <3,
Thus, the set of solutions of the equation is S = {%, %}
2) Table of the sign
x -1 1
|z + 1 —x —1 r+1 r+1
|lx — 1] —z+1 —z+1 r—1
lz+ 1] —|z—1] =2 | -2=2 fausse | 2e =2 =2 =1 | 2=2 vraie

Thus, the set of the solutions of the equation is S = [1, 400].
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3) From the properties of absolute value, we have y/(z — 2)* = |z — 2|. So

(z—20=—2+4+2<=|z—2|=—2+2

r—2=—-x+4+2, ifx—22>0,
—x+2=—x+2 ifer—2<0,

20 —4 =0, if x> 2,
2=2  ifr<?2

r=2, ifx>2,
29=9 ifz<2
Thus, the set of the solutions of the equation is S = |—o0, 2].

Exercise 2. Resolve in R the following inequalities :
) jz+1<1,2) |x+2|>5,3) |2z — 1| < |z —1].

Solution: By the help of the properties of absolute value the inequality can be expressed

in another form not involving absolute value :
To solve the inequality, we will must express my answer in interval notation.

1) From the properties of absolute value, we have
lt+1ll<l<=-1l<z+1<1

— 2<x<0
<z €]|-2,0[.
Thus, the set of the solutions of the inequality isS = |—2,0].
2) From the properties of absolute value, we have
r+2>5ifx+2>0,

|z +2| > 5 <= or
r+2< -5 ifxr+2<0,

>3 ifx>2,
— or
r< =T, if v <2.
Thus, the set of the solutions of the inequality is S = |]—o00, —=7] U [3, +0o0].
3) We have |2z — 1| < |z — 1| < [2¢ — 1| — |z — 1| < 0.
Table of the sign

x % 1
|22 — 1] —2r+1|2r—1 |22z —1
|z — 1] —z+1 | —z+1|z-1
20 -1 —[z—1]<0] 2>0 [z<3 [2<0

Thus, the set of the solutions of the inequality is S = }O, % [
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Exercise 3. Find the supremum and infimum of each set. State whether they are in the set

For each following sets, determine (find) the upper bound, lower bound, the supremum
and infimum, maximum, minimum if they exist :

Ey {111...,n,. JE={2-2neN} E={52 neN} E ={ 1<z <2}

)99 30 34+n
Solution: 1) E; = {1, %, %, cee %, . } It is clear that, sup F; = max F; = 1 and inf £ =
0.

2) It is clear that

1
1<2—-—<2 VneN.
n

That is, the set F5 is bounded and 2 is upper bound of F;. We show that sup F, = 2. It
is sufficient to prove Ve > 0, dn. € N* : 2 — % > 2 — €. So, we obtain n > % For example
the first natural n satisfied the inequality n > % ( n exists, since R is archimedien) such that
2 — % > 2 — €. Therefore, we find sup Es = 2 ¢ F5, that is max Ey not exists. The smallest
number of Ey is 1. Thus, min £y = inf Fy = 1.

3) B3 = %, n e N*}. We can represent Fs3 in the following form :
7
E3:{2— ,’I’LEN*}.
3+n
So, since n € N*, we have 2 — 3+—n < 2, cthat is the set F5 is bounded above by 2. We prove
that sup E3 =2 .
Vn € N*, 2 — = <2
sup by = 2 <— " 3+n =
Ve >0, dn. € N* : 2——>2—e
We choose n, from the inequality 2 — 57— > 2 — €. Thus, we have n > < —3.
Then, we can take the natural n satlsﬁed the inequality n > £ T_3. Thus we have sup F3 = 2.
It is clear that Vn € N* : % > 1 and for n = 1, we have ’3113” = 1. Then, min B3 =

infE3 =73
4) By = {1, 1 <a <2}. We have

16 11
x 27

So, sup Ky = max Ey = 1 and min By = inf By = 3



Chapter 2

Sequences (Sequences of real numbers)

In this section, we introduce sequences and define what it means for a sequence to converge or
diverge. We show how to find limits of sequences that converge, often by using the properties
of limits for functions discussed earlier. We close this section with the monotone convergence
theorem, a tool we can use to prove that certain types of sequences converge.

2.1 Sequences of real numbers

We have already seen sequences used informally. Let us give the formal definition.

Definition 10. A sequence (of real numbers) is a mapping from N ( or subset of N) to (into)
R that is v : N — R. we usually denote the n'® element in the sequence by u, called the

n—un
general term of the sequence denoted by (uy),, oy Or (un). The symbol n is called the index

variable for the sequence (uy,).

Example 3. 1) Let a € R. u : n+—— a is a constant sequence such that u,, = a, Vn € N.
2) u : n— (—1)"a is alternating sequence such that, we have uy, = a, and ug,,1 =
—a, Yk € N.

3)u : n+—a+nb, ¥n € Nand (a,b) € R? is arithmetic sequence of the first term a and
a raison (common difference) r = b.

4 u:nr—a-q*, Vn € Nand (a,q) € R? is geometric sequence of the first term a and a
raison (common ratio) g.

2.1.1 Recurrents sequences

Definition 11. We called (u,) an recurrente sequence of order 1 the sequence defined by
the first term ug and a recurrence relation u,1 = f (u,), ¥n € N.

Example 4. 1) The sequence defined by the recurrence relation

Upr1 = U, + 1, Vn € N,
U'O:37

17
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is arithmetic sequence of the first term wy = 3 and the raison (common difference) r = 1.
Note that, in an arithmetic sequence, the difference between every pair of consecutive terms
is the same and equal to 4, in this example, each of the recurring can be obtained from the
previous term.

2) The sequence defined by the recurrence relation of the first term vy = 3,

Upt1 = 3Up, Vn € N|
Vg = 3,

is geometric sequence of the first term vy = 3 and the raison (common ratio) ¢ = 2.

2.1.2 Monotonic sequences (Monotone sequences)

Definition 12. A sequence of real number (u,) is :
1) Increasing if : u, < u,4q, Vn € N.
2) Decreasing if u, 11 < u,, Vn € N.
3) Constante ou stationnaire if : u, = u,,1, ¥n € N,
4) Monotone if it is either increasing or decreasing.
We should examine a few examples and convince yourself that then a monotone or not.

Example 5. 1) The sequence of real numbers (u,,) defined by u, = 3(2)", Vn € N is
increasing.

2) The sequence ofvreal numbers (v,) defined by u,, = 2%, Vn € N is decreasing.

3) The sequence of real numbers (w,,) defined by w, = (—1)", Vn € N is not monotone.

2.1.3 Bounded (bound) sequences

Definition 13. A sequence of real numbers (u,) is called :
1) Bounded above if there is (exists) a real number M such that : u, < M, Vn € N.
2) Bounded below if there is (exists) a real number m such that : u,, > m, Vn € N.
3) Bounded if it is bounded above and bounded below, that is, if there is a real numbers
M and m such that :
m < u, <M, Vn €N.

Or bounded if there is a real number M such that |u,| < M, Vn € N.
Remark 5. If a sequence is not bounded, it is an unbounded sequence.

Corollary 1. (i) A monotone decreasing sequence (u,) and bounded below converges to
lim w, = inf{u,, n e N}.

n—-+0o

(11) A sequence monotone decreasing sequence (u,) and bounded above converges to lim u,, =
n—+o00

sup {u,, n € N}.

Example 6. 1) The sequence of real numbers (u,) defined by ug = 3etu, = 1—u,, ¥n € N*
is bounded. In fact, Vn € N*, —2 < wu,, < 3. Otherwise, the sequence (v,) defined by
v, = 3(2)", Vn € N is not bounded (unbounded). In fact Vn € N, v, > 3, the sequence
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is bounded below. However, the sequence is not bounded above. Therefore, (v,) is an
unbounded sequence.

2) The sequence (w,,) of general term w,, = a-q", Vn € N et (a,q) € R? is bounded if |q| < 1
and it is unbounded if |g| > 1.

3) Take (T,,) of general term T,, = \/iﬁ The sequence (7,,) is bounded below as T,, =
0, Vn > 0. Let us show that it is monotone decreasing. We start with

>

=

ViFiz Vs

o & Thp1 < T
\/_
That is (This means that), the sequence (7},) is monotone decreasing and bounded below.
Hence bounded. Says that that the sequence is convergent and lim 7,, = inf {u,, n € N} =

n—-+0o
0. We already know that the infimum is greater than or equal to 0, as 0 is a lower bound

Remark 6. The simplest type of a sequence is a monotone sequence. Checking that a mono-
tone sequence converges is as easy as checking that it is bounded. It is also easy to find the
limit for a convergent monotone sequence, provided we can find the supremum or infimum
of a countable set of numbers.

2.2 Convergent and divergent sequences

2.2.1 Converges sequences
Definition 14. A sequence of real numbers (u,) is called convergent if there is ( exists) a
real number [ such that

Ve>0,3n.>0,VneN, n>n.=|u, — ] <e.

In this case, we say that the sequence (u,) tends [, and we write lim u, =1, (I is finite).
n—-+0o

n24+1
n24n

Example 7. Let us show the sequence defined by the general term u,, = converges and

lim u, = 1.
n—-+0o

In fact. Given € > 0, find n, > 0 such that n > n, < % < nl, we have

241
n+_1‘

U, — _=
fun =11 n2+n

1—n

nz4+n

n—1
n2+n

n 1

_n2+n:n—|—1
1

< =
n
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1
Ne
< €.

It’s sufficient to take ni < ¢. Therefore lim wu, = 1.
€ n—-+00
Proposition 1. A convergent sequence has a unique limit (The limit of a convergent sequence
is unique).

Definition 15. if the sequence is not converge, is called diverge .

Proposition 2. (i) Fvery convergent sequence is bounded.
(17) A monotone sequence is bounded if and only if it is convergent

Proposition 3. Fvery bounded monotone sequence of real numbers converges. That is,
(1) Every decreasing sequence and has a upper bouned has (admit) a limit ( converge).
(17) Every increasing sequence and has a lower bouned (admit) a limit ( converge).

Example 8. For each of the following sequences, use the Monotone Convergence Theorem
to show the sequence converges and find its limit

1
n Upp1 =24+ 5—, n>2.
Du=&, 2 T E b

Vo = 2.
1) Writing out the first few terms, we see that

32 32 128
L=a4,800 02 22 L
" { 37315 }

At first, the terms increase. However, after the third term, the terms decrease. In fact, the
terms decrease for all n > 3. We can show this as follows

gn+1 4 4
= X — = U, X
n+1)! n+4+1 nl n+1

un+1:( < Uy, tfn>3.

Therefore, the sequence is decreasing for all n > 3. Further, the sequence is bounded below
by because for all positive integers n. Therefore, by the monotone convergence theorem, the
sequence (u,) converges.

To find the limit, we use the fact that the sequence converges that is lim w, = lim wu,;; =
n—-+o0o n——+0o00

L. Combining this fact with the equation

4
n+1’

Upy1 = Up X

and taking the limit of both sides of the equation

: . 4
b= i ol = Jip [ ] < 1x0=0

2) Writing out the first several terms

[, 5 41 3281
Ur =T 10732807 [
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we can conjecture that the sequence is decreasing and bounded below by 1. To show that
the sequence is bounded below by 1, we can show that

To show this, first rewrite

2 2v,, 2v,,
Since v; > 0 and vy is defined as a sum of positive terms vy > 0, Similarly, all terms v,, > 0.
Therefore,

vi41

> 1< vl +12> 2,
2v,

Rewriting the inequality v + 1 > 2v,, as v2 — 2v, + 1 > 0 and using the fact that

V2 — 20, +1= (v, —1)*>>0.

because the square of any real number is nonnegative, we can conclude that

2 2 Un, 1
ot l=(v,—1)>0e 24— >1.
vy — 2vu, + (v )* > 5 + 20 2

To show that the sequence is decreasing, we must show that v,y < v,, Vn > 1. Since

Ui > 1, it follows that

n 1
vi—|—1§2viz>v—+—§vn
2 2v,
= Upy1 S Uy, VR 2> 1

Since (v,) is bounded below and decreasing, by the monotone convergence theorem, it con-

verges.
To find the limit, we use the fact that the sequence converges that is lirf Uy = lirf Upt1 =
n—-—+0oo n—-—+0oo
L. We have
Un+1<:>1. . vn+1
Upi1 = — + — im v,41 = lim —+ —
1 2 2v,, notoo TN 0 Y0 2 2v,
L 1
S L=—+4—
2 2L
s12=1
& L =+1.

Since all the terms are positive, then lim v, =1
n——+0oo

You should examine a few examples and convince yourself that then there is no limit (
i.e., divergent sequence) or there is a limit ( i.e., convergent sequence).

Proposition 4. (Cauchy sequence or Cauchy’s Convergence Criterion) A sequence real num-
bers converges if and only if satisfies thevfollowing Cauchy’s convergence Criterion :
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Ve>0,3n.>0,Vp, ¢eN, (P>n.,q>n.=|u,—uy <e).

Proposition 5. Let (u,), (v,) et (w,) are three sequences satisfying :
(vn) < (up) < (wy) from a certain rank. If lim v, = lim w, =1, then lim u, = 1.
n—+o00 n—4o00 n—+00
Proposition 6. (Comparaison test ) Let (u,) and (v,) two sequences satisfied:
(1) (vn) < (uy) from a certain rank,

(79) If lim v, = +oo (respectively lim w, = —oc). Then, lim wu, = 400 (respectively
n—r+00 n—+00 n—-+00
lim v, = —oc0).
n—+o0

Exercise 4. Use the squeeze theorem to find the limit of each of the following sequences.

1) uy = -2 (n) 2) v, = <—%)n

n2
Solution : 1) Since
1 1
—1<cos(n)<1, VneN= —-— < cosgn) < —, Vn e N,
n n n
and
1 ) 1
lim — — = lim — =0
n—-+00 n n—+oon,
Then, according to the squeeze theorem, we conclude that lir+n u, = 0.
n—-+0oo
2) Since
1 1\" 1
——< (-] <—,
2n — 2) T 2»
and . .

Then, according to the squeeze theorem, we conclude that lim v, = 0.
n—-+o0o

2.3 Subsequences

Definition 16. If f injective maps increasing from N into N, then the sequence of general
term v, = wuy(, is called a subsequence of the sequence ().

Example 9. 1) If f : n — 2n and u, = (—2)", Vn € N, then v, = ug, = 4", Vn € N, is a
subsequence of (u,) .

2)If f : n— 2" and u, = %, Vn € N, then v, = ugn = 2%, Vn € N, is a subsequence of
(vn)-

Proposition 7. If a sequence of real numbers (u,) is converge to the limit I, then the
subsequence (v,) of (u,) is also converge to .
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2.4 Cauchy sequence
Definition 17. A sequence (u,) is called Cauchy sequence if
Ve>0,3n. €N :V(p,q) €N? (p>ne, g >n) = |u, —uyl <e.

Example 10. The sequence defined by the general term u,, = %, n > 0 is a Cauchy sequence.
In fact. Given € > 0, find n. € N. For p > n., ¢ > n., we have
———| < |-+ |- <
p q p q

+ = <e

€
2

NN e

It’s sufficient to take n. > § such that % < 5 and % < 3.

Example 11. The sequence defined by the general term u, = ”TH, n > 0 is a Cauchy

sequence.
In fact. Given € > 0, find n. € N. For p > n., ¢ > n., we have

‘p+1_q+1

|+ Da—(g+1)p
p q '_' ‘

pq

< ‘qurq—qp—p'

pq
S‘q—p‘

pq
.

IN

‘3 —p
pq pq
4|2

1

IN

pq pq
— + —
q q

<

< <
+ €.
It’s sufficient to take n. > —; such that L < —; and —(11 < —;.

Proposition 8. A Cauchy sequence is bounded.

Theorem 4. A sequence of real numbers is Cauchy if and only if it converges.
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2.5 Adjacents sequences

Definition 18. Two numerical sequences(v,) and (u,) are said to be adjacent if one is
increasing, the other is decreasing and li{I‘rl [un, — vy] = 0.

n—-+0o0o
Proposition 9. If (v,) and (u,) are adjacent. Then, the two sequences are adjacent and
converge towards the same limit.

Exercise 5. Applying the definition of the limit of a sequence to prove that the following
sequences converge to the given limit ( towards the indicated limit) :

Dou, =324, n>1,1=2

2 u,=>.q% q#1, I=-and Inlg| <0.
k=0

1—q

1
3) u, =2M? neNandl = +oo.
Solution: 1) Let € > 0, we have

lup — 2| < € <=

2n+1

This last inequality is satisfied for all n > % (% — 1). We set n, = [%
[% (% — 1)} denoted the integer part of % (% — 1),

We deduce that

(% — 1)] + 1, where

4dn — 1
2n+1

(VneN)n > n. =

2’<e.

Thus lim wu, = 2.
n—-+00

2) It is well known that > ¢" = 1—g"*!
k=0

T 4 F l:ﬁetlnlq|<0. Let € > 0, we have

1
Up — ——

1—gq

_ qn+1 B 1
1—g¢q 1—g¢q

<€

1
<6<:>‘

<
1—gq ¢
n+1|

‘ q

lq
11 —q|
<— ’q"“} < €|l —gq|

In (e |1 —q)
In |q|

<€

—n+1>
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It sufficient to take n > [M — 1] + 1, where [M — 1} denoted the integer part of

inlq| In|q|
bel=d) _ 1 = Jim u, = L
In|q| ) n——+oo n 1-q°
1
3) up, =2M* n € Nandl = +o00. Let A be a positive strictly real number. We have

1
Uy =2M7 > A= n7 >

“+oo

2
It sufficient to take A > 0, n. = [(ﬂé‘;) ] + 1. Then, lim wu, = +o0.
n—

Exercise 6. For each of the following sequences, determine whether or not the sequence
converges. If it converges, find its limit.

3 3In* —Tn?+5
) u, =5 n e ) v —

— = , n €N,
n

n 4 n
3) wp = —;, n €N, 4) tn:(l—l——> , n e N,
n n
2" 4 3" (n!)®
5) b, = , N, 6) z,=-—", N*.
) g "ENO) m=tg e
Solution : 1) Since lim w, = lim (5 — -%) =5, then, the sequence (u,) converges and
n—-+o0o n—-+4o0o

its limit is 5.
2) By factoring out of the numerator and denominator and using the limit laws above, we
have

. . 3nt — 2 +5
lim v, = lim | ——
n—-4o0o n—-4o00 6 — 477,2

on? (3n2 -7+ %)
= lim u
n—s+00 n2 (—7162 — 4)

So, the sequence (v,) converges and its limit is —3.

3) By applying L’Hépital’s rule two times succesively for the continuous function f (z) =
21
3, we have

271

. n(2)

n—-+oo 2
27 In? (2)

n—-+o00
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We conclude that the sequence (t,,) diverges.
4) We know that

4 n
lim w, = lim (1 + —) = et
n

n—-4o0o n—-+4o0o

we conclude that the sequence (w,) converges to e?.
5) We know that, for all n € N, we have

2"+ 3 <2><3

2" 43" <3"+3"=2x3" =

qn T 4n
2" 43" 2 x 3" 3\"
= < =2-1] .
T VT (4)
So, since
) 3\" 3
lim 2(-) =0, because —1<-<1,
n—-+00 4 4
then,
2n n
lim I, = lim 5 —0,
n—+o0o n—+oo 4n
we conclude that the sequence (I,,) converges to 0.
6) We know that, for all n € N, we have
Tpy1 n! . Ix2x3x---xn < \"
z, (+1)n+2)...2n) m+1)n+2)...(2n) ~ \2/) °

So, since lim (%)n = 0, then lim z,, = 0, we conclude that the sequence (z,) converges
n——+00 n—-+00
to 0.

Exercise 7. Among the following sequences, show those that are bounded (For each of the
following sequences, show whether or not the sequence bounded ).

_ (=1)"n+25 -1

Solution: 1) On a

Up| =
] \ Lot

n?+4
_ n+25
V2 +4
n 25
VR
- 2 2

then, (u,) is bounded.



2.5. Adjacents sequences 27

2)
"1 1 1 1
0< n: = PN
=1 ;k+n 77,—1—1+n—1—2+ +n+n
< 1 . 1 n n 1
“—n+1 n+1 n+1
n
— 17
1+n

then, (u,) is bounded.

Exercise 8. Study the following monotony and possibly deduce their nature :

n
D=3k
k=1

Solution:  First, we have

1 1 1 1
Unp — Uy = _'_ +"'+ +
“ <(n+1)+1 (n+1)+2 (n+1)+n 2(n+1)>

1+1+ +1+1
n+1 n-+2 n—1 2n

1 1 1

_2n+1+2(n+1)_n—|—1
1 1
T +1 2(n+1)
1
= > 0,

2(2n+1)(n+1)

then, the sequence (u,) is strictly decreasing.
On the other hand,

"1 1 1 1
un;k+nn+l+n+2+”.+

n—+n
L + L + + L
“n+1 n+1 n+1
-
14n ’

then, (u,) bounded above.

So, since the sequence (u,) is strictly decreasing and (u,) is bounded above, then it’s con-
verges.

Exercise 9. Let the sequence defined by wgis a given real number and u,,; = (un)2 —
2, VnelN

1) If up = V2, calculate uy, us and us.

2) Determine uy. Deduce the nature of the sequence (u,).

3) Determine the nature of the sequence (u,,) if ug = 2.

4) Find another value ug for which the sequence (u,,) is constant.
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Solution: 1) If uy = v/2, we have u; = 0, uy = —2 and ug = 2.

2) We have uy = ui — 2 = 2. Further, we have u,, = 2, Vn > 3. Thus, the sequence (u,)
converges to 2.

3) If ugp = 2, (uy,) is constant

4) The sequence (u,,) will be constant if

Uy =uf —2 <= ui —ug—2=0
< ug = —1 ou ug = 2.

Exercise 10. On considére deux suites (u,) et (v,) définies par

et
vn:un—i—%, Vn € N,
’U()Zl.

1) Show that (u,) and (v,) are adjacent.
2) Can their limit be a rational number.

Solution: 1) It is well known that

vn €N, u, <uv,.

Further ]
lim (v, —u,) = lim — =0.
n—-+0o n—>+oon!
Also, since U, — U, = m =0, Vn € N (respectively v, — v, = ﬁ =0,Vn>1),

then, the sequence (u,,) is strictly decreasing (respectively (v,) is strictly increasing).

So the two sequences are adjacent and converge towards the same limit [ satisfied u,, <[ <
Up, VN € N.

2) We will demonstrate that the limit [ can not be a rational number. Reasoning by the
absurd. Suppose that [ is a rational number, i.e.,

==, p,qEN*:uq<E<vq
q

= qlu, < p(q¢—1)! < qly,
= qlu, <p(qg—1)! < qlug, + 1.

Thus the integer p (¢ — 1)! is between two consecutive integers, hence the contradiction. So,
the limit [ is irrational.

Exercise 11. Show that the sequence (u,) defined by u, = cos (%) is Cauchy sequence.
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Solution: ~ We will demonstrate that Ve > 0, In. € N : V(p,q) € N* (p > n,, ¢ > n.) =
lu, —uy| < e.
Let € > 0, then, according to the trigonometric transformations, we have

1 1
COos (—) — oS (—) ‘ <2
P q

because if z is small, > 0, |sin (z)| < z. Thus, if p, ¢ > n,, then it sufficient that (it is
enough that) 2 < eie., n > 2.

) 1 1 1 1 1
[, — uy| = sin 2——1—— <-4+ -<2—<g

P 2q)| " p q Ne




Chapter 3
Limits

In this section we study limits of real-valued functions of a real variable. Before we come to
definitions, let us start with a little notation for limits.

3.1 Notion of the limit in a point

Let f : I — R, I is an open interval of R.

Definition 19. We say that f admit (has) a finite limit [ as x approaches zy € I and
denoted by lim f (x) = [ if:

T—T0
Ve>0,30>0,Veel, |[x—zg| <d=|f(x) =] <e.

Remark 7. lim f () = [ which should be read as : The limit of f (x) as x approaches (tends)

Tr—xTQ
xo is [. We can also write the above limit as

f(z) = lasxz — x.

3.2 Left- and right-hand limits (Informal definition of
one-sided limits)

Let xq is a left extremity of interval J C I and zq ¢ J.

Definition 20. If lim f(z) = [, we say that f admit (has) a right-hand-limit [ at xg

z€J, x—x0

denoted by lim+f (x) =1L

[L'*)IEO

Remark 8. (i) x — x{ that is the x-values are always less than xo, we say that x approaches
xo from below (the x-values lie to the left of 2 on a sketch of the graph).

(ii)r — x§ that is the z-values are always greater than x, we say that x approaches z
from below (the x-values lie to the left of z on a sketch of the graph).

Let x¢ is a right extremity of interval J C I and x¢ ¢ J.

30
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Definition 21. If lim f(z) = [, we say that f admit (has) a right-hand-limit [ at xg

zeJ, z—x0

denoted by lim f () = [. That is if the left-hand and right-hand limits as 2 approaches x

x%xo
exist and are equal, then the limit as x approaches z( exists and is equal to the one-sided

limits.

Theorem 5. lim f (x) =1 if and only if lim+f () = lim f(z) = 1.

T—=To T T—Ty

Remark 9. (i) If they both the left-hand and right-hand limits exist but are different, then
the limit as x approaches xg does not exist.

3.3 Extension of the concept of the limit

a) Assume that [ unbounded and [ € R.
1) lir+n f (z) =1 (respectively lim f (z)=1) signify (that is)
T—400 T——00

Ve>0,dA>0,Vzel, z>A=|f(x) -] <¢,
respectively
Ve>0,dA>0,Veel, z<—-A=|f(x) -1 <e.
2) lirf f(z) =400, ( f(x) becomes arbitrarily large) (respectively lim f(x) = +o0 )
T—r+00 T—r—00

signify (that is)
VB>0,3dJA>0,Veel, x> A= f(x) > B,

respectively
VB>0,3A>0,Vzel, z < —-A= f(x)> B.
3) lirf f (x) = —o0, (becomes arbitrarily large) (respectively lim f(z) = —oo ) signify
T—r+00 T—r—00
VB>0,3A>0,Veel, x> A= f(x) < —B,
respectively

VB>0,3dA>0,Veel, x < —-A= f(z) < —B.

b) Suppose that I bounded and zq € I.
lim f () = 400 (lim f () = —oo respectively ) signify
r—x0 T—x0

VB>0,30>0,Veel, |vt—x <d= f(z)> B,
respectively

VB>0,30>0,Veel,|r—x] <d= f(z)<—B.
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3.4 General theoremes of the limits (Useful theorem
about limits)

Theorem 6. Let [ C R, f : [ — R is a function, | is a number ( finite or infinite ) and
zo € 1. Then
lim f(x) =1, I € R if and only if for any (u,) € I, lm w, = x¢ the sequence (f (u,))

T—T0 r—-+00

tends to .
Theorem 7. Let f, g two functions, I CR and xg € I ( 19 = +00 or zyg = —00).
If lim f () =1 and lim g (z) =1, then
r—x0 T—x0
1) lim [f(x)+g(z)] =1+ ( exept if | = 400, I' = —0).
Tr—xTQ
2) lim [(f-g)(x)]=1-1' (exept ifl=0,1 =+c0).
Tr—xTQ
3) lim [(Af)(x)] =AM, VAeR.
Tr—xTQ

Theorem 8. Squeeze theorem (or sandwich theorem or pinch theorem)).
Let a € R and let f, g, h be three functions so that

fle) <g(z) <h(z),
for all x in an interval around a, except possibly exactly at x = a. Then if

limf (z) = limh (x) =,

Tr—a r—a

then
limg (z) = L.

r—a
Example 12. Compute the limit
limaz? sin <Z> :

x—0 €x
Since —1 <sin (z) < 1, Yz € R, we have

~1<sin (5> <1, Vz € R*.
xr

Multiplying the above by 22 we have

LT
—2? < 2%sin (—> < z?, Vx € R*.
x
Since

limz? = lim — 22 = 0,
z—0 z—0

by the sandwich (or squeeze or pinch) theorem, we have

lima? sin (Z) =0.

z—0 €T
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Proposition 10. Let f, g be two functions defined in interval I = )a,b[ (‘a and b are finites
) and xog € I ( zo finite, infinite or extremity of I). If g is bounded and lim f (x) =0, then
T—T0

limg(z)- f(x) =0.

T—T0

Example 13. We will calculate lim [z sin (z)]. We put

z—0

{ f @) =x,
g (z) =sin(x).

Since liH(l]f (x) = lir%x =0 and g : = > sin(x) is bounded on R particulary near 0, then
T— T—
from Proposition 10, we have
lim [z sin (z)] = 0.

z—0
Example 14. We will calculate lim 22 — 1lim 1.sin (2). We put
r—+oo ¥ x—+oo®
f@) =1,

g (z) =sin(x).

Since liril f(x) = ligrn 1 =0and g : 2+ sin(z) is bounded on R particulary near +oo,
T—>+00 T—>+00

then from Proposition 10, we have

lim sin (z) _0

xr——+00 €T

3.5 Undetermined forms
Undetermined forms are :
, 400+ (—00), 0%, 1°°, o”.

oo x 0, )

818
olo

3.6 Several limits (remarkable limits)

1) lim =) — 1 gnd lim 22 = 1.
z—0 % z—0 & .
2) lim (1+1)" =eand lim (14+2)"=¢* AeR.
T—+00 T—r+00
. In(z . In(z *
3) z1_1)151[100 :(E) = 0" and xkr—iI—loo x(p) =400, pec Q1.
4) lim zln (14 2) =0~ and lim 2P In (z), p € QF.
z—0t z—0t
z—0 gi "
6) lim & =0and lim 5 =0, pc QF.
T—+00 r—r+00
7) lim ze® =0and lim azPe®* =0, p € Q7.
8) lim&=L = 1.
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Example 15. To arrive at the definition of limit, I want to start with a very simple examples.
1)
In(z) oz
r—1In(x) _ w[l— gf} 1@
hm—:llm—:llm—ln(xz):L
r—toox + In ({E) x—>+oox |:1 + ln:(f)] r—r+o00 ] + —

2)
|
lim n(l+4r) 1liml n(1+ 4x) _ 1
x—0 16z 42—0 4x 4
3)
. e — 1 Cz? et — 1
il—% Sx _glcl—r>r(l)5_x x2 =0x1=0
4)
2 xT 1n(1+%)
lim (1+—) = lim ewln(H ) = lim 62 2 2
T—+00 T T—+00 z—+00
5)
lim I )— li (n(x)) 0
z—4o0 I z—too \ /T
6)
| zl
A Valn (o) =
7)

lim (r+2)e® = lim [me‘w + QG_I} = lim [— (—a:e_x) + Qe_ﬂ =0.

r—r-+00 Tr—+-+00 T—-+00

Exercise 12. Calculate (Find) the following limits :

1) lim (22 —2)Inv422 —4 .
z—1t

2) hmw In 22,
e=0 2z T
3) lim &—te+
.Z’—>+OO xe

4) hm e i.
5) hm
z—0 2
e —1
6) OtaHQ(x)'
z—1
7) xl—l>I—§I—loo (:EJrl) :

Solution: We will appear the new expression of function such that the undetermined forms
is lifted and the remarkable limits will be used to caculate the given limits
1) For all = € ]1, +00[, we have

lim (2 —2)Inv42? —4 = lim 1 (22 —2)In[4 (z* — 1)]

r—1t r—1t

= lim [(z—1)Ind+ (z —1)In (z* — 1)]

r—1t
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= lim [(z—1)lnd+(z—1)In(x—1)+ (x — 1) In(z+ 1)] = 0.

rz—1+
2)
1 24 1
glgr(l);ln (2—x> —clﬂlir(l]g In(2+z)—1In(2—x)
1
— lim— [111 [2 (1 n f)] —In [2 (1 - f)”
x—0 2 2
In(l1+2 In(l—%2
:limn(+2>—n( )
z—0 x
_ llimln (1 + %) B In (1 — %)
220 % %
1 In(1+2 In(l1—-2 1
2z—0 3 -5 2
3)
2x T 1 2x 1 T 2x x
lim e = lim er(ltete )— lim —(1+e"”+6_2‘”):+oo
T—+00 xrer T—+00 xrer T—+00 T
4) ,
1 1 1 1
lim —e = = lim <—> e+ = lim ——=0
r—0— T x—0~ xr x%O*%
()
5)
r _ Az _ T 3r __ 3z
lim © il Colnll RS TP — _3x1=-3.
=0 T z—0 T 0 3x
6)
2 2 2
* 1 1 2 -1 1
62 =i € J; :hme X 2:1><1:1
e=0tan® () 220 a2 tan? () 220 22 (tan(x))
7)
x—1\" ) r+1-—2\"
lim = i
z—+oo \ 1 + 1 T—+00 z+1
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3.7 Continuous functions

A rule f that assigns to each member of a nonempty set D a unique member of a set F'is a
function from D to F'. We write the relationship between a member x of D and the member
y of F' that f assigns to x as

y=1f(z).

The set D is the domain of f, denoted by D;. The members of F' are the possible values
of f. If yo € F and there is an zg in D such that yo = f ((zo)) then we say that f attains
or assumes the value yy. The set of values attained by f is the range of f. A real-valued
function of a real variable is a function whose domain and range are both subsets of the
reals. Although we are concerned only with real-valued functions of a real variable in this
section, our definitions are not restricted to this situation.

3.7.1 Continuity at a point and over an interval

Definition 22. Let [ be an open interval of R. A function f : I — R defined I is said
continuous at point x¢ € I, if lim f (z) = f (o), that is
Tr—T0

Ve>0,30 >0, Ve el, |[x —xzo| <d = |f (x) — f(x0)| <e.
Definition 23. We say that f is continuous on (in) [ if f is continuous at any point of /.

Example 16. The function f : I =]0,400] — R defined by

{\/a:—l, if x> 2,

%, if0<z<2,

flx) =
is continuous in all point of I.

3.7.2 Left and right continuity at a point

Definition 24. We say that the function f : I — R ( I an open interval ) is continuous
from the right at (respectively from the left ) at z € I, si lim_f (x) = f (x0), (respectively

if lim f (2) = f (x0)). o

$—>$0

Remark 10. f is continuous at point xg € I if and only if f is continuous from the left and
from the right at zo € I ( that is, lim+f (z) = lim f (2) = f (w0)).

'IA)IO $4)I0

Example 17. The function f : R — R defined by

f(fv)—lx|—{ noeE

—x, ifx <O,

is is continuous from the right and form the left at each o € R and lim f (z) = lim f (),
T =T

then its continuous at any point xg.
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Example 18. Let f be defined on [0, 2] by

2, if0<x<l,
f@)=lzl=9 , .
»+1, if1<z<2.

We have lim f(x) =0 # 1 = f(1). Therefore, the function f is continuous from the right
T—1~

at 1, but not continuous at 1.

3.8 Fundamental properties of continuous functions on
an interval

All continuous numerical function (function of a real numbers i.e, real valued function ) on
a bounded closed interval [a, b] is

1) Bounded in [a, b] that is, M, m € [a,b], Vx € [a,b], m < f(z) < M.

2) Reaches (attaind) its lower bound m = inf f (x) and its upper bound M = sup f (x)

w€la,b] z€fa,b]
that is 3xq, xy € [a,b] such that m = f (x1) et M = f (z2).
3) Reaches at least one time each value strictly between its minimum m and its maximum
M, that is Vy € |m, M|, 3¢ € [a,b] such that y = f (x).

Conséquences: 1) If f is continuous on [a, b] then, f ([a,b]) = [m, M].
2) The range of the interval by a continuous function is an inteval.

1

Example 19. 1) The function z — on |1, 2] is continuous but not bounded because

-z

lim f (z) = lim - = —oo0.
z%l‘Ff ( ) z—1+ l-z

2) The function z — 2® on R = ]—o0, 400 is continuous but not bounded because

. _ . 3 _

S () = g o7 = oo

3) The function  — tan (z) (z) on |—2,+Z| is continuous but not bounded because
lim f(z) = lim tan(z) = +oc.
T+ r—+5

3.9 Operations of continuous functions (Useful theorem
about continuity)

Theorem 9. If f and g are two functions from I in R, continuous at a point vy € I. Then,
f+ag, f-g, |f], and VX € R, (X f) are a continuous fonctions at xo. Further, if g (xo) # 0
then, the function § defined in {x € I, g(z) # 0} is continuous at x.

3.10 Uniform continuity

Definition 25. Let I C R (I an open interval ). We say that the function f : I — R is
uniformly continuous on I if :
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Ve>0,30>0, Vo, 2 €I, |[zr—2'|<d=|f(z) — f(2))| <e,
where we emphasize that 0 depends only on e.

Example 20. The function f () = 2z is uniformly continuous on R. Since, let € > 0, x, 2" €
R, we have
If(x) = f@)] =2z —2|<e=|z—12| < g

£

It sufficcient to choose § = §. Therefore, there exists § = .

Theorem 10. If f : I — R s uniformly continuous on I then, its continuous on I.

Remark 11. The inversely is false. For example, the function f : * — % continuous on |0, 1],
but not uniformely continuous since , Vé > 0, the difference

1 1 o

x x4+6 z(x+0)

can be take enought values when x is sufficient near zéro.

Theorem 11. ( Heine theorem ) f I is finite closed interval. All function f : I — R is
uniformely continuous on I.

3.11 Continuity extension
Definition 26. Let f : I — R, x¢ and [ are reals numbers with zq ¢ I. Suppose that

li =1.
x%zol(rarvl;ﬁwo)f (x)

Then the function g : I U {xo} — R defined by
flx), sixel, (xF#x),
g(x):{ () (x # 20)

[, st x = X,

is continuous in xy. The function g is said to be continuity extension of f in point xy. The
function g will denoted by f.

Exercise 13. Study the continuity of the following functions on they definitions domain

1) f(xz) =zsin (%)

2) g() = .
3) h(z) = 25

- Do they allow extensions by continuity?
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Solution: 1) - The definition domain of the function f defined by f(x) = xsin (%) est
D; =R

- The function f is continuous on R*( the composite and product of continuous functions).
On the other hand, according to the proposition 10, we have

lim z sin (1) = lim zsin (l) =0.
z—0t X z—0~ xT

Since lir% f (z) exists, then the function f admit an extension by continuity at xy = 0 and
Tr—r

the extension function fis defined by

- {xsjn(%), ifxel, (I%ffo)a

0, if = xg.

2) - The definition domain of the function g defined by ¢ (z) = fap est Dy = R*.
- The function g is continuous on R*( the ratio of two functions continuous).
On the hand,
limg(z)=1%# —1= limg(x),

z—0+t z—0~
then g has not a limit at 0. Therefore g has not an extension by continuity at zo = 0.
3) - The definition domain of the function h defined by h (z) = 2;‘:11 est Dy = R—{-1}.
- The function h is continuous on R — {—1} ( the ratio of two functions continuous).

On the hand,

lim h(x)=—-occand lim h(z)=+oo,
z—(—1)7T z—(—1)"

then h has not a limit at —1. Therefore h has not an extension by continuity at xo = —1.
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Comparaison near a point

Let f and g two functions defined on an interval I and xy € I ( x¢ finite, infinite or extremity
of I).

Definition 27. We say that f is dominate by g near z( if there exists A > 0 such that
|f (x)] < Alg ()] for all x in neighborhood J C I of .

notation: f = O (g).

If g(z) # 0, VYa € J, this means that § is bounded over J.

Definition 28. Let f, g two functions defined on interval |z, +00[. We will suppose that
f=0(g9)asz — 400 <= 3A>0,30 >0,Vz [z >d=|f(z) < Alg(x)]]

Definition 29. We say that f is negligible opposite g near xzy if for all £ > 0 there is an
neighborhood J C I of g such that we have |f (x)| < elg (z)|, Vz € J.
notation: f = o(g) where f = o0(g).

zo

If g(z) #0,, Vo € J, this means that lim ) —

(z
T—x0 9(z)

Definition 30. Let f, g two functions defined over interval |zg, +0o[. We will suppose that
[=0(g9)asz — 400 <= Fe>0,30 > 0,Va x>0 =|f(x)] <elg(x)].

Example 21. 1) lim @ =0<«<=In(z) = o(x).

T—-+00 “+00

2) lir+n 6%:0<:>a:+: o(e”).
T—>+00 o0

4.1 Some properties of negligible functions

o(f)+o(f)=0o(f), o(f)-0(g) =0(fg), 0(o(f)) = o(f).
Furhter, if ¢ is bounded, we have g-o(f) = o(f),

4.2 Fondamental properties

Approaches of +0o, we have (In (2))* = o (2)” and 2 = o (¢?*) where @ > 0 and 3 > 0.
Approaches of 0, we have [Inz|* = o (z)” where a > 0 and 8 < 0.

40
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Definition 31. We say that f and g are equivalente near x, if we have f — g = 0 (g) for all
e > 0 there exists an neighborhood J of x4 such that we have |f (x) — g (2)| < elg (z)|, Vx €
J.
notation: f ~ g.

o
If g (x) # 0, Vo € J , this means that lim £%)

T—rXTQ g(m)

1.

Remark 12. The relation ~ is equivalence relation:
- Reflexive: f ~ f.
Z0o
- Symmetric: If f ~ g then g ~ f.
o o
-Transitive: If f ~ g and g ~ h, then f ~ h.
xQ 2e)

o

4.3 Properties of equivalence functions
DIf f~gand h ~kthen f x g~h Xk, |f| ~|g| andiw%.
o o xo Zo Zo
2)If f ~gand limg(x)=1then f ~ [
o T—T0 o
N If f~g,f>0andg>0then f*~ g% Va €R.
xo o
Remark 13. 1) In general f +h ~ g+ k and f — h ~ g — k are not satisfied, since f ~ g .
xo xo xo
2) |f] ~ |g| not implies f ~ g.
xo xo

Example 22. 1) According to the remark 6, we have the following examples :

—x ~ -
(1) _ 0 = sin (x) —x ~ 0 false.
sin () ~ 0

m2~x2—|—% 1
0 2 _ g2 -
(2) = x” — 2"+~ — false.
—r? + 1z~ —2? 0
0

2) Vaz —1 ~ V8Vx — 4, because, we have /2 — 16 = /(v — 4) (z + 4), and according

to the properties (1) and (3), we have

x—4rzx—4
= (x—4)(x+4)~8(x—4
rhins (=4 @+4) 8o -

= /(r—4)(z+4) ~ VS8/z — 4

4+
Proposition 11. If f ~ g, h ~ k, h and k are strictly positives (or strictly negatives), then
xQ xQ
f+h~g+k.
Zo

Example 23. See exercice 15, ().
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4.4 Classic equivalences:

2

Approaches of 0: In (1 + ) ~ e’ —1 ~ T, 1 — cos () ~ 5

(1+:L*)a—1304:1:.

sin () ~ @, tan () ~ and

Proposition 12. If f =o(g) then f+ g~ g.
X0 o

Proof. See exercice 17. [

Example 24. 1) z + € o~ e” because, since z =0 (e”), then x + e* ~ ev.
2) 2 +In(z) 0 1 because, since In (z) =0 (1), then 1 + In(z) ~ 1

3) In(1+ ) e In (x) because, we have

In(l+z)=1In [m (é+1)] =In(z)+1In (1+%>.

So, and since In (1 + 1) = o(In(z)), then In (1 + z) e In (z).

Proposition 13. Si lim f (z) =1 et lim g (x) =, alors f ~ g fausse.
Zo

T—T0 Tr—x0
Contre exemple: On a

mais

That is f et g are not equivalentes near zy = 0.

Proposition 14. If lim f (z) = 400 and lim g () = +o00, then f ~ g false.
zo

T—T0 T—x0
Indeed:

) : _
f(.CE) =T ’ mgr—i{loof (.2?) - +OO,
g(z)=2% 1lim g(x)= +oo.

r—r-+00
But
f(2) 1

That is f and g are not equivalentes near xq = +00.
Theorem 12. Let f and g two functions defined near 0 and h the function defined near x,

then
£~ 90
limh (z) =0 v !

Tr—TQ
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Example 25. 1) We have, In (2) o~ —1 + x, because In(z) = In[l+ (x —1)], if we set
h(x) =z — 1, we have h(z) — 0as x — 1 and we have
In(z) =In[l+ (z —1)] o~ —1+ 2.

2) We have In (1 + 22 + 2x2) ~ r? + x, because if we set h(x) = 2% + 2z, we have

h(x) = 0 as x — 0 and we have
ln(1+x2+2x) ra»x2—|—2x.

Exercise 14. 1- Prove the following equalities:
a) 2x3 — 322 =0 (x),
b) (14 x)" — (1 + nx) = o(x) sin e N*.
2 - Are the following propositions true or false:
a) r = o0(Vz),
b) sin (z) — x = o(x),

Solution: a) Since lim22=32% — Jim [222 — 3z] = 0, then 223 — 322 = o (x).
z—0 z z—0 0

b) We will prove (1 + z)" — (1 + nzx) = o(x) if n € N*. We have

(n=1) 5 n(n—1)(n-2) n(n=1)-(n—p+1)

n
(14 z)" = 14+na+ z’+ RSN aP - a”
2 3! p!

1 ) (n-2 1) (n—p+1
e [PEED n= D=2 D) ]

2 3! p!
So,

—1 1) (n—2 1) (n—p+1
(1+x)"—1+nac—x{n(n2 )x—i-n(n 3)'(71 )x2+~~~+n(n ) '(n P )xp_1—|—~~
! P!

Therefore, since
-1 -1 -2
iy [200, 20 o2

then (1+2)" — (14 nx) = o(x) sin e N*
2) a) x = o(y/z) true . b) sin(z) — x = o(x) true. ¢) In(1+z)—=z = o(1) true. d)

x? = o(x? +1) true. e) o(x?) + o(x) =0 (x) true.

n—-0

Exercise 15. 1- Show that
tarz+-+anz" n ~
a) %Jﬁ; =, where a;, b; € R, i € {0,1,...,n}, n €N, b, # 0.

aptaiz+--4anx™ a :
b) mgb—g,whereai, biGR, ZE{O,l,...,?’L}, nGN, b();é()

+ x"_l}
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Solution: a) Let b, # 0. We have

aptaiz+---+anx™ anpx”
. bo+b b ™ . bpa™
lim 2PATEEOntT iy ol
T——+00 - r—4oc0 2
bn, bn

an

. b

= lim > =1
r——+o0 2
bn

So,
ag+a1x + -+ aa” an,
~Y

b0+b13§'++bn]]n o0 bn

b) Let by # 0. We have

aota1x+-+anx" a_o
. botbiat-tbpam
hmw — lim®% —1q
x—0 a0 z—0 %0
bo bo

So,
ap+a1x + -+ a,x"  ap
~Y

bo+ bz + -+ by 0 by

Exercise 16. - Are the following propositions true or false:

r T 3
) +1z 1+xr(\)Jx'

b) z + 1+ 22 o~ 2x.
c) 2? (tan (%))2 ~ T

+o00
solution: a) 2® + ;% — & ~ 2 false, because
o T
l‘ .Tf + —x 1+x 1
im = lim
x—0 {L’3 x—0 373

b) x + 1+ a2 o~ 2x, true, because
Vaz+1 ~ > Vi = |z| ==,

r ~ X,
“+00

and since x is strictly positive near +oo, then x + /1 + 22 ~ 2.
+o00

c) x? (tan (;—r))2 fou 7% true, because according to the product theorem, we have

(tan ()" ~ (5)°, )
2 i x2.+°° ’ = 22 (tan (Z)) ol w2,
+o0o
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Exercise 17. Let f, g two functions defined and positives in neighbohood of xy. We suppose
that f~ g .
zo

a) At-onIn f ~Ing, f, g>0.
zo
b) Show that if lim g () =1 where [ € [0,1] U |1, +00] then lnf lng

Tr—xT0
c) A-t-on ef ~e9 .
zo
d) Show that e/ ~ e if and only if lim (f (z) —g(z)) =0.
ts) T—T0
Show that {/f ~ /g, n € N.
zo

Show that, if f =o0(g) then f+ g~ g.
y) xo

e

)
£

Solution: a) In general In f ~ In g false. We can consider the following example :

f(x):1+—+81n (x), g( )=1+2? et zyg=0.

lim Sz @) g g ~ g and 1ﬂ(1+%2+sm2(“;)> )

On the other hand, hm a2

f@) _
g(z) x—0
7—|—Sm (x), lng(1+x)r;x2.

. 2

Therefor, hm (( ; lim M = lim (% + (M) ) = %, that is In f and In g is not
x z—0 z? z—0 x

quivalent at pomt 0.

b) We will prove that, if lim g (z) =7 oul € [0,1[U]1, +00] then lnf lng et f,g>0.

T—T0

Let f ~9- We have

f(@)xg(x)
‘m In f (2) 1 In 9(x)
ezolng () z—z0 Ing(z)
In £22x5(2)
— ki g(z
a:lg:lo Ing ()
. In (% X g(sc))
T30 Ing ()
. ln% +1Ing(x)
z—wo Ing(z)
f@)
= lim In 9(x)
z—zo | Ing ()

Since In f lng = hm nf@) 1, it sufficient

o ng()
In L@
lim |—29 41
z—wo | Ing ()
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So, we have the following possibilities:

lim In [g(mg] =0, et lim Ing(x) =1+#0,

T—T0 Tr—x0

ou

lim Ing () = 400,

T—T0
So,
lim f(z)=0, etlim Ing () =1+# 0,
T—xQ

T—Ta

ou

lim g (z) = +o0.
T—T0

On the other hand,

lim
T—rT0

#1<= limlng(z)=0

T—rT0

< limg(z) = 1.

T—rT0

c) e ~ e9 false. We can consider the following example :
zo

fl@)==%4 g@@) =%+%, andzy = 0.
o S
On the other hand, hm ((z) QIUILI(I) 4+7 = hm 1+$2 =1ie. f

x

0, that is e/ et €7 is not equwalent at pomt O.
d) We will show that, e/ ~ e9 if and only if lim (f (z) — g (z)) =0 . We have

X0 Tr—T0
f(z)
(&
ef ~ved = lim— =1
o T—T0o eg(z)

e lim ef® x 79 = 1

Tr—T0

= lim /@90 — 1

T—T0

< lim /®~9() = 0
T—T0

lim [f(z)—g(z)] 0

< e"7%0 =e

< lim [f(z) —g(x)] =0.

T—T0
f) We will prove that, if f =o0(g) then f+ g~ g.
xo o
Let f =o0(g). We have
o

S0, since lim £ = 0, then
x—0 9(x)

lim L F9@) {f@) +1} ~ 1.

T—x0 q ([E) T—T0
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Exercise 18. Determine the following limits ( if there exists):

2
1) lim €5,
) xli% z?—z In(z)
. z+1+In(x
2) :pggloo In(z)
. z+1+In(x)
3) lim =y

Solution: For calculate the following limits we use the properties of equivalente functions.
1) Since e — e* = e” (" — 1), then we have

e’ ~ 1
0 =e(e"—1)~ua
e" =1~z 0
0
So,
.’.EQ x
" —ef o I '
22 —x~—x wma g
0
Therefore
et — €z2
lim = —1.
=0 12 — 1
2) Since In (z) = o(x), then
r+1+In(z) 1+z x
In (z) +oo In () +oo In ()
So,
. z+1+In(z) , x
lim —— = lim —— = +o0.
z—+oo  In(x) z—+ooln ()

3) Since z =0 (In(x)), then

r+1+1In(z) N 1+1In(x) N In (z
In (z) 0 In(z) o In(x)

So,



Chapter 5

Differentiable functions

5.1 Generality

5.1.1 Differentiability of functions at point

Definition 32. Let [ an open interval of R, ¢y € I and a function f : I — R. We say that
f is differentiable at x, if there exists a real number [ ( [ finite ) such that

@)= T @)
TF#x0

[ is called the derivative of f at point xg, is denoted by f’(xo) (derivative number).

Example 26. We will study the differentiability of the function f : 2 — 2® —4x at 2y = 1:
We have Dy =R et f (1) = -3,

f(x) = f(x0) _ ,mx3—4x+3

lim li ]
:):;zéxg L= %o ;;i L=
_ 2 _
TN Gl VA G Ak )Y
i r—1

’

So, f is differentiable at zgp =1 et on a f' (z9) = f (1) = —1.

Exercise 19. Study the differentiability at xq of the following functions:
1) g(z) =55, 20=0,

5.1.2 Derivative function

Proposition 15. The function f is said to be differentiable over open interval I if is differ-

entiable at evry point xo € 1.
The derivative function of f is defined over I by ' :x — f'(z).

48
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5.1.3 Left and right derivative (One-sided derivatives)

Let x such that [zg,z¢ + e[ C I ( respectively |xg — €, 2] C I) for € > 0.
The function f is deffirentiable at right if

o @)= £ (o)

zﬁmg T — o

=1 € R,

and [; = f} (x¢) is called right-hand derivative of f at .
The function f is differentiable at left if

o () = )
=T r — X

and ly = f; (zg) is called left-hand derivative of f at .

:lgeR,

Proposition 16. The function f is differentiable at xy if and only if f admit (has) at o
an right-hand and left-hand derivative are equal and finites (exist and are equal).

Remark 14. 1f f; (xo) and f; (o) exist and f; (xo)# f; (o) then f is not differentiable at xo.

Example 27. The function f : x — |z| is not differentiable at the origin g = 0. To see

this fact, we have
f (@) — f (xo) x

lim = lim — =1,
z—ag r — Xy =0t T
and on other hand
z)— f(x —x
lim M = lim — = —1,
) r — X z—0~ T

thus, since f; (0)# f; (0), then the function f is not differentiable at the origin zy = 0.
The function g : x — /z is not differentiable at the origin xzy = 0. To see this fact, we
have

f (@) — [ (wo)

lim ——F———~ 2 = +OO,
xﬁxg T — Zo

therefore, since the limit of ratio is infinitely, then the function f is not differentiable at the
origin zop = 0.

A famous example of Weierstrass shows that there exists a continuous function that is
not differentiable at any point. The construction of this function is beyond the scope of this
chapter. On the other hand, a differentiable function is always continuous.

Proposition 17. ((Differentiability implies continuity) If f : I — R is differentiable at
point xog € I. Then, f is continuous at xg.

Exercise 20. Let the function f defined by
|| ;
Ha4rx—-1, if x#0,
fl@)=¢7° L
0, if x=0.

1) Study the differentiable of the function f at zy = 0.
1) Determine the set of the differentiable of the function f.
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Exercise 21. Let the function f defined by

f(x):{ sl ifr >,
3

x> =4, ifr<-—1.

1) Determine the domain of definition of the function f.
2) Study the differentiable of the function at zq = —1.
3) Find the set of the differentiable of the function f.

Solution: 1) Dy =R.

2) We will study the differentiability of the following functions at xy = —1. We have
f(=1)=—5and
i F@ I
e (—1)" r+1
So, f is not differentible at right at zo = —1. And
i T =ICD
z—(—1)" z+1

So, f is differentiable at left at xo = —1.
3) Since f xzo = —1 is differentiable at left at and not differentible at right at zo = —1.
Then, the set of differentiability, of the function f is |—oo, —1] U]—1, 400].

Exercise 22. Are the following functions differentiable:

22e ™ if |z <1,
f(x) = .
1, if |z| > 1.

g(z) = |r* — 2*|sin® (z).

5.1.4 Geometric interpretation

Le plan étant muni par un repéere orthonormal .

La fonction f est dérivable en z( signifie que le graphe de f admet au point d’abscisse xg

une tangante de pente [’ (z9).

1) If }LI%W = t00. Then, the graphe admit a vertical tangente at point (xg, f' (zo)).
TH#TQ

2) If f continuous at x¢ and f; (xo)# f; (zo). Then the graph has angle point at xo.

5.2 Basic rules for differentiation

5.2.1 Derivative of Composite function (Chain rule for
differentiation)

Proposition 18. Let f : I - J,g: J —Randzye .
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If f is differentiable at xo and if g is differentiable at f (x¢). Then go f is differentiable at
zo and

(go f)/ (z0) = q (f (o)) - f/ (o) -

Example 28. 1) Let f (z) = sin® (x). To find the derivative of f we can simply apply the
chain rule, we have

f'(z) = 5cos (x)sin* (z) .

Notice that it is quite easy to extend this to any power. Set f (z) = sin” (z), n € N*.
Then follow the same steps and we arrive at

f'(z) = ncos (z)sin" ! ().
2) Let a,b € R and let f (az + b) be a differentiable function. Then
f(x) =af (ax +D).

The above is a very useful result that follows from the chain rule, so lets make it a the
following two examples :

f(z) =cos(ax +b) and h(z)=sin(ax + D).

Then
f'(z) = —asin (ax +b) and K (x) = acos(ax +D).
3) Let f (x) = {/sin (%) = (sin (mz))% Then
) = 2z cos (31:2)2 |
3 (sin (22))3

5.2.2 Derivative of inverse function

Proposition 19. Let f : [ — J is bijection function, o € I and yo = f (x9) € J. Suppose
that f is differentiable at zo, f (x0) # 0 and que f~' is continuous at yo. Then

IV 1
U™ 00) = 7 = Tor D)

If f is continuously differentiable and f' is never zero, then f=! is continuously differen-
tiable.

5.3 Fondamental theorems

5.3.1 Rolle’s theorem

Theorem 13. Let a and b be real numbers with a < b. If f is continuous function in closed
interval [a,b] and f is differentiable on the open interval |a,bland if f(a) = f(b). Then,
there is ¢ € |a, b| such that f (¢) = 0.
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5.3.2 Mean-value theorem

Theorem 14. Let a and b be real numbers with a < b. If f is continuous function in closed
interval [a,b] and f is differentiable on the open interval |a,b[. Then, there is ¢ € |a, b] such
that

/

f(0)=fla)=(b—a)f (o),

which we can also express as

IR AUES(C)

Another formulation of mean-value therem:

Theorem 15. Let I C R, a € I and f continuous and differentiable on I except possibly at
a. Then, for all h verifying a + h € I, there is 6 € |0, 1] such that

fla+h)—f(a)=hf (a+6h).

5.3.3 Generalised mean-value theorem

Theorem 16. Let f and g both be defined and continuous functions on [a,b] and both be
differentiable on |a,b[. Furthermore, suppose that ¢’ () # 0, Yx € la,b[. Then there is

b) fl@) _ f(e
¢ € la,b[ such that {=2rs = &5

5.3.4 Hopital’s rule

Theorem 17. Let [ C R, zp € RU{—00,+o0}, f, g be two functions definied and continuous
on I except possiply at xq such that
(i) lim f(xz) = limg(z) =0 or lim f (z) = lim g (x) = £o0,
T—x( T—TQ T—x0 T—T(
(u) f and g are differentiable on I\ {zo}and ¢’ () # 0, Vx € I\ {zo}.
— 1 (where | € RU{—o00, +00} ), then lim L2 — .

z—ax9 9 ,( x—xo 9 g(z)

Remark 15. We can apply L'Hoépital’s rule a second time ect.
Remark 16. Reciprocly (Conversely) of Theorem 17 is false.

2 . 1 .
- ) 07 .
f(x)= ©*sin () SZSB# et g (z) =sin (z) et 2o = 0.
0, st x =0,
We have )
. f( ) $ sin z)
oty = e =0,
but liny 12 — Ty 1 [2sin (1) — cos (4)] not exists

Proposition 20. ( Differential). Let f be a function differentiable at © € R such that
y = f(x). Let dx be a (small) given number. The differential dy is defined as
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Exercise 23. Epxplain how you can use mean value theorem to the follwing function :
Verify that which function satisfies the hypothesis of the mean value theorem on the
interval given. Then find all numbers ¢ that satisfy the conclusion of the mean value theorem.
Leave your final answer(s) exact.
1) f(z) =2(z*—5) on [3,5].
2) g(z) = |z —1| on [0,2].
x, if0<z <1,

B)h(x)—{2_gv7 iflez<o, sur [0, 2].

28 ifr<i,

4)k(x):{ ;2: ifoo . sur [0, 2].

Solution: = We will using the mean value theorem to the following functions (if its possible):
1) f(x)=2(z*—5) sur [3,5]. Ona f(3) =8, f(5) =40 et f'(z) = 4z.
Since f is continuous on [3,5] and differentiable over [3,5], in particular on |3, 5[, then
according to the mean value theorem e € |3, 5[such that

FO)=fla)=0b—a)f ()= f(5)—f(3)=(5-3)(de)
= 40 — 8 = 2 (4¢)
= c =4,
we have 3 < ¢ < 5.
2) Since the function g¢ is not differentiable on |0, 2[ exactly at = 1, then we can not
applied the mean value theorem to the function g.
3) Since the function h is not differentiable on |0, 2[ exactly at x = 1, then we can not

applied the mean value theorem to the function h.
4) The mean value theorem is applied and we get ¢ = 1.

Exercise 24. Using the the mean value theorem to the functions f (z) = cos (z) over the

I'interval [%, %} for calculate cogg(?%g).
: . N
- The same question, for sin (@)'
Solution: Since f is continuous and differentiable on R, in particular[%,%} , then

according to the mean value theorem, we have

T 99 T 291 0
cos <§> — cos (T&O) = —@smw), — <0<,

that is

59w 1 T 297 T
COS(@) —§+—sm(9), — <0<

: 2 _ o 3
since 7 < 6 < %, then % < sin (0) < %, we have

597 1 73
- < _|__7
180 2 ' 360

—|——<COS(
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or,

597
0,512 < — ] < 0,516
b COS (180) b b

1 N ,
Therefore, & 555 pres par défaut

597
— | 20,515
CoS (180) , ,

Exercise 25. Use the mean value theorem, prove that

l—z<e¥ < . Vrelo1]
11—z
e
x—€<sin(x)<x, Vo > 0.

Solution:  We will use the the mean value theorem to the following functions :
1) To show the inequality 1 —x < e*, Va € |0, 1, we consider the function f defined by

ft)=¢e+t—1.
Since f is differentiable on R, we can apply the the mean value theorem on any closed

bounded interval on R.
Let x € 10, 1[, we will applied the the mean value theorem to f over [0,z]. According to

the the mean value theorem Jc € |0, z[ such that
f@)=fO)=(x—=0)f()=e +x—1=ux(+1)
= e’ — 1 = xe“.
Since Jc € )0, z[, then 0 < ¢ < z, So, since the function t — €' is strictly decreasing on
R, in particular on ]0,z[ C R, then we have

O<c<z=1<ef<e”

=1<e <e”
= x <xze® <ze®, carxz >0

= —xr<x<ze <ze®, carxz > 0.

Thus, from e* — 1 = ze® and —x < z < xe® < xe”, we have
—r<e’—1=1—-x<e’.

Similarly, To prove the inequality e* < ﬁ, Vz € ]0,1[, we consider the function f
defined by ¢ (t) = €' (1 —t) — 1.
Since f is differentiable on R, then we can apply the mean value theorem on any bounded

closed interval on R.
Let z € ]0,1[. We will apply the theorem on f on [0, z]. The mean value theorem implies

that 3c € |0, [ such that

g(@)—g(0)=(x—0)¢ (¢c)= (1 —x)e* — 1= —cxe,
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Since 0 < ¢ < z, and €' > 0, Vt € R, particulary on |0, z[ C R, then we have

(1-2)e" —1=—cxe® <0,

S0,
(1—-2)e"—1<0=(1—-x)e" <1
=(1-2)e" <1
=" < .
‘ 11—z
Therefore,
1
l—x<e®<—— Vzelll].
1—2

Exercise 26. Using the I’'Hospital’s rule to calculate thevfollowing limits :
. ln(xi'{l)
D e
2

z¥—1
}:g%l —z+1In(z)

)
3 g
)

1 cos(:rQ)

:p%O

4

Solution: Sometimes it pays to combine L’Hospital’s rule with other manipulations.
w2 1
. _ m@ _ ()
1) We set : h(x) = ha(@) e (a+2)
When (As)  — 0, the function h take the indeterminate form (22). L’Hospital’s rule
yields

hy (z) = (QH) and hy (1) = €* (%) So
limh (z) = lim /L&)
z—0 9c—>0h2 (aj)
2 x?

(2 +1) (B2 +20—2)e*

2) Applying the I’'Hospital rule two times (twice) succecively, we get the limit is equal to

(=2).
3)

Applying the I’'Hospital rule one time, we get the limit is equal to (—%)
4) Applying the I'Hospital rule four times succecively, we get the limit is equal to (%)
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Usual functions

6.1 Trigonometric functions

6.1.1 Sine and cosine functions

The functions x — sin (z) and = +— cos (z) are defined on R and range [—1, 1], they are
21 — periodics. The function z — sin () is odd and x — cos (z) is even.

6.1.1.1 Derivatives:

Vr € R, (sin(z))" = cos(x) and (cos(v)) = —sin (7).

6.1.1.2 Variations tables

Since the two functions are periodic of their period 27, then we restrict their domain on
|-3.51

On the other hand, since sin (-) (the sine function) is odd and cos (-)(the cosine function) is
even. we give their variation table over }0, 5 [

Since Vx € }0, 3 [, cos () > 0, then the function sine is continuous and deccreasing ]0, g[
and hence, has an inverse function that is continuous and decreasing. The inverse function
has domain [—1,1] and range | -5, %[ and since Vz € 0,5 [, —sin (z) < 0, then the function
cosine is continuous and increasing and hence, has an inverse function that is continuous and
increasing |0, Z[. The inverse function has domain [—1, 1] and range |—Z, 2] .

203
X 0 Tl i () e
cogx |0 — -1 sin'z | 1 + ()
CoOSE ! _____——————___} 0 SNE 0 _____——————___} 1

o6
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Figure 6.1.2: Graph of sine

6.1.1.3 Graphs

The function "cosine” is defined on R, even and 27 —periodic.

Figure 6.1.1: La courbe représentative du cosinus

The function "sine” is defined on R, odd and 2r—periodic.

6.1.2 Tangent and cotangent functions

The functions  + tan(z) and z ~ cotg(z) are defined on R — {3 + km, k € Z} and
R — {km, k € Z} respectively, they are m — periodic and odds.

6.1.2.1 Derivatives:

1
Ve e R — {g +km, k€ Z}, (tan (7)) = co? () =1+ tan? (7),
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et

Ve e R—{knm, k€ Z},

(cotg (2)) = 273

= — (1+cot g*(z)).

Then, the function tangent is strictly increasing on R — {% +km, k€ Z} and the function
cotangent is strictly decreasing R — {kw, k € Z}.

6.1.2.2 Variation tables

The two functions are periodics of period 7, then we can restreint the domain of the study

to a interval of longer 7, for example }

function cotangent.

On the other hand, since vthe two functions are odds, we give the variation table in }0, z [

_Ir
272

[ for the function tangent and ]0, x| for the

2

6.1.2.3 Graphs

The function tangent is defined on R — {g +km, ke Z}, odd and m—periodic.

A 0 i ) 0 iz
tan'z | 1 + +oo cotan'z|—m -1
tat — " cotans e ——

0— =)

¥

-1 —

La fonction tangente est définie sur R — {km, k € Z} et m—périodique.

i T

Figure 6.1.3: Graph of tangent
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Figure 6.1.4: Graph of cotangent

6.1.3 Trigonometric formulas

6.1.3.1 Symmetry of sine and cosine

cos (—a) = cos (a), sin(—a) = —sin (a), tan (—a) = —tan (a)
cos(a+m) = —cos(a), sin(a+7) = —sin(a), tan(a + 7) = tan (a)
cos (m —a) = —cos(a), sin(m —a) =sin(a), tan (7 — a) = — tan (a)
cos (a+ %) = —sin(a), sin(a+ %) =cos(a), tan (a + %) = —tanl(a)
cos (3 —a) =sin(a), sin (5 —a) =cos(a), tan (3 —a) = tanl(a)

6.1.3.2 Addition formulas

cos (a + b) = cos (a) cos (b) — sin (a) sin (b)
cos (a — b) = cos (a) cos (b) + sin (a) sin (b)
sin (a + b) = sin (a) cos (b) + cos (a) sin ()
sin (@ — b) = sin (a) cos (b) — cos (a) sin (b)

tan(a—i—b):%

)
(
tan (CL . b) _ tan(a )( tan(b)

1+tan(a) tan(b) ©

6.1.3.3 Double angle formulas

We take a = b in the addition formulas, we obtain
cos (2a) = cos? (a) — sin? (a) , sin (2a) = 2sin (a) cos (a) , tan (2a) = 1221:1(22)

The first formula cos? (a) + sin® (a) = 1 gives

1 + cos (2a)

1 — cos (2a)
2 ’ '

sin? (a) = 5

cos® (a) =
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6.1.3.4 Transformation of product to addition

The addition formulas gives :

cos (@ — b) + cos (a + b)

cos (a — b) — cos (a + b)
2 ’ '

2

cos (a) cos (b) = sin (a) sin (b) =

6.2 Inverse trigonometric functions

6.2.1 Arcsine function

We would like to find the inverse function which takes y and returns to us a unique z-value
so that y = sin (z), = € [-5,Z].

Let f : > sin(z). We restrict the domain to [—Z,Z].
Since f is continuous, strictly increasing from[ 5 2} to f ([ i 5]) = [—1,1], then it is

bijection. Therefore it has (admit) f~! is called “ Arcsine”, noted ” arcsin” and we have

fn - =53]

2 2
which is continuous, strictly increasing on [—1,1]. We have Vx € [-1,1], y = f~'(z) and
such that y € [-Z, g} and x = sin (y) <= y = arcsin (z).

6.2.1.1 Derivative

Let f Yz) = arcsin( ). We remember that f~! is a inverse function of f differentiale and
(/71 (2) = 55 with y = f~" () et ' (4) # 0. Thus

{ x = sin (y) — { y = arcsin (z)

€ [-1.1] ye =53]
The functlon [ is differentiable on | —Z, 2 [ and it’s derlvatlve is defined by f (y) = cos (y) #
0, Vy € } 55 [ and on the other hand the function f~! is a differentiable on ]—1,1[. Thus

1

1 1
cos (y) - /1 — sin? (y) N V1—a?

(f_l)/ (z) = (arcsin (z)) =

lz| < 1.

6.2.1.2 Table of variation

A y 1
Aresin'z |1 + +ao
Arcsinx 0 ____——————___? i
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6.2.1.3 Graph

2 10 12 3x

Ll i y=arcsin(x)

Figure 6.2.1: Graph of arcsinus

Exercise 27. Show that if 0 < <1, then arcsin () < ;.

Solution: Using the mean value theorem on the function ¢ — arcsin (¢) on [0,z], 0 < z < 1,
hence Je € ]0, z] such that

1
V1i—¢2
1

We know that ¢ € ]0, z[ and the function x — o is strictly increasing on ]0, 1], then

arcsin (z) — arcsin (0) = «

1 - 1
Vi—c  JV1-—a22

Therefore, arcsin (z) < =z f0<z <l

6.2.2 Arccosine function

The definition for "arccos” is developed in the same way.
Let g : « + cos (z). We restrict the domain to [0, 7].
Since g is continuous, strictly decreasing from [0, 7] to ¢ ([0, 7]) = [—1, 1], then it is bijection.
Thus, it has (admit) a inverse function g~! called “ arccosinus”, denoted by “arccos” and we
have
e =L = (0,7,
which is continuous and strictly decreasing on [—1,1].
, T

Vo € [-1,1], y=g¢ '(z) and such that y € [0,7] et x = cos (y) < y = arccos (z).
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6.2.2.1 Derivative
Let ¢! (z) = arccos (z). We have

x = cos (y) o, ) y=arccos (x),
T 1,1

y € [0,m].

The function is differentiable on g ]0,7[ and it’s derivative defined by ¢ (y) = —sin (y) #
0, Vy € ]0, 7[ and on the other hand, the function ¢! is differentiable on ]—1, 1], hence

-1/ = (arccos (z)) = — ! = - ! = ——
(97") (@) = ( (z)) sin () V1—cos?(y) V1—=z

=, |z < 1.

6.2.2.2 Table of variation

X -1 1
n

ArCcos x “y

0

6.2.2.3 Graph
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2

VLI D IO IO IO
| y=arecos(x)

Figure 6.2.2: Graph of arccosinus

Exercise 28. Calculate the definition domain and the set which the function f is differen-
tiable and calculate their derivative:

f (x) = arcsin };—jz :

Solution:

e Definition domain:

1 — 2
Dy=<qx/zeR: <1l,=R.
f { / ‘1 + 22|~ }
e The function f is composite of two functions v : x — arcsin (x) and v : z — ;—iz

with u is differentiable on |—1,1[. Then, f is differentiable on

1— 22
R — R:|——=|=1;,=R"
{m/ re ‘ 1+ 22 } ’
and their derivative isdefined by
v —2x

f' (@) =

= \vd 0.
Vi—e ity 7

6.2.3 Arctangent function

Also, the definitions for "arctan” is developed in the same way.

Let the function f : z + tan (z) on |—%, 2.
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Since f is continuous, strictly decreasing from }—%, %[ to f (} —5. 5 D = R, then it is bijec-
tion. Thus, it has (admit) a inverse function f~! called  arctangent”, denoted “arctan” and
we have X -
;ror= =53]
is also continuous and strictly decreasing on R.
Vr € R, y= f"'(z) and such that y € ]—g,%[ and z = tan (y) <= y = arctan (z).

6.2.3.1 Derivative
Let f~! (z) = arctan (x). We have

{ x = tan (y) — { y = arctan ()

relR yE]—%%[.

On the other hand, the function f is differentiable on ]—%, g[ and their derivative defined
by f (y) = 1 + tan® (y) # 0. Further, the function f~' is differentiable on R. So, we have

1 1
= Vr € R.

(17 (@) = (aretan () = s =

6.2.3.2 Variation table

X — 0 +00
iy
2

arctan x Vs

- | =
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6.2.3.3 Graph

il i

Figure 6.2.3: Graph of arctan

Exercise 29. Determinate the definition domain and the set which the function f is differ-
entiable and calculate their derivative:
earctan(z)
1) f () = £

2) g (z) = arctan ({72).
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Solution:
e 1) Definition domain:

Dy={z/z €R :2>0}=R"=[0,+00.

e The function f is differentiable on (over) ]0, +00[ and they derivative defined by

earctan(z) [(1 + \/E) (2\/5) —1-— ZL’Z]
2(1+2%) (1+Va)' v

f'(z) =

e 2) Definition domain:
Dy={z/reR :x# -1} =R—-{-1}.
The function g is differentiable on R — {—1} and they derivative defined by

—2
[(1 + w)2 +(1- x)ﬂ

g (v) =

6.2.4 Arccotangent function

The function cotangent defined over |0, 7[, we define the inverse function “arccotangent” (
denoted: arccotan), continuous and strictly inceasing from R to |0, 7[. It’s differentiable and
we have

(f_l)/ (z) = (arccotan (z))" = Tr e Vr € R.

6.2.4.1 Variation table

i —oo + o

Arecotan'z| O — i
TL- T

Arcootan x — 0

6.2.5 Properties

1) Vo € [-1,1], arcsin(z) + arccos (z) = .
2) Vo € [-1,1], arccos(x) + arccos (—x) = .
_T ) <0
3) arctan (z) + arctan (1) = 2 ,Zf v
%, ifx>0.
4) Ya, f € R such that af > 0, we have
arctan («) 4+ arctan () = arctan <%) ,af # 1.
-«
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5) Va, B € R such that af > 0, we have

m, if a>0,
—m, if a<O.

Vaf #0, arctan () + arctan (f) — arctan <1a—+ocﬂﬁ) B {

6) Vo € R, arctan (x) + arccotan () = 7.
Proof. 1) Wewill prove that Vo € [-1,1], arcsin (x) + arccos (z) = 7.

We say that

™ .

Ccos (— — a> = sin (),

2

and
m , m m :
) < arcsin (z) < 5= 0< 5 — arcsin () <m.
So,
cos (g — arcsin (x)) = sin (arcsin (z)) = z.

Therefore

7T . 7T .
arccos [cos (§ — arcsin (;1:))] = arccos (v) = 5 —arcsin () = arccos ()

m .
= 5 = arcsin (x) + arccos () .
2) We will prove that Vo € [-1,1], arccos (z) + arccos (—x) = 7.
We say that
cos (m —a) = —cos (@),

and

0 < arccos (x) <™= 0 <7 — arccos () < 7.
So,

cos (m — arccos (z)) = — cos (arccos (z)) = —z.
Therefore

arccos [cos (m — arccos (x))] = arccos (—z) == m—arccos (z) = arccos (—z)

= 7 = arccos (x) + arccos (—z) .

3) We will prove that
1
f (x) = arctan (x) 4 arctan <—> = {

c, stx >0,

We have, Vz € R*, ' (z) = 15 — =2 =0= f(z)=
v /(@) /(@) d, six <0,

_.
+
8
)
—
+
4
|
—N—

so, for x = 1, we have

f (1) = arctan (1) + arctan (1) = g, six >0,
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for x = —1, we have
f(—=1) = arctan (—1) 4 arctan (—1) = —g, six < 0.

Then
f (z) = arctan (z) 4 arctan (_> — { 5, if v <O,

Exercise 30. Prove that
1) Vo € [-1,1], arcsin(x) + arcsin (—z) = 0.

2)Va, € R such that a5 > 0, we have

b —«
1+ /2

b —«

< —.
14+ a2

< arctan (o) — arctan ()

Solution: 1) Since the function z — arcsin (z) is odd, then we have
Vo e [-1,1], arcsin(z)+ arcsin (—z) = 0.

2) Applying the mean value theorem to the function f : x + arctan (z) on the interval

[, 1.

Exercise 31. Prove that Vz € [—1, 1], we have
1) cos (arcsin (x)) = V1 — 22.
2) sin (arccos (z)) = V1 — 22,
3) cos (2arctan (z)) = ;iz
4) sin (2arctan (r)) = 2
)
)

14+22°

—2)VI—22+22
5) Deduce sin (arccos (z) 4+ 2 arctan (y)) = (v )H1y2 il

6) Determinate the definition domain of the following function :

f (z) = arccos (1 — 2z?)

Solution: 1) Let z € |—1, 1], we set y = arcsin (z) = z =sin(y), y € [-3, Z].
So, since y € [—%, %] then cos (y) > 0.
therefore, we have

cos (arcsin (z)) = cos (y) = 44/1 — sin? (y) = cos (y) = 1/1 — sin? (y) car cos(y) >0

= cos (arcsin (z)) = V1 — 22.

2) By the same way (similarly we get the result).

3) The expression is defined for x € R. Further, we say that cos (260) = L tan’ (g;. So, we have

1+tan?(
1 —tan? (arctan (z)) 1—2°
1 +tan?(arctan (7)) 1422

cos (2 arctan (x))
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2tan(6)

m. SO, we have

4) The expression is defined for z € R. Further, we say that sin (20) =

1 — tan (arctan (z))  1—a”

" 1+ tan? (arctan (z)) 1+ a2

cos (2 arctan (x))

5) The expression is defined for x € [—1, 1] et y € R. Further, we say that arccos (x) € [0, 7],
arctan (y) € | -2, 2| and

sin (a + ) = sin (a) cos (3) + cos (a) sin ()
So, we obtain the following expression

(1—y*)V1—2a22+2zy

1+ 92

sin (arccos (z) + 2 arctan (y)) =
6) Since 1 — 222 € [—1,1] then |z| < 1. Thus, D; = [—1,1].

Using the chain rule with Inverse trigonometric functions: Now let’s see how
to use the chain rule to find the derivatives of inverse trigonometric functions with more
interesting functional arguments.

Exercise 32. Calculate vthe derivative of the following functions:
1) f(x) = arcsin (3x — 1).

2) f(x) = arcsin % :
3) f (z) = arccos ()
4) f(z) = arctan (3%5)
5) [ (z) = arccot (e).
6) f (x) — earcsm(a:).

7 f(z)= arcsin (V).
8) f (ZL‘) _ earctan(z)

3 .
(14z)2
The reader is left to solve the exercice ( see, exercices 28 and 29).



Chapter 7

Hyperbolic and inverse hyperbolic
functions

7.1 Hyperbolic functions

The chapter begins with a review of the hyperbolic functions and its inverse that are studied
in exponontial courses. We define the four main hyperbolic functions, and sketch their
graphs. We also discuss some identities relating these functions, and mention their inverse
functions and reciprocal functions. We next apply methods of calculus to obtain formulas
for derivatives. The hyperbolic functions are used in the physical sciences and engineering
to describe the shape of a Oexible cablc that is supported at each end, to find the velocity
of an object in a resisting medium such as air or water, and to study the diffusion of radon
gas through a basement wall. The chapter closes with a discussion of the inverse hyperbolic
functions. These functions are used primarily for evaluating certain types of integrals

Definition 33. We define hyperbolic sine function (pronounced as ”sinh”), hyperbolic cosine
function (pronounced as ”cosh”), hyperbolic tangent (tanh) and hyperbolic cotangent (coth)
as follows :

Vr € R, cosh (z) = +T, sinh (z) = — tanh (z) =

and ]
Va € R*, coth = —.
z € RY, coth () tanh ()

Note that, we can pronounced respectively the above functions as : sh, ch, th, and cth.

Remark 17. Note that

1) sinh (z) =0 <=2 = 0.

2) cosh () > 0 <=z € R.

3) Vz € R, tanh (z) = S
Modeling : 1) The hyperbolic cosine function can be used to describe the shape of a
uniform flexible cable or chain, whose ends are supported from the same height. The shapc

70
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of the cablc appears to be a parabola, but is actually a catenary (after the Latin word for
chain). If we introduce a coordinate system, it can be shown that an equation corresponding
to the shape of the cable is y = acosh (%) for some real number a. The hyperbolic cosine
function also occurs in the analysis of motion z in a resisting medium. If an object is
dropped from a given height and if air resistance is disregarded, then the y distance that it
falls in ¢ seconds is y = % gt?, where g is a gravitational constant. However, air resistance
cannot always be disregarded. As the velocity of the object increases, air resistance may
significantly affect its motion. For example, if the air resistance is directly proportional to
the square of the velocity, then the distance y that the object falls in ¢ seconds is given by
y = Aln (cosh (Bt)) for constants A and B.

2) Radon gas can readily diffuse through solid materials such as brick and cement. If the
direction of diffusion in a basement wall is perpend icular to the surface, then the radon
concentration f (z) (in jouls/cm? ) in the air-filled pores within the wall at a distance =
from the outside surface can be approximated by f(x) = Asinh (qz) + B cosh (qx) + k,
where the constant ¢ depends on the porosity of the wall, the half-life of radon, and a
diffusion coefficient: the constant k is the maximum radon concentration in the air-filled
pores; and A and B are constants that depend on initial conditions.

7.1.1 Algebric properties

1) sinh (z) + cosh (z) = €”
2) cosh (z) — sinh (z) = ™7,
3) cosh?(z) —sinh? (z) =1,
4) 1 —tanh?(z) = —

cosh?(x) "

7.1.2 Derivatives

Derivative formulas for the hyperbolic functions are listed in the following proposition.

Proposition 21. The functions f : x + sinh(x), g : © + cosh(x) et , h : x — tanh (z)
are differentiable on R and they derivatives are :

Ve e R, f': x> cosh(x),

Ve €R, ¢ : x> sinh(z),

and to differentiate h (z) = tanh (z), we apply the quotient rule, we obtain:

Vr €R, ' : z+— 1 —tanh?(z).

7.1.3 Sens of variation

1) Vz € R, f'(x) =cosh (z) > 1> 0. So, the function f is strictly increasing on R.

2) Vo € RY, ¢’ (z) = sinh (z) > 0 and Vo € R*, ¢’ () = sinh (z) < 0. So, the function g is
strictly increasing on R7 is strictly decreasing on R*.

3)Vex € R, ' : x —~ 1—tanh? (z) = -5 > 0. So, the function A is strictly increasing on R.

ch?x
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7.1.4 Parity

1) The function f : x +— cosh (z) even function.

2) The functions ¢g : = — sinh (x) and h : = — tanh (x) are odd.

7.1.5 Variation tables

The functions f, g are even and odd, respectively, then we can restrict the domain of study

on the interval [0, +o0].

it D 4o

ch'=z [0 + +ao
—taa

ch | cm——"

A 0 +ioo

th'= |1 + i

1
thx g ———"

1) Since lim
T—r+00
asymptotic direction oy.
2) Since lim <o)
z—4o0 %
asymptotic direction oy.

sinh(z)
x

= D + oo
sh'zw | 1 +oo
—pta
shx ——
D N
o ] +m
coth's [-o 0
oo —
coth = —— 1

= 400, then the graph of the function f admit a parabolic branch of

= +o00, then the graph of the function ¢ admit a parabolic branch of
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Figure 7.1.1: Graphs of sinh and cosh

7.1.6 Graphs

e
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Figure 7.1.2: Graph of tanh

b |

v = cothx

——

—e

Figure 7.1.3: Graph of coth
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7.1.7 Identities for hyperbolic functions
7.1.7.1 Basic formulas

cosh (x) + sinh () = e*, cosh (z) — sinh (z) = ™7,
cosh? (z) —sinh? (z) =1, 1—tanh?(z)= —

cosh2(z) "

7.1.7.2 Symmetry
cosh (—z) = cosh (z), sinh(—xz) = —sinh(z), tanh(—z)= —tanh(x).

7.1.7.3 Addition formulas

cosh (a + b) = cosh (a) cosh (b) + sinh (a) sinh (b)
cosh (a — b) = cosh (a) cosh (b) — sinh (a) sinh (b)
sinh (a + b) = sinh (a) cosh (b) + cosh (a) sinh (b)
sinh (a — b) = sitr;}llhggzr(t:;i}(l( ) — cosh (a) sinh (b),

_ ) b)
tanh (CL + b) - 1+tanh(a) tanh(b)

_ th(a)—th(b)
tanh (a — ) = =5 Gme)

7.1.7.4 Double angle formulas

We take a = b, the formulas of addition gives

cosh (2a) = cosh? (a) + sinh 2 (a) , sinh (2a) = 2 cosh (a) sinh (a)
__ 2tanh(a)

tanh (2(1) = m.

Using cosh? (z) — cosh? (x) = 1, we obtain

cosh (2a) = 2cosh? (a) — 1 =1+ sinh? (a).

7.1.7.5 Transformation of product to sum

cosh ( ) cosh (b) — COSh(a+b)42rcosh(afb)
sinh (b) = coshlatb)—cosh(a—b)

sinh (a)
sinh (a) cosh (b

) =
cosh (a) sinh (b) = S2h(et?) QSinh(afb)

2
sh(a+b)+sh(a—b)

Example 29. Find the linear form of cosh?® (x). We have

x —z\ O
cosh® (z) = (%) :

We devolope this expression, we obtain

cosh”® (z) = 14 (cosh (5x) + 5 cosh (3z) + 10 cosh (x)) .

2
Example 30. We will represente sinh (3z) via power of sinh (x). We have

3x __ 6731

sinh (37) = ———,
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and

(cosh () + sinh (z))* = €3*,  (cosh (x) — sinh (z))* = e 5.
We devolope the two expressions and we simplify, we obtain :
sinh (3z) = sinh? (z) + 3 cosh ? () sinh (x) = 4sinh® (x) + 3sinh (z) .

Exercise 33. Let the function f (z) = Eﬁiﬁﬁiiﬂ

1) Determine the definition domain of f.
2) Simplify the expression of f.
3) Deduce and simplify argthf (z).

Solution: 1) The definition domain of f is Dy = R. In fact, Vo € R, 1+ cosh(z) #
cosigzi—l >0
> cosh(z)+1 — 7

x x 2 3
cosh(z)—1 e te=T_9 eT e~ 3 smh(
2) We have o1 = everrs = (o570 8) = | com(

)
)

NIE]

)2 ~ tanh? (2).

NIE]

So, f(x) = /e = |tanh (3)].

cosh(z)—1

Exercise 34. 3) We deduce argtanh f (x) = argtanh cosh ()71

51

= argtanh ‘tanh (%)‘ =

7.2 Inverse hyperbolic functions

Looking at the graphs of the hyperbolic functions, we see that with appropriate range restric-
tions, they all have inverses. Most of the necessary range restrictions can be discerned by
close examination of the graphs. The domains and ranges of the inverse hyperbolic functions
are summarized in the following:

7.2.1 Inverse hyperbolic sine function

Definition 34. The function f : R — R defined by f(z) = sinh(x) is continuous and
strictly increasing. Thus it is bijection map. It has an reciprocal function f~! called "inverce
hyperbolic sine function (pronounced asargsinh) is continuous and strictely increasing on
R. We write f~! : 2 + argsinh (z) and we have

Vr € R, y = argsinh () <= Yy € R, x = sinh (y) .

Remark 18. 1) The function "argsinh” is odd.

2) Since the hyperbolic sine function is defined in terms of the exponential function, we
should not find it surprising that the inverse hyperbolic sine function may be expressed in
terms of the natural logarithm function.

We have Vz € R, argsinh (z) = In (z + V2 + 1) (logarithm expression ). In fact, we
have

cosh? (y) —sinh? (y) =1

and
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Vx € R, y = argsinh () <= Vy € R, x = sinh (y),

S0,

cosh (y) = V1 + 22,

and since e = cosh (y) + sinh (y), then

e/ =x+V1+ a2
Thus,
y:ln<x+\/1—x2> <:>a7’gsinh(x):ln(x+\/1+x2>, x e R.

7.2.1.1 Derivative

The function “argsinh” is differentiable on R and its derivative is defined as

, B 1
I =

7.2.1.2 Variation table

The function “argsinh” is odd, then we can rectrict the domain of study on the interval
0, +00].

o ] +m

Arosh's |1 + )

broshx )om—"
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Figure 7.2.1: Graph of argsinh

7.2.2 Inverse hyperbolic cosine function

Definition 35. The function g : [0, +o0o[ — [1,+oo][ defined by g (x) = cosh (x) is contin-
uous and strictly increasing then it’s bijection. It’s has a reciprocal function ¢=! called

“Inverse cosine hyberbolic” is continuous and strictly increasing on [1,4+o00[. We write

g~' : x — argcosh (x) and we have

x>1,y=argcosh(z) <=y >0, x = cosh(y).

Remark 19. Vz € [1,400[, argcoshz = In (z + v2% — 1) ( logarithm expression ). In fact,
we have
cosh? (y) —sinh? (y) =1,

and

x € [1,+00[, y = argcosh () <=y € [0,400[, z = cosh (y),

50,
sinh (y) = va? — 1,

and since e¥ = cosh (y) + sinh (y), then

e =xr+vaz—1.

Thus,
yzln(:ﬂ—l—\/ﬁ—l) <= argch (x) :ln(x+\/x2—1), x> 1.

7.2.2.1 Derivative

La function “arg cosh” is differentiable on |1, +o0o[ and it’s derivative is defined as

1
! B —
I (z) =
7.2.2.2 Variation table
A 1 +m
+
Aroch'z |t + [
Argehz | e
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7.2.2.3 Graph

Figure 7.2.2: Graphe argcosh

7.2.3 Inverse hyperbolic tangent function

Definition 36. The function » : R — |—1,1[ defined by h (z) = tanh (x) is continuous
and strictly increasing then it’s bijection. It has a reciprocal function h~! called “inverse
tangent hyberbolic” is continuous and strictly increasing from |—1,1[ into R. We write
h~! : x + argtanh (z) and we have

z €]-1,1[, y =argtanh (z) <= y € R, x = tanh (y).

Remark 20. 1) The function “argth” is odd.
2) Vo € ]-1,1[, argth (z) = 5In (£) ( logarithmic expression). Indeed, we have

r€]|-1,1, y =argtanh (z) <=y € R, x = tanh (y),

and b () ) .
sinh (y e —
x an (y) cosh (y) €2y + 17
Then L+
e = x, x| <1
1—2z
Thus,

1 1 1 1
y:§ln<1i—§) (z)argtanh(x)ziln( ji), lz| < 1.

7.2.3.1 Derivative
The function “argtanh” is differentiable on D = |—1, 1] and it’s derivative is

B 1
1= a2

f' (@)
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7.2.3.2 Table of variation

Since the function is odd function, then we can study on ]0, 1].

}s'. 0 1
Argth'z | 1 + +oo

Arothx g ———

7.2.3.3 Graph

v = Argthz -

-
I
v

N
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Figure 7.2.3: La courbe représentative de la fonction th et son réciproque argth

7.2.4 Inverse cotangent hyperbplic function

Definition 37. The function k& : R* — |—o0, —1[ U |1, +o0[ defined by k () = coth (x) is
continuous and strictly increasing then it’s bijection. It has a reciprocal function k~! called
“Inverse cotengent hyperbolic” is continuous and strictly increasing from |—oo, —1[U]1, +o0|
into R*. We write k=% : x — argcotanh (z) and we have

Vo € ]—o0, —1[U]1,4+00[, y = argcotanh (z) <= Yy € R*, x = cotanh (z).
Remark 21. 1) Vx € ]—o00, —1[ U1, 00|, argcoth (z) = +1n (£1) (logarithmic expression
). Indeed, we have

x € |—o00, —1[U]1,+00[, y = argcotanh (z) <= y € R*, x = cotanh (y),

and cosh (y) €% +1
v = coth (y) = sinh (y) e 1
So,
w_THL o
r—1
Thus,

1 1 1 1
y:§1n <zi1) <:>argtanh(x):§ln (zt1>, lz| < 1.
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7.2.4.1 Derivative

The function “argcoth” is differentiable on D = |—o0, —1[ U ]1,400| and it’s derivative
defined by
1

x?2—1

f'(@) =

7.2.4.2 Variation table

W 1 +oo
Arocoth's |- — 0
Arccothz e __————————____} 0
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7.2.4.3 Graph

_TE___ 0 __ 1o

Figure 7.2.4: Graphe argcoth

Exercise 35. Let the function f defined by f (z) = argcosh (\/1 + x2).
1) Determine the definition domain of f.
2) Simplify the expression.

Solution: 1) Definition domain of f est Dy =R. Car Vz € R, V1422 > 1.
2) Simplifcation: We have sinh? (z) = 1 + cosh? (x). Since ”sinh” is bijection, then Vz €
R, Jy € R such that = sinh (y), so,

14 2% =1+sinh?(y) = V1 + 22 = \/cosh 2 (y) = cosh (y).

Therefore

B ‘ B y, ify=>0,
f (z) = argcosh (cosh (y)) = { Ly ify <0,
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So, since argcosh (z) =In (z 4+ v2?> — 1), z > 1, then

f (z) = argcosh (cosh (y)) = In (COSh (y) + +/cosh? (y) — 1)

=1In (cosh (y) + 4/sinh 2 (y))
= In (cosh (y) + [sinh (y)]|),
Thus,

B argsinh (z), ifx >0,
f(m)—{ —argsinh (), ifx <0.

Exercise 36. Calculate the derivative of the following functions :

1) f (x) = argtanh (23 + 1), f (z) = arcsin (argsinh (z)), argsinh (22 + 1).

7.3 Derivatives of higher orders (Successives
derivatives)

Let f be a function n times differentiable on I, (n € N). Then, the derivative of order n
(nth derivative) noted by f is function from I to R. f is also differentiable on I. Then

f(n+1) _ (f(n))' '

Remark 22. by convention, we set f(0) = f.

Example 31. 1) The function f (x) = sin (z) is n times differentiable on R and we have
™ (x) = sin (:c + n%) , Vn € N,
is differentiable on R and consequently, we have

f) (z) = (f("))l = cos <9c + ng) = sin (l’ +(n+1) g) :

This last property can be proved by recurrencente.
2) The function f (x) = cos (x) is n times differentiable on R and we have

() (3) = T
i (x) cos<z+n2>,VneN.

Exercise 37. Calculate the derivative of order n for the following functions :
1) f(2) =%,
2) g (i[f) = 11_ 2

T

solution: the functions f, g are n times differentiable on I, J respectively and we have
1) f0)(z) = # Vrel=R-{1}, VneN.

(-
2) g™ (z) = 28 vr e J = ]-1,1, Vn € N, ol pps1 () = (1—22)p, () +

(1—z)" 1>

n? (1= %) po (2).
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7.3.1 Leibniz formula

Theorem 18. Let f, g two functions n times differentiable on I C R. Then, f-g is n times
differentiable on I. Furthermore, for each naturel number n, we have

(7 -0)") = 3 kgl
k=0

_ f(n)g + C}Lf(n—l)g/ + C«sf(n—2)g// 4ot C;Lz—lflg(n—l) + fg(n)
Exercise 38. Soit y = xsinh (z).
- Calculate y(190),

Solution:  From Leibniz formula, we have

100
y 1 = O™ (sinh (2)) "™ = wsinh (x) + Clyg cosh (z)
k=0

= xsinh (x) 4+ 100 cosh (z)

7.4 Functions of a class C"

Definition 38. Let I C R and n € N*. A function f : I — R is called of a class C™ on [ if
it is n — times differentiable and I and ™ is continuous on I.

Remark 23. 1) For n =0, f of a class C° on I if f is a continuous on 1.
2) In particulary case when f is infinitly differentiable on I, we say that f is of a class C'*
on I. For example, sin € C* (R, R) , (respectively cos € C* (R, R)).

7.5 Taylor-Lagrange Formula

Theorem 19. Let [a,b] be an closed interval Ja,b[ be an open interval. Suppose that f €
C™ ([a,b]) and f™ is differentiable on |a,b]. There exists ¢ € |a,b| such that

(b—a)™™

_ / (b—a)" (n) (n+1)
FO) = F @)+ 0 @)+ SO ) 4 e ).
1s called nth order Taylor polynomial with Lagrange form of the remainder
n+1
(b B CL) i f(n+1) (C)
(n+1)! ’

1s called the remainder term in the formula.

Remark 24. 1) We note that Taylor polynomial is a good approximation to f.

2) Taylor’s theorem gives us a quick proof of a version of the second derivative test. By a
strict relative minimum of f at a, we mean that there exists a 0 > 0 such that f (z) > f (a) for
all x € Ja — d,a + [ here x # a. A strict relative maximum is defined similarly. Continuity
of the second derivative is not needed.
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Proposition 22. (Second derivative test(Another sufficient condition)). Suppose f : |a,b[ —
R is twice continuously differentiable, xy € |a,b| and f' (xq) = 0.

(1) If f" (o) > 0. Then f has a strict relative minimum at x.

(13) If f" (x0) < 0. Then f has a strict relative mazimum (local mazimum,) at x.

Remark 25. (ii)The conditions given in Proposition 23 are only sufficient conditions. There
are functions f for which none of the conditions (i) and (ii) are satisfied at a point zy, still
f can have local extremum at xy. For example, consider

f@)=2* andg(z)=1-2* |z| <1

Then f'(0) =0 =
f// (O) — 0 — g// (O)

Theorem 20. There are other ways to write the remainder term, but we skip those. Note
that ¢ depends on both x and a.

g (0), f has local minimum at 0 and ¢ has local maximum at 0. But

7.6 Taylor-Mac-Laurin Formula

1) In Taylor Formula, we put h = b — a, and ¢ = a + 0h, 6 € |0, 1[, we obtain the following
formula

n hn+1

Flath) = F(@)+ 57 (@) % oo+ T (@) + o /O (a-+00).

2) If in the above formula, we interchange a by 0, we have Vh € [a, ], there is 6 € |0, 1] such

that
n thrl

ho, .
FW =5 O+ [ @+ + /P O+

FOY (60n),

this relation called Mac-Laurin formula.

7.7 Taylor-Yong Formula

Theorem 21. Let I D R and a € I. Suppose that f of a class C™ on I and f is differentiable
(n+ 1) — times. Then ¥ (a+ h) € I, there is a reel function € such that

hn—i—l
(n+1)!

Flath) = fa) + oo (a) oo o (a) + (£ (a) + € (1),

with }lbii%e (h) = 0.

15 called Taylor-Yong Formula of order n with Yong reminder
el

(n+1)!

(S (@) +€(h) -
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Example 32. Let f (z) = sin (). We know that f is of a class C. Vk € N, we have
f®) () = sin (x + /{:%) :
Consequently, for z = 0, we have

#) (0) = sin (k=
f¥(0) =sin (k:2> :
If k = 2p, then fP) (0) = sin (0) = 0.
if k=2p+ 1, then f@*V)(0) =sin (I +pr) = (—1)".
Now, for x € R

f (2) =sin(z + (p+ 1) 7) = (=1)" ' sin (z) .

Consequently, the Mac-Laurin formula with Lagrange reminder is, Vo € R, 30 € |0, 1],
such that

1'3 v x?p—&—l ol x2p+2 5
in(2) =2 — 4o (=1 ()P .
sin (@) =@ =g+ SV G gy U G gy s ()
2) Similarly, we have Vo € R, 36 € ]0, 1], such that
22 L 2% s A
cos () :1—54—---%—(—1) )] + (—1) msm(@x}.

is called Mac-Laurin formula with Lagrange remainder for the function f : x + cos (z).



Chapter 8

Approximations by polynomials (Taylor
polynomials)

Polynomials are generally a good choice for an approximating function since they are so
easy to work with. Depending on the situation other families of functions may be more
appropriate. For example if you are approximating a periodic function, then sums of sines
and cosines might be a better choice; this leads to Fourier series.

Any polynomial in z of degree n can also be expressed as a polynomial in (z — a) of the
same degree n and vice versa. So P, (z) really still is a polynomial of degree n.

We can use the same strategy to generate still better approximations by polynomials of
any degree we like. We determine the coefficients of the polynomial by requiring, that at the
point x = a, the approximation and its first n derivatives agree with those of the original
function.

Definition 39. : Let f be a numerical function defined near x = 0, except perhaps in 0. It
is said that f admits a limited expansion of order n near 0 if there exists a polynomial of
degree not more than n and a function € such that for any element x near 0, we have

f(x)=p(z)+2"(x), and liII(l)éT (x) =0,
T—
where p (z) = ag+ajx+asx+---+a,x2", a; €R, (i =0,1,...,n), is the polynomial function

x—p(z).
Proposition 23. (unicity) If f admit a limited expansion of order n near 0, then it’s unique.

Remark 26. 1) We can write o (™) instead of 2™ (x) and we have

f(z)=ap+az+ax+ -+ a,x" +o0(z"), andlim0($ ) =0.

z—0 "

2) We can define a limited expansion of order n for the function f near z = zy € R via
the change of variable t = x — zofor © — xgwe have t — 0. We have the following definition.

Definition 40. Let f be real valued function near x = xqg € I C R, except perhaps in
xo. We say that f admits a limited expansion of order n near x; if there is a real numbers
by, b1, ...,b, and an function e such that for any element x near xzy, we have

88



8.1. Usual limited expansion obtained by the formula Mac-Laurin-Yond39

f(x) = bo+by (x — x0)+by (z — x0)2—|—- by (= x0)"+(x — 1)" € (x — x0) , and lim € (z — ) = 0.

T—rx0

8.1 Usual limited expansion obtained by the formula
Mac-Laurin-Yong

Theorem 22. Let I an open interval of R contenant 0 and f is a function defined on I into
R of a class C" ' in I and has a derivative of order n in x = 0. Then, f admit a limited
expansion of order n near 0 is

! (n) n
f(z) :f(0)+f1—<!())$+"'+fT!(O)$”+%6(a?) avec glﬁliI[l)(?(:E) = 0.
With Landau notation, we have
! (n)
r@ =0+ I T Oy,

Example 33. 1) The function  — €” is infinitely differentiable on R and they derivative
of order n tends to 1 at point 0, we have the limited expansion of n near 0, is

n

Tr z T n
e —1+ﬁ+---+m+o(:v ).

2) The function x — sin (z) is infinitely differentiable on R and they derivative of order
n est sin (x + ng), we have the limited expansion of n = 2p + 1 near 0,
1’3 x2p+1

sin(:p)zx—§+---—l—(—1)pm

3) The function x —— cos (z) is infinitely differentiable on R and they derivative of order
n est cos (x + n%), we have the limited expansion of n = 2p near 0,

+o0 (:132p+1) )

22 » x?P %
cos(:z:)zl—a—i—--«—l—(—l) @jto(a: ).
4) The function z — (1 +z)* € C* (]—1, +oo[,R), a € R and they derivative of order
n is
fP @) =al@=1)-(a—n+1)(L+)*",

we have the limited expansion of n near 0,

(1+x)a:1+ax+wjt---+a(& ) 72? prl)z +o(z").

If a = % and a = —%. We have the limited expansion of n near 0

1 1 Ix1 11X 1x3x--x(2n—3)
1 2 — 1 T 2 . _1”1 n n
(It =14gz—oog® £t IxAxbxxam L ol

and

1 1 1x3 Ix1x3x---x(2n—1)
1 2 =1-= 2 (=) " .
(1+2) ot b ) S ek & o)
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8.2 Integration of limited expansion

Theorem 23. Suppose that the function f admit we have the limited expansion whose part
principal is p of order n near O and, moreover, f is integrable on a closed interval containing
0. Then foxf (t) dt admit near 0,, a limited expansion of order n + 1 whose main part is

Jy p(t)dt.

8.2.1 Applications

1) We will determine the limited expansion of z — In (1 + z) and  — argtanh ().
By dividing according to the increasing powers of order n of 1 by 1 — x, we get

xn+1

=l+a+a®+2°+- +a"+ :
11— 11—

Consequently, in interval I containing 0 and not containing 1, for x € I, we get

1
11—z

Thanks to the Theorem 20, we have

=l4+z+a"+2>+ - 2" 4o0(z").

x xT

dt
[ P
0 0
Let
I (1 ) +x2+x3+ n " " (n+1) (8.1)
—In(l—2)=04+—+"=—+--- ol(z ) .
2 3 n+1

By changing x by —x, we obtain in any interval I’ containing 0 and not contain —1, for
x € I', the following relation,

x? a8 "

In(l+a)=0— — 4+ 4.t (=1)"
n(l+z)=ux s t3t + ( )n+1
By addition (8.1) and (8.2), we obtain in any interval J contain 0 and 1 ¢ J, —1 ¢ J, for

x € J, the following relation,

+ o (z"). (8.2)

3 x2n+1

1 I+ x
argtanh (z) 5 n(l—x) T + 5 + +2n+1

+o (:L,2n+2) )

2) We will determine the limited expansion of x — arctan (x).
For all x € R, we have

1
14 22

=1-2"+a'+-+(=1)" 2" + o (™).

Consequently, thanks to the Theoreme 20, we have

3 5 2n

x> x
t — - - . _1“ 2n+2 .
arctan (x) x+3+5+ + (—1) 2n+1+0(m )
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3) We will determine the limited expanssion of x —— arcsin (z).
In Section 8.1, we see that for x € J ( J an interval satisfied 1 ¢ J, =1 ¢ J and 0 € J ),

1 1 1x3 I1x1x3x---x2n—-1
=1+ 2%+ at + @n—1) 2

N 2 Tt T T T A6 % xon

Integrating, for x € J, we have

+o (x2"+1) .

in () = o+ 1 3, 1x3 Sy Ix1x3x---x(2n—-1)
arcsin (z) = x T A R
2x3  2x4x5 2X4X6x--x2nx (2n+1)

x2n+1_'_0 (x2n+2) ]

Remark 27. By integration, the first member write also

[ = 0 (@) + 2
= [— arccos = —arccos (z) + —.
Vi—¢ 0 2
0
Consequently,
m 1 3 1x3 5 IXx1Ix3x--x(2n—1) g1 M2
alrccos(ac)—2 [x+2><3x +2><4><5x+ +2><4><6><---><2n><(2n+1)x +0($ )

4) We will determine the limited expansion of x — argsinh (x). By similar maner, we
obtain
1 1 1x3
1— 24 4

Srzz 28 Taxa”
Integrating, we have
1 3y Ix3 5
x
2x 3 ' 2x4x5

nlX1x3x---x(2n—1)

... -1
+(=1) 2X4X6X---X2n

C6271 +o (ZEQTH_I) ]

IXx1x3x---x(2n—1)
2X4X6x--x2nx (2n+1)

argsinh (z) = z— — e (=1)" 22ty ($2n+2) ‘

8.3 Derivation of limited expansion

Theorem 24. Suppose that the function f admit we have the limited expansion whose part
principal 1s p of order n near 0 and, moreover, f is integrable on a closed interval containing
0. Then [ admit near 0, a limited development n — 1 whose main part is p'.

8.3.1 Applications

1) We will determine the limited expansion of & — —— and of  — argtanh (z).

(1-2)*
1

According to the limited expansion of order n of the function z —— —,

: =l+z+a°+a2°+--+2"+o0(2").
— X

By differentiating (use the Theoreme 21), we have

W:1—|—2:1:'—i—397:2—1—41'3—i—-~~—|—n31:"*1—1—0(31:” .
—
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8.4 Operations of limited expansion

8.4.1 Addition

Proposition 24. If near x = 0, f admit a limited expansion whose part principal is p of
order n and g admit a limited expansion whose part principal is q of order n. Then, the

function f + g admit near x = 0, a limited expansion whose part principal is p + q of order
n. Indeed,

fx)=p(x)+o(z"), and g(x)=q(x)+o(z"),

by addition, we obtain
(f+9) (@) =p@)+q(x)+o("),

since p + ¢ is a polynomial of degree less than or equal to n.
Example 34. We know that

et —e "t et 4+ e %

sinh (r) = ————, cosh(z) =

On the other hand,

and ) ; ) )
6*5”:1—%—i—%—%—i—%—'—..._i_(_l)”%_i_o(xn).
By addition firstly and soustraction secondly, we obtain
cosh () =1+ Z_T 4ot é:;' +o(a7)
x3 2201
sinh (z) = 1_1_54_..._1_ TES +o (221?) .

8.4.2 Product

Proposition 25. If near x = 0, f admit a limited expansion whose part principal is p
of order n and g admit a limited expansion whose part principal is q of order n. Then,
the function fg admit near v = 0, a limited expansion whose part principal is pq of order
by removing from the compound polynomial pq the terms of degree n ( ( remainder of the
Euclidean division pq par ™). In fact,

f@)=p(x)+o(="), and  g(z)=q(z)+o(a"), (8.3)
Since, the polynomial functions x — p(x) and x +— q(x) are bounded near 0, we have

pro(a")=o(a"), q-o(x") =o(z"), of")-o(z")=o0(z").
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So, by multiplication the relations (8.3), we obtain
(fg) (@) =p(x)q(z)+o(a").

Let r (z) the remainder of the euclidean division pg by z"*
product polynomial pq the terms of degree n, we obtain

p(r)q(x) =r(r)+o(z").

! and by removing from the

Therefore,
f(@)g(x)=r(z)+o(2").

Example 35. We will determine the limited expansion near 0 of order 3 for the function

We have
x_l T T 3
e = +ﬂ—|—§+§—|—o(x),
1 3 )
—1—£+—x2——x3+0($3).

Vitr 2 8 16

According tothe proposition 22, we obtain by multiplication

e 1 1 1 3 1 1 3 5
:1 1__ - = < 2_ - = s Y 3 3
T+a +< 2)$+(2 2+8)x (6 1738 16)33“’(33)
e* 1 3 I 4 3
1tz 27 TRt T " o (7).

8.4.3 Quotient

Proposition 26. If, near x = 0, f admit a limited expansion whose part principal is p
of order n and g admit a limited expansion whose part principal is q of order n, then the
function § ( if ¢(0) # 0) admit near x = 0, a limited expansion of order n obtained, by the
division according to increasing powers of the polynomial p by the polynomial q.

Example 36. We will determine near x = 0 the limited expansion, of order 5, of the function
x — tan (z). We have

T 5
sin (z) = x 6+120+0(x),
and
2?7t 5
cos(x)zl—;—i-ﬁ—i-o(x).
By the division to the order 5, according to increasing powers, we obtain
2 2P
t — 4+ — 4 — 5).
an(x) =z + 3 + B +0(2°)

Similarly, we write the limited expansion of order 5, of the function # —— sinh (z) and
x +—— cosh (z), we obtain the limited expansion of order 5, of the function x — tanh (),
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8.5 Composition of limited expansion

Proposition 27. If nearx = 0, f admit a limited expansion whose part principal is p of order
n and g admit a limited expansion whose part principal is q of order n and hl’I(l)f (x) = 0.
z—

Then, the function g o f admit near x = 0, a limited expansion of order n obtained, by
removing from the composite polynomial qop the terms greater than to n ( remainder of the
Euclidean division of qo p by x™*1).

Example 37. We will determine near x = 0 the limited expansion, of order 5 of the function
x +— sinh [In (1 + z)].
On a

we replace u by the limited expansion of In (1 4+ z) and using the proposition 25, we obtain
L
inh [In (1 —p - 5 .
sinh [In (1 +2)] =2 — = + 5 2+2+0(93)

Remark 28. We can obtaind the last limited expansion by using the follwing relation:

1 1 1
sinh [In (1 + )] = 3 (eln(l—i-z) _e—ln(l—l—m)) =3 (1+x_ 1+x).
Since .
— =—l+z—2*+2°—2"+2°+0(2°),
1+z
we have
2 3 4 5
sinh[ln(1+x)]:x—$—+x——x—+x—+0(x5).

2 2 2 2

Exercise 39. Using the limited expansion of usual s functions usuelles, determine the limited

expansion near 0 of order 4, for the follwing functions:
1) f (o) = £t

1—z+a22?

2) g(2) = In (22),
3) h(z) =In <Sh£m)>,
4) k() = 2=,

5) 1(z) = (1 + ).

Solution: 1) There is many methods to obtain the limited expansion of the function f.

a) First method: By the division according the increasing powers x, of 1 + x + z? by
1 — 2 + 2%, we obtain
f(z) =142z +22> — 22" + o (2%).
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b) Second method:  We use the limited expansion near 0, of the function u — (1 +u) "

with u = —2 + 2% and the limited expansion obtaind by the product of two functions, we
obtain

F@) = (1+a+a?) (1+ [o+a7])
f(z)= (1 +z+ xQ) (1 + [—x + xQ] + (—x + x2)2 — (—m + x2)3 + (—x + :172)4 +o ((—:p + a:2)4>> ,
by removing from the obtained product polynomial the tems of degree greater than 4, we
obtain
f@)=14+z+2")(1+z—2°—a"+0(a")),
also, by removing from the product polynomial the tems of degree greater than 4, we obtain
f(z) =142+ 22> — 22" + o (2%).
2) First, we write the limited expansion near 0, of order 5, of the function x — sin (x), then
dividing over x, we obtain

sin () L
—1- 4y
v 5 1 o)
So, since
u? ol 5
1n(1+u):u—?+§+o(u),

then replaces u with —%24—%—1—0 (z*) and using the limited expansion theorem of a composite
function, it follows that

sin (z)\  2* a2t zt A
IH(T>——§+5—W+O(ZB),

sin () L 4
(S .
n( x ) TR

S0,

3) Similarly to 2).
4) We use the limited expansion near 0 of order 5, for the function z — e*, we obtain
12 22 23 ozt 2P
e’ — F+§+§+5+5+0( )

We use the division according to increasing powers of x, of the main part z with §j + & +
23 24 25 . ’ ’
3r =+ a + B we Obtaln

x x x2 2t
(%) .

=l-S+=—-2—+o0

bl =2 2 " 12 7 720

5) We write the function in the following formula

l(l’) — e%ln(1+$)

Since ) ; . .
x x x x 5
1(1+I‘>—JI—7+§—Z+E+O(CL’),
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according to the theorem of limited expansion of quotient of two functions, we obtain

In(1+ x) r x* 2 gt 4
Sl 7 I AT
" 5t 3 4+5+MM,

the limited expansion of the function u — e" near 0, and remplaces u with (—% + % — % + % +o (x4)> ,

and using the limited expansion theorem of a composite function, it follows that ( by remov-
ing from the composite polynomial the tems of degree greater than 4)

In(1+a) u ez 1lex?  Tex? N 2447ex? (")
c =ee '=e— — — o(x
2 24 16 5760 ’

1
T

(1+2)

=€

Exercise 40. Calculate the limited expansion of order 4, near 0 for the following functions

1) f(x) = Sz

2) g (iL‘) _ ecos(r)

3) h(z)=vV1+ax+ a2

4) k (z) = In(cos (x))

5) [ (z) = arctan (sin (x)), to the order 5.
Solution: 1) f(z) = ealjr%@) The function o — e**t#1(*) i5 composition of two functions,
we have

w1, U TR VL Ve .
e—+ﬂ+5+§+z+dw,
and since
23
arctan (r) = x — 3 +o(z*),
then,
6arctan(:p) — ex—%-{—o(a}‘l)’

and we replace u with x — %3 + o(z') and according to the compositional theorem of two
functions for limited expansion, it follows that

1 1 7
earctan(z) — 14+ 51-2 _ 65[;3 -+ ﬂ‘zA + o0 ({L‘4) .

We use the division according to increasing powers of = of the main part 14 x + %:L‘Q — %:c?’ +
Lt 4+ o (z*) by 1 + 22, we obtain
2) g (x) = €@ The function g is composition of two functions, we have
W gyl w  u? o out WP 5
e_+ﬁ+§+§+z+a+ﬁm,

and since

then,
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and we replace v with —%2 + % + o (2*) and according to the compositional theorem of two
functions for limited expansion, it follows that

cos(z) — o _ Ex2 + 5124 +o0 (174) )

4 6

(&

5) [ (x) = arctan (sin (x)). The function [ is composition of two functions, we have

3 5
arctan(u):u—%+%+o(u5),

and u = sin (z) such that

D’ot, en replace u par x — %3 + % + 0 (2°) and according to the compositional theorem of
two functions for limited expansion, it follows that

3 35
l(:v):arctan(u)zx—%+%+o(a:5).

Exercise 41. Calculate the limited expansion to the order 3 of thevfollowing functions :

1) f(xz) = y/tan(z), near zy = .

2) g () = arccos (x), near xy = 1.

2) h(zx)= ;Er—:é)’ near ry = +o0.

Solution: 1) By making the change of variable h = v — § — 0, as x — § . We have

f(z) = v/tan (z) = tan(h—i—%)

~ [1+4tan(h)
/1 —tan(h)

1+ h+ B 1o (h3)
1—h—"2 +0(h)

= \/1+2h+2h2+§h3—|—0(h3)

1., 5
:1+h+§h2+8h3—|—0(h3).

Therefore
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8.6 Generalized limited expansion

Let the function f : 2 —— f (z) defined near 0 except at 0. Suppose that Ir € R* such that
the function x —— 2" f (z) admit (has) a limited expansion of order n > r near 0,

' f(x) =ao+ ax + agxr + - - -+ az” + o (z").

Then, we have

1
f(iU):;(@o+a1$+a2x+---—l—anx")—ko(:c""”).

This means that we obtained a generalized limited expansion of order n — r of the function
f o+ f(z) near 0.

Example 38. The generalized limited expansion of x — cot (z) near x = 0, we

_cos(x) 1—%2—1-%%—0(375)

cot (x) = — = =3 :
sin(z) o — L + £+ o(25)
If r =1, it follows that
1—Z 42 4 o(2P) 2 2t
xcot () = ea— =1-—=—-"—+o0(2").
1—% 4+ 254 0(2d) 3 45

Therefore, we have the generalized limited expansion of the function # — cot (x) near x = 0
to the order 4, is

x

1 4
cot(m):E—g—E—i—o(x).
Exercise 42. 1) Calculate the generalized limited expansion of order 3 near 0, for the

follwing functions :

2) f (v) = 5y

b) f <I> = ln(1+t1an(m))'
2) Calculate the generalized limited expansion of order 3 near infinity, for the following
functions :

a) f (z) = arctan <\/§:i;)

3

b) f(z) =23

Solution: 1) a) f(z) =~ We see that vnear 0, we have z cos (z) ~ z et In (1 + ) ~

T In(14=) "
x. We calculate the limited expansion of f (x) = % of order 5, to obtained the limited
expansion of f (z) = & C(cl’i(g to the order 3, we will divide with x two times succesively. We
have X .
R 5
zrcos(z) =x 5 24+0(x),
et

T x T x
In (1 —p 4 5)
n(l+z)==x 2—|—3 4—|—5+0(x)
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After division, we obtain

x cos () L2 7z 5xd 41zt o (o)
— = = ———— - o(z%).
n(l+2) 2 12 24 720
So,
cos(z) 1 1 T7x 5ba® 412° 3
ml+s) = 2 12 240 720 o)
b) f(z) = m We see that near 0, we have In (1 4 tan (z)) ~ sin (x). We calculate

the limited expansion f (z) (@ to the order 4, to obtained a limited expansion of the

J— X
" In(l+tan(z
function z — In (1 + tan (x)) to the order 5 because we divide with x two times succesively.

If we set u = tan (x), then

+x3+2x5+ (5)
u=x+—+—+o(x
3 15
Since ) , A .
U U U U 5
1H(1+u):u—?+§—z+g+0(u).
Then

x? 23 Txt 2P
In (1 n —p 4= 7 5)
( + ta (m)) x 2+ 3 12+ 3 +0(a:')

By making the division according to the increasing powers, we have

x 1+:1c 5x2+x3+11x4+ (4)
= =+ = o(x
In (1 4 tan (z)) 2 3 24 144 ’
S0,
1 1 1 5z 22 112° 5
=—+--——=+=+ +o(2%).

In(l+tan(z)) « 2 12 24 144

2) a) f(x) = arctan (@) If we set X = 1 then f(X) = arctan (@) We

wiil determine the limited expansion of f (X) to the order 3 near 0. By making the division
according to the increasing powers, we have
1+ X
142X

We set (put) u = —X +2X? — 4X3 + 0(X?) tends 0 as X tends 0. Since
1

=1-X+2X*—4X"+0(X?).

11, 14 3
U~ gW +gu + o (u?),

[ 1+ X X 7X? 25X3
-1 =4 — X3 .
1+2X 2Jr 8 16 +o (X

1+ X X 7X?%? 253
arctan( + ):arctan(l—?+—— +0(X3)).

(1+u)%:1—|—

then, we have

Therefore

1+2X 8 16
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If we set v = —% + % — % +0(X?) tends to 0 as X tends to 0. Since
T v o v* v
tan (1 =y — 3
arctan (1 + v) 4—1—2 1 12—1—0(1}),

then, we have

1+X X 7X? 25Xx3 3
arctan( )—arctan(1—§+T— 16 +0(X ))

and we change X by %, we obtain

; z+1 T 1 n 3 55 n 1
arctan = _ 4+ = _ ol = .
T+ 2 4  4x  8x%2  96x3 3

b) Replaces x bay +, we obtain f(X) = 5 - 1;2? Since the division according to the

increasing powers of X, we have

1-2X3

——— =1-X+X?-3X°+3X"-3X" +0(X"),

1+ X
then 1 1 3 3 3 1

_ 2

flw)=c (1‘; 2 Bt ATE (—))

therefore

8.7 Applications of limited expansion

8.7.1 Calcul of certain limits

One important application of limited expansion (expansion function) is to find the certain
limits of a function. The limited expansion leads to a method for give an equivalence form
for a given function. This equivalence form leads to evaluating limits of indeterminate forms.
This often finds real world applications in problems such as the following.

Example 39. 1) Calculate

~ cosh (z) — }gfgij
lim —
z—0 sin® (z)

Near 0, we obtained the indeterminate form (3). We will breaks (lift) this form, we can

rewrite x + cosh (x), z + sin? () in equivalence forms as

hia) =142 2
cosh (z) = —l—?%—o(x),
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and

sin” (z) = % + 0 (27) .
By making the division according to nthe increasing power, we obtain
12 + a2 5

2 2
g et telr)
So,
12 + 5z 2
cosh (z) — 121_—522 = —% + 0 (7).
Near 0, the quotient rewrite as
cosh () — 125z —Z 4 o(a?) 1 to()
= =—-+4o0(1).
sin® () 22+ o(x?) 3
Consequently,
124542
TGt = N |
@=0  sin® (z) 3

8.7.2 Geometric applications

Proposition 28. Let f is a function defined nearv 0. Suppose that f has a limited expansion
near 0 of the form

[(z) =a+ax+ aa? +o(2?), p>2anda, # 0.
Then, the graph of f admit at the point x = 0, an tangent line to the curve at this point
whose equation is
Y =ap+ a1r.
further, if a, > 0, there is a sub-neighbohood 0 in which the curve is above the tangent when

p is even. On the other hand, if p is odd, we have a part of the curve above and the other
below the tangent

Proposition 29. Let f an function defined near +o0o0. Suppose that @ admits a limited
expansion near +o0o of the form

f(x)

xz

B 1
:A+—+£+o<—>,p22and07ﬁ0.
T xP xP

Then, the curve of f admits near +00, an oblique asymptotic of equation
y=Axr+ B.

In addition, the sign of C' determine the position of the curve of f with respect to the asymp-
tote. Indeed, if C' > 0 (respectively C' < 0) near +oothe curve of f is above (respectively
below) oh the asymptote.

Exercise 43. Let f the function defined by f (z) = 2+ and (Cy) it’s curve.

1) Calculate the limited expansion of f to the order 2 near 1.

2) Deduce the equation of the tangent of (Cy) at point a of abscissa 1 and the relative
position of the curve with respect to the tangent near a.
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Solution: 1) By making the change of variable ¢ = x — 1 tends to 0 when x tends to 1,
we obtain

In(1+41¢)

f) =1+ =e

In(1+4¢)
We calculate the limited expansion of the function t — e i near 0 to the order 2, we

obtain

fA)=1+t—t*+0(t?).
So, the limited expansion of the function f near 1 to the order 2, is
fl@)y=1+@-1)—(z—1)"+o((x—1)7%).

2) Note that the limited expansion of the function f near 1 to the order 1, allows to obtain
the equation of the tangent to (C) at point a of abscissa 1. Indeed,

flz)=z+o((z—-1)).

Thus, the equation of the tangent to (C) at point a of abscissa 1is

y=x.

The sign of f (x) — y will determine the relative position of curve (Cy) with respect to the
tengent near 1, we have

f@)—y=—(z—-1)"+o(x-1)7% <0,
which implies that the curve (Cy) below the tangent at point a of abscissa 1.

Exercise 44. Let f the function defined by f (z) = ££2/22 — 1 and (Cy) it’s curve.
1) Calculate the limited expansion of f to the order 2 near —oo.
2) Deduce the asymptote of f when z tends to —oc.
3) ) Specify the position of the curve (Cy) with respect to the asymptote near —oo.

1

% We come back to the limited expan-

Solution: 1)By making the change of variable z =
sion of f (%) to the 2 near 0~. We have

ro=f(g)=are0 T

and since X < 0, then

X X
By taking the limited expansion of the function X —— /1 — X2 to the order 2 near 0, we

obtain . | ox .

11
=—2-— —X+o0(X).
¥ " 3X to(X)

f (i> X i
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So, the limite expansion of the function f to the order 2 near —oo, we have

5 1+ 1
=-2—xz——+ol—-].
2 T

2) We deduce that near —oo, the curve (Cy) admits as asymptote of equation
y=—-2—ux

3) The relative position of the (C) with respect to the asymptote near —oo. We study the
sign of

f(x)—y:f(x)+2+2x:2io(l> <0,

i i

when x — —oo which is that of %, then the curve below of the asymptote.



Chapter 9

Definite and indefinite Integrals (Calcul
of primitives (antiderivatives)

9.1 Indefinite and definite integrals

At this point, we know how to find derivatives of various functions. We now ask the opposite
question. Given a function f, how can we find a function with derivative f7 If we can find
a function F' derivative f we call F' an antiderivative of f.

Definition 41. If f be a function defined and continuous on I C R and if there is a function
F defirentiable on [ such that F” (z) = f (), Vo € I , we say that F is an antiderivative (
primitive) of f on I (F' is a said to be an antiderivative ( primitive) of f on I).

Proposition 30. If F' and G are two primitives of f on I, then F'—G is a constant function.

Example 40. 1) La fonction F (z) = 2? + ¢, ou ¢ € R est une primitive de f (z) = 2z sur
R.

2) The function F () = In(x) + ¢, where ¢ € R( where ¢ is an arbitrary constant.) is a
primitive of f (z) = 1 on ]0, +o0].

we say that F'(z) + ¢ is the most general antiderivative of f and write

/f(x)dx:F(x)—FQ ceR,

where the symbol [ is called an integral sign, and [ f (z) dz is called the indefinite integral
of f.

The next two results are versions of the most elementary form of the fundamental theorem
of calculus :

Definition 42. Let f is a continuous function on open interval [ and a € I. The function
F' defined on I by

F () =/f<t>dt,

104
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is a antiderivative (primitive) of f on I. Where the right-hand side fax f (t) dt, represents
the definite integral of the function f from a to z.

Theorem 25. If f be a continuous function on [a,b] and if F is an antiderivative ( primitive)
of f on [a,b]. Then

b
[ t@de=F®) - Fa).

wich denoted by [F (z)]° = F (b) — F (a).

Proposition 31. If f be a bounded integrably function bornée intégrable on [a,b], then the
function F defined by

F(z) =/f(t)dt,

is continuous on |a, b.

9.2 Fundamental integrals (Integrals for refference -
Calculating of primitives)

There are sophisticated methods developed to find antiderivatives of various kinds of func-
tions. We will study some of these later.

We shall now give a list of formula, which may be regarded as fundamental, and to which
all integrals must ultimately be reduced. We shall then consider in this chapter such examples
as are integrable by these formula, either directly, or after some simple transformation.

We give for reference a list of some of the integrals the preceding chapters : Evaluat-
ing indefinite integrals for some other functions is also a straightforward calculation. The
following table lists the indefinite integrals for several common functions.
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’ Function f ‘ Primitive F’
a, (a € R) ax—i—c (c e R)
z", (neR—-{-1}) n+1 (c e R)
=, >0 ln()—i—q (c e R)
cos () sin(z) +¢, (c€R)
sin () —cos(x) +¢, (ceR)
ot = 1 +tan®(2) tan(z) + ¢, (c€R)
e” e’ +c, (c e R)
cosh (z) sinh () + (ceR)
sinh () cosh () +¢, (c€R)
m =1- tanh2 (.T) tanh( ) + ¢, (C c R)
ﬁa 1 lz| <1 arcsin () + ¢ = — arccos () + (¢, d €R)
iFT argsinh (x) + ¢, (c € R)
\/$+7_1, x>1 argcosh (z) +¢, (c€eR)
ﬁ arctan (z) +¢, (c€R)
— 1ln(’1+’”‘)+c (c e R)
Function f ‘ Primitive F ‘
\/;c;ﬁ’ r>1 argcosh (z) +¢, (ceR)
- r<—1 —argcosh (—z)+¢, (ceR)
—5, Jz[ <1 [argtanh(z) =1In (1) +c, (ceR)
——, |z|>1 | argcoth(z) =3 1ln (2 +¢, (ceR)

9.3 Ruls of calculating

We know that the derivative of the sum or difference of two functions is the sum or difference
of their derivatives. This suggests that the antiderivative of the sum or difference of two
functions is the sum or difference of their antiderivatives:

9.3.1 Linearity

D) [If (@) +g@)]de= [ [(x)de+ [g(x)da
2) [Af(z)de = X[ f(z)dx, where X € R.

9.3.2 Substitution ruls (change of variables)

Let I and J two intervals of R, a, b € I, u : I — J be a function of class C' and f : J — R
be a continuous function. Then

b u(b)

[t @i = [ fod

a u(a)
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Example 41. 1) We will calculate

/ @) g

We make the subtitution u (z) = In (z). We have v’ (z) = %, we obtain

/#d:ﬁ:/u(@du(z):u 2(3:) :%hﬂ(z)—l—c, ceR

2) We will calculate

/Zx\/xQ — 1dzx.

We make the subtitution u (z) = 22 — 1. On a v’ (z) = 2z, on obtient

/2@«@@: /u' () \/mdx:/mu’ (z) dx
- [ Va@du(a)
2
3) We will calculate

/ sin (2) cos () da.

We make the subtitution u (z) = sin (z). On a «’ () = cos (x), on obtient

/cos(x)dx:/ul_(x)dlenm(xﬂ+c:1n|sin(x)|+c, ceR.

sin () u(x)
cos ()
/ sin () de.

We make the subtitution u (z) = sin (x). On a ' () = cos (z), on obtient

4) We will calculate

/sin(m)cos(x)dx:/u(m)u’(m)dm:—u2(x)+c:—sin2(x)—|—c, ceR.

5) We will calculate

1
/ dx, a € R.
a + 22

We have (The a’s separate out )

1 1 1 1
/a+x2dx/mdl‘a/md$
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We make the subtitution u (z) = J5- We have u' (z) = -, we obtain (The a’s separate out

)
1 1 1
/a+x2dm_/m

_ Ja L
/1+(f%

B

= _a arctan (u) + ¢,

6) We will calculate

3
T
/ . 2d:v.

We make the subtitution u (z) = z*. We have v’ (z) = 4z, we obtain

8 (1)2 V2
V2
B ﬁ/ 1 du
=5y
1- (%)
B —?Qargtanh \% +c, if \/ii <1,
—fargcoth % +c, if \% > 1.
B —%argtanh \% +c if % <1,
—%argcoth ’”—z +c if % > 1.

6) We will calculate

/ V1= 2da.

We make the subtitution z = sin (u). We have dz = cos (u) du, we obtain, for u (z) > 0,

/ VI Pde — / /T sinZ (a) cos (u) du
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- /c052 (u) du

1 2
:/+C+<U>du

N~ N = N

<u + %sin (2u)) +ec.

(u+ cos (u) sin (u)) + ¢

= <arcsin (x) +zv1— x2) +¢ ceR

Exercise 45. Calculate (Compute) the following les integrals :
2) fﬁjd.ﬁ

3) [ <%j;)2dx

Solution: 1) We make the subtitution u = 2. We have u' = 2x, we obtain

T 1 du
—dr == | ——=—V1—-u+tc=—-1—-22+¢ ceR.
/\/1—562 2) V/1—u

2) We make the subtitution u = e¢*. We have v’ = e*, we obtain

e* dr — du 1 du _\/§ U
odr = s=5 | ————=—5arctan { —= | .
2+e 2+ u 2 u 2 V2
1+ (%)

7

3) We make the subtitution u = % + e”. We have v’ = e”, we obtain

9.3.3 Integration by part

Let w and v two functions of a class C" [a,b]. Then

The key is in choosing u and v. The goal of that choice is to make [ v (x)dz easier than
[ u(z)dx. This is best seen by examples.
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Example 42. 1) We will calculate

Put

then

By using the integration by part, we have

/ln(x)dx:xln(x)—/lda::xln(x)—ln(x)—i-c, ceR.

T

2) We will calculate

Put
u(x) = arctan (x), o' (x)=1,
then X
u' (z) = PO v(z) ==z

By using the integration by part, we have

T
2+ 1

1
dx = zarctan (z) — iln (®+1) +¢, ceR

arctan (z) do =  arctan (z) —
/ /

3) We will calculate
/x2 cos (2x) dx.

Put

then .
u (z) =2z, wv(z)= 3 sin (2z) .

By using the integration by part, we have
2 L, .
x®cos (2z) dx = %" sin (2x) — [ wsin(2x)dz.
By using the integration by part for the second time, we put
u(x) =z, ' (x)=sin(22),

then

hence
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1 1 1 1
/ZL‘COS (2z) dx = —5%cos (2z) + 5 /COS (2z)dx = — 5% cos (2z) + 1 sin (2z) +¢, c € R.
Therefore .
/x2 cos (2x) dx = §x2 sin (2x) — /xsin (2x) dx
1, . 1 L.
= 5" sin (2x) + % cos (2x) — 7 5in (2z) +¢, ceR.

3) We will calculate
Put
then

u(x) =2z, v(z)=c¢€"

By using the integration by part, we have

1
/xQGIdac = z%e" — 3 /a:exdx.

By using the integration by part for the second time, we put

then
u(z)=1, wv(z)=¢€",
hence
/:Ee”"dx:xe””—/eﬂcd:pzxem—ex%—c, ceR.
Therefore

/x2e$d:t = 22" — /xemdx

:(x2—x+1)ex—i—c, ceR.

9.3.4 Techniques of integration
9.3.4.1 Integration of fractional fractions :

To find the primitive of f where f (z) = %, that is a rational fraction is integrated by

decomposing it into partial fractions, whose denominators are the factors of the original

denominator. The complete discussion of partial fractions belongs to Algebra. We shall only

consider here the form of these partial fractions and the processes of determining them. Or

we make the numerator p (x) the differential of the denominator ¢ (z) (i.e., we will appear

the differential of the denomerator in numurator). Two types of partial fractions will apear:
1) ==, n €N, a € R. For n = 1( see, subSection 9.3.2. Example 33. 5.)

(z—a)™?

2) %, n € N, where the polynomial 2?4+ cx +d hasn’t real roots ( A = ¢ —4d < 0)

or has two real roots ( A = ¢* — 4d > 0).



9.3. Ruls of calculating 112

Preliminary operation : 1) If the degree of the numerator is equal to, or greater than ,
that o f the denominator, the fraction should be reduced to a mixed quantity, by dividing
the numerator by the denominator. The degree o f the numerator o f this new fraction will
be less than that o f the denominator. Such fractions only will be considered in the following
articles :

2) Factors of the denominator : A rational fraction is integrated by decomposing it into
partial fractions,whose denominators are the factors o f the original denominator. Now it
is shown by the theory of equations, that a polynomial o f the n'* degree with respect to
as, may be resolved into n factors o f the first degree or factors of the denominator all of
the first degree, and some repeated (common denominator). These factors are real or
imaginary, but the imaginary factors will occur in pairs, of the form

r—a+bvV/—1, orz —a—bv—1, wherei® = —

whose product is (z — a)2 +b? a real factor of the second degree.

Remark 29. It follows that any polynomial may be resolved into real factors of the first or
second degree, and only such factors will be considered in the denominators of fractions.
There are four cases to be considered.

First. Where the denominator contains factors of the first degree only, each of which occurs
but once.

Second. Where the denominator contains factors of the first degree only, some of which are
repeated.

Third. Where the denominator contains factors of the second degree, each of which occurs
but once.

Fourth. Where the denominator contains factors of the second degree, some of which are
repeated.

Example 43. 1) We will calculate
3_22 3 1_1_22
/udm:/x+ xdx
x3+1 3 +1
/ /233 +1
dx
3+ 1
225 — 3t + 1 3 +1—1—222
—_— dx = dx
xt + a3 341

203 — 32?2 + 1
:/(2x—3)dx—/$dx.

x4 + 3

2) By the division

3) We will calculate

[t [ [ heme [ o [ e

1 1
=—In(z)+2n|r —1| - (x_1)2—x_1—|—c.
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4) We will calculate

/x3+6x+8d
——ax.
3 — 4z

The given fraction may be decomposed into partial fractions (break the fraction into
three terms), we have

/x3+6x+8d / 1 2 +1 p
—dr = — — | dz
3 — 4z r—2 x4+2

T

=ln|r—2|—2In|z+ 2|+ In|z| +c

1
(22 4 a?)

To integrate the last fraction , we use the following formula of reduction

5) We will calculate

/ (2 —:aQ)”daU ~2(n i a {(gﬁ _1_22)”—1 +(2n —3) / ﬁdw} :

22 + a?
1
/ﬁdx’
(2 4+1)

we make a = 1 and n = 2, we have
T 1
d
{x2+1+/x2+1 x}

1 1
(2 4+1)

1 1 =z
. dr=- ¢ . ceR
/(1‘2—1—1)2 x 2x2+1+arcan(a@)+c c

To apply this formula to

Second method :

1 1 a?
50 22dx:—2 — o 22da:
(22 4 a?) a (22 + a?)

1 a? + 2% — 22

= — [ —= 4
a? (22 + a?)? v
1 2 2 1 2

S e S P / B
a’ J (a2 + a?) a’ J (a2 + a?)

1 1 1 2
BRI ERR Y
a? ] x?+a? a? ) (224 a?)

1 x 1 z?
= — arctan <—> - | ————xdv
a’ a/ a® ] (224 a?)

To calculate [ ﬁdx = f (IQi‘Z e %xdx, we use the integration by part, we set

1 2
x —,
(2% 4 a?)
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then ) )
di@) =g v =
Therefore 2 0 .
/—de = / ———— ~xdx
(22 + a?) (@ + a?)2 2
—x 1 1
- 2 (22 + a?) 5/:102—1—@2
—x 1 T
= s e (G) +e
Thus
/%dm‘ = larctan (£> — % / I—Qde
(22 + a?) a a a (22 4 a?)
1 x x 1 x
= e arctan (a) + m 008 arctan <a> +c
1 T T
= ﬁarctan<a> +m+c, celR

2) We will calculate
/ r+1 d
———dx.
2 —2x+5

We make to appear the derivative 2o — 2 of the polynomial 22 — 2z + 5 in numerator. We

have
z+1 1 20 + 2
——dr=—- | —dx
2 —2x+5 22 —2x+5

2
1 2x + 2

=— | ———dx
2] 22 —-2x+5

2 2—24+2
/x+ + dr

22 —2x+5

2 — 2 d +1/ 4 J
——dr+ - | —dx
2 —2x +5 2] 22 —-2x4+5

20 — 2 d +1/ 4 p

————dr+ - | —————dx

22 =2x+5 " 2) (z—-1)7+4
1 2r — 2 1 1

T
2) 22—2x+5 2 (362)

—1
——ln‘x —2x+5|+—arctan (I > ceR.

2
%+ 2
dx.
/x3—|—1 ’

1
2
1
2
1
2

2) We will calculate
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Since the degree of the numerator is less than , that o f the denominator. Then, the rational
fraction is integrated by decomposing it into partial fractions. We have

P —1=(x+1) (" —z+1),

where (2> —z + 1) is a real factor of the second degree.
The decompositions into partial fraction of 242 g

3+1
a:2+2_ x? 42
?4+1 (z+1)(22—z+1)
a bx + ¢
= + (9.1)

r+1 x2—x+1

Multiplying (9.1) by x + 1 and take x tends —1, the left-hand side tends to 1 and the second
tends to a. Then a = 1.
We take (by substuting ) =0 in (9.1), we obtain a + ¢ = 2. Then ¢ = 1.
Multiplying (9.1) by = and take x tends +oo, the left-hand side tends to 1 and the second
tends to a + 0. Then b = 0.
Therefore

2 +2 1 1

B4+1 z+1 +x2—x—|—1’

r? 42 1 1
dx = d —dx.
/ZL‘3—|—1:E /x—l—l x+/:p2—x+1x
We write the denomunator 2 — x + 1 in the forme (Having written the denominator in the

form) (z — a)® 4 b*(called completing the square), we will begin to explain it.
To match the quadratic with the square, we fix up the constant: We have 2?2 —z + 1 =

2
1\2 , 3 _ 3| [z3

1
/ —a:+1 \/_ 1—|—u2

thus, we integrating

Tr—

O |

, and make the subtutition u = , we obtain

w\s

Thus

22+ 2 1 1
dr = d ——dx.
/x3+1x /w—i—l x+/x2—x+1x

=Injz+ 1]+ 2 arctan <E> +ec.
V3 V3
Exercise 46. Calculate the following integrals
1)—&)[:f 2+4d.17 b J = fmd.ﬁlﬁ
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Solution: The rational fraction is integrated by decomposing it into partial fractions

1)-a) Since the degree of the numerator is equal to, or greater than , that o f the denomi-
nator, the fraction should be reduced to a mixed quantity, by dividing the numerator by the
denominator. The degree of the numerator of this new fraction will be less than that o f the
denominator. Dividing z* by 2? — 4, we have

4
x

I= d

/952+4 v

:/(:c2+4) dx+/x21_?_4dl'- (9.2)

The form of decomposition of mgl_ 1= (x_Q)l(x y is

1 a b

2?4 ©-2 z+2
multiplying by x — 2 and substutite x = 2, we obtain a = }L,
multiplying by x 4+ 2 and substutite x = —2, we obtain b = —}1,

then
I | 0.3)
2 -4 4(x—-2) 4(x+2) ’

From (9.2) and (9.3), we deducde

1 1
I = 244 4 —4
/(x+ ) dx + /x—de /J;—}—de

1
:§x3+4m+4ln|x—2|—4ln|x—2|—|—c, ceR.

b) The form of decomposition of is

1 _ 1
(z+2)(22—4) ~ (2—2)(z+2)?

1 a b c

= + + :
(x—2)(x+2)2 r—2 x+2 (:c+2)2

1
16°
multiplying by (z 4+ 2)* and substutite 2 = —2, we obtain ¢ = -1
multiplying by x and take x tends +o00, we obtain a +b+ ¢ =0, then b = —a = —=.
Thus

multiplying by x — 2 and substutite x = 2, we obtain a =

1 1 1 1

(z+2)(a2—4) 16(z—2) 4(xz+2) 4(z+2)?

1
1= | eraer

1o 1o 1 1
- — dr — — dv— > [ ——d
16/ 2—2"""16) v +2% 4/($+2)2x

Therefore

1 1
Iz —2)— —1 o
g2 - g nle 2+ oo
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2)-a) Similarly, we obtain

Integrating , we obtain

1 1 1 1 1 1 1
I:/—Qda;:— —dx——/—dx——/—zdx
22 (2% + 2) 1) 274 2127 2) (2242

1 Y4 S arctan [ 2 ) + eR
=—— — ——— dr — ——=arctan [ — c, ¢ .
Az 8(22+2) 8v/2 V2 ’

Remark 30. To calculate [ ﬁdx see subSection 9.3.4.1, example 15. 1.

b) The decomposition form of m is

1 a b cr+d

$2(2x2+2x+1)2:$+P+2x2+2x+1’

multiplying by 2 and substutite z = 0, we obtain b = 1,
the root of 222 + 2z + 1 is a = —% + %i, multiplying by 22% + 2z + 1 and substutite x = «

:>—§—|—d+§i:2z'

c =4,
=
Lo

Multiplying by = and take z tends +o0, we obtain a + § = 0, then a = —2. Thus
1 2 1 dr + 2

2?2 (222 + 2z + 1) x+?+2x2—|—2x+1‘

Integrating , we obtain

/ 1 2/1d —1—/1d +/ 4o + 2 d
=-2 [ —dz —dx ———dx
22 (222 42z + 1) x x? 202 42z + 1

1
=2Injz|-—+m2z+22+ 1] +¢, ceR
T

azr+b \/2—
9.3.5 Integraral of Tt and vz*+cr+d

In the first integral, we will make to appear the derivative of 22 4+ cx + d in numerator. In
the second we completing the squar : 22 +cx +d = (51: + %)2 + Ca%‘*d.
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Example 44. 1) Find an primitive of ——=%—, Va € |00, =3[ U]1, +ool.

we will make to appear the derivative 2z + 2 of the polynomial 22 4 2z — 3. We have

1
/;dﬂv——/—xdaﬁ
Vaz+2r—3 2) Vazt+2zx -3

1 w422

——dx
Va2 +2z -3
1 242 /
Va2t 2z — 3 \/:r2—|—2x—

—/ 20+ 2 dx+/ dz
2\/1’2+2$—3 /(ZE+1)2—4

1
=Va2+2r -3+ =

L

1 1\?
=vVr?+2xr—3+1n (%)—i—\/(x; ) —1]+¢ ceR

2) Find an primitive of Va2 4 2z — 3, Vo € |—o00, =3[ U |1, +0o0].
we completing the squar 2% + 2z — 3. We have 2? + 2x — 3 = (z + 1)> — 4, then

/mdx:/\/(x—klf—éldx
:2/\/<x;1)2—1dm

We make the subtutiton v = wT“ = du = %da:. We have

[ = [\[(75)

= / V2 = 1du.

Integrating by part, we set

then )
, U
U) = ————, u) = u,
Thus

/\/rdu—ux/lﬂi—/\/r
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I _/u—l—l—ldu

_ 5 u? —1d _/ 1 J
1
:ux/uz—l—/\/lﬂ—ldu—/mdu

We obtain

vVu?2 — ldu = —U\/u2 — —/
/ Vu? —

1 1

= §u\/u2—1— éln‘u—i-\/u?—l‘ +c

1 fz+1 41\ 1 r+1 41\
== —1—=1 —1 R.
) () - () e e
Exercise 47. Calculate the following integrals

1) I = [V4x — a?dx, J = [ Va?+ 4z + bdz,

D1=] e I =] st

Solution: We write the quadratic form for 4z — 2. we have 42 — 22 = 4

— (2 —2)*. Then
]:/\/4x—x2dx

— [Vi- -2
:2/\/1— (x;2>2d:ﬂ.

We make the subtitution x — 2 = 2cos (t),

t € 10, 7], we obtain

2 ()

:2/«/1—sin2(t) (—2sin (1)) dt

= —4/COS (t)sin (t) dt

= —2/5111(275) dt

= cos (2t) + ¢
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— 2
= COS (2 arcsin (xT)) +c, ceR.

2)- a) We have

! ! .
2/( 1—<%>2)3d

We make the subtitution  — 2 = 2 cos (t), we obtain

1 1 :
I§/< 1_0082(t)>3 (—2sin (t)) dt

-b) We write the quadratic form for 22 + 4z + 5. We have 22 + 4z + 5 = (z +2)° + 1.
Then

I:/\/:E2+4x+5dx

:/mdx

We make the subtitution z + 2 =sinh (¢), ¢ € R, we obtain

[:/\/x2+4x+5da:

— / sinh () cosh (t) dt
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1

= §/sinh (2t) dt
1

=12 cosh (2t) + ¢

1
= Zcosh(Z argcosh (z+2))+¢, ceR

-b) We have

x
J=| ————=dx
/\/x2+4a:+5

= / ° dx.
V0(z+2)72+1
We make the subtitution  + 2 = sh (t), ¢ € R, we obtain

J:/ —($+2)2+1dx

—2 + sinh (t)

:/(—2+sinh(t))dt
= —2t+cosh(t) +¢
= —2argsinh (r +2) + Va2 + 4o +5+¢, c€R.

9.4 Primitives of composite trigonometric functions

9.4.1 Product of sine or cosine
9.4.1.1 Integral of f (z) = (sin (z))" (cos (2))?, p, ¢ € N

Case when p or ¢ is a positive odd number : We will calculate [ (sin (z))” (cos ()" dz.
Suppose that ¢ = 2k + 1 (¢ to be o dd and positive) and p an arbitrary natural number.
We write

(sin (x))? (cos ()" = (sin (2)) (sin (z))** cos ()

= (sin (2))” (1 — sin? (x))]C cos (),

/t” (1—)"at,

We put ¢ = sin (z), we have
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Example 45. We will calculate I = [ (sin ())? (cos (2))* dz. The first factor can be ex-
panded, and the terms integrated separately. We write

I= / (sin (x))? (cos (z))* dx = / (1 = cos?(z)) cos? () sin (z) dx.

We put ¢ = cos (z), we have

1 1
I=[(1=t})dt ==t —=¢t3
/ ( ) 5 3 —|—C,
1 5 1 3
:5008 (a:)—gcos (x)+¢, ceR.

Case when p and ¢ even :  We will calculate [ (sin (2))*" (cos (z))** dx, h, k € N.
a) If p and ¢ are not largs, we use the trigonometric transformation of (sin ())*" and
(cos (z))*"

Example 46. We will calculate I = [ (sin (2))* (cos (z))? dz. We write

(sin (z))* (cos (z))* = ;1 sin? () sin ? (27)

:lxl—cos(2x)xl—cos(4x)
4 2 2
1
:E(l—cos(Qx)—cos(4x)+cos(2x)cos(4ac))
= = (1= cos (22) — cos (4z) + 7 cos (22) +  cos (20)
=15 cos (22) — cos (4z) + 5 cos (2z) + 5 cos (2z) | .

Then
I / (sin (2))" (cos (2))? dx

1

=1 (1 — cos (2z) — cos (4x) + cos (2x) cos (4x)) dx

1 1 1 1
=16 (:E —1 sin (2z) — 2 sin (4x) + 5 sin (6;17)) .

b) Theoretical, to calculate [ (sin (a:))zp (cos (x))Zq dr, p, ¢ € N, we use the integration by
parts and by indiction ( by successive reduction) we obtain the result.
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Second method: Linearity
Example 47. Calculons I = [ cos* (z) dx.

We have . .
2cos (z) = e +e ",

we devolope, we obtain
24 COS4 (IL‘) — €4iac + 462i$ + 6 + 46—2i:v + 6—4iac
— 64z';v + 6—4im + 4 (GQix + 6—2iz) + 6
= 2cos (4z) + 8 cos (2z) + 6.

Therefore

[:/6034(x)dx

1 1
:g/cos(4x)dx—l—5/008(2x)dx+§/dx.

1 1 3
zﬁsin(élm)—l—zsin@x)—l—gx—i—c, ceR.

9.4.2 Rational fraction of sin () and cos ()

We will calculate
I= /f(cos (x),sin(x)) du.

Put
T

t = tan <§> , T € |—m, 7.
So x = 2arctan (¢) is of a class C! (R, |—m, 7[), we have

2

dr = ——
v 1+¢2

dt.

Therefore, we comme back to the calculate of primitive for rational fraction.

1—¢ 2t 1
I = dt.
/f(1+t2’1+t2) 1+t

Example 48. We will calculate
1
I = / dz.
cos (z)

T
tztan(a), x € |-m, 7|,

Put

then
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So,

14+ 1
1:2/_i___ﬁt
1—1214¢2

1
= t
=

1+t‘

—In|——
n 1—¢ +c

1+tan( )

_ 3
= 1 — tan (%)

+c, ceR.

9.5 Itegration of hyperbolic functions

We will determinate the primitive of rational fraction of the form F' (sinh (z) , cosh (z) , tanh (z)).
For calculate the primitive of

F(z) = /f (sinh (), cosh (z)) dz,

we use the change of variable
x
t:tanh<§>, x € R,
with - ) )
+1 ) t
sinh (x) = T and dx = 15
Therefore, we comme back to the calculate of primitive for rational fraction

2t 1+¢? 2
I= dt.
/f(l—t2’1—t2) 1 —¢t?

Remark 31. 1) We can make the substitution (change de variable) ¢t = e”.
2) When the subtitution rule (change of variable) not allows to come back to the integral
of rational fractions, we use integration by part to obtain the integral.

= / sinclllx(as)'

We make the substitution (change of the variable)

dt.

Example 49. We will calculate

tztanh(%), reR,

1 2
1—t2 o

Consequently, we have
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1
— [
t

=inlt|+c=In ‘tanh (g)‘ + ¢, where c € R,

I:/c:@y

we make the substitution (change of the variable)

Example 50. We will calculate

T
t:tanh<§>, reR,
dx
I= | ———
/cosh (x)
1 2
= > - ———dt
[ =

1
_/_dt
14 ¢2

= arctan () + ¢ = arctan [tanh (g)} + ¢, where c € R.

Consequently, we have

Example 51. We calculate

/ dz

cosh (3z) — cosh (x)

First, by using hyperbolic formulas, we have

cosh (3z) — cosh (z) = cosh (22 + x) — cosh ()
= cosh (2x) cosh (z) 4 sinh (2x) sinh () — cosh (x)
= (cosh (2x) - 1) cosh( ) + sinh (2z) sinh (z)
= (2sinh* (z)) cosh (z) + 2sinh (z) cosh () sinh (z)
= 2sinh ? () cosh (z) 4+ 2sinh ? () cosh ()
= 4sinh? () cosh (z) .

Then, we make the substitution (change the variable) ¢ = sinh (x), we obtain

/ cosh (393)df cosh (z) / A¢2 (gt+ 1)

_1/ 11 "
4 2 241

- L arctan (¢)
= 4t 4arc an

1 1
— _m 7 arctan (sinh (x)) .
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9.6 Primitives of irrational functions
.jax +b
—/f(@"? \/m) da.
.jax +b
Yy = “cx—i—d’ ad — bc # 0.

Then we have the inverse function from y to x,

_b—dy”

We will calculate

By substitution rule, we have

cy” —a’

b — dy™ ad — be B
I:/f< - y,y) sny" Ydy.
o —a'?) (e —a)

This yields to calculate the primitive of rational function.

1+ 2« 1
I= |4/ . dx.
/ 1—=2 2x—1x
1+«
Y —1,1
y 1_:177 xel: ) {7

Thus

Example 52. We calculate

Put

then

2
y - —1
= ) eR
x T y
By the substitution rule ( put x = Zij&, y € R) gives

_ 4y
= / (y>—3) (y2+1>dy

3 1
:/yQ—deJr/y?de

_ VB y= V3
y+\/§

2
to obtained the primitive function.

+c, ceR.

It
1—x

Last we remplace y by
2) Integration by rationalization and integration by substitution a) Some irra-
tional expressions may be integrated by substituting a new variable, so related to the old,
that the new expression shall be rational.
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b) Expressions involving only fractional powers of z. Such forms may be rationalized
by assuming x = 2" where n is the least common multiple of the denominators of the several
fractional exponents.

Example 53. We will calculate

Put z = 2% = dz = 62°dx. Then

Hence

623
_/z—i—ldz
9 1
= (z —z+1)dz— —dz
z+1

1 1
:§z3—522+z—1n|z+1|+0.

Substituting in this z = xé, we have

1
/—dl‘ = 2x2 —3x3 +6x6 —61n
xr2 +x3

xﬁ—i—l’—i—c.

Exercise 48. Calculate the following indefinit integrals:

S5z +4x+3
1) [ et da

2) ——, )
3) [cos? (z)sin® (z)dx
4) [cos® (x)sin® (z) dx
5) [cos? (z)sin* (z)dx
6) ftar;?’ (z)dx

7) f I—T—de‘T

8) [we * sin (e "”2> dx
9) / W

_ sinh(z)
f A /cosh(2x

f 2 sinh(z) +3cosh( )
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Solution: We decompose the frantion to simple elements in R [X], we obtain
5x2 +4x + 3 1 3 3
= —— + + _—
z(x—1)(z+3) r r—1 x+3
then

4
/ 52% + 4z + 3 / d:zc+/ dx+/ 3 dr
z(z—1)(x+3) r—1 x+3

=—Injz|+In|lz—1]+Injz+3]+¢, ceR

2) To calculate [ —”1;\/5, ]0,1[, we make the substitution (change the variable)
= /1 —y/x, we obtain

{ =14z,
r=(1—u?)u?

The function x (u) = (1 —u*)u” is a bijection increasing from ]0, 1] to ]0, 1] and u (z) and
x (u) are of class C*. Then dz = —4 (1 — u?) u. Therefore

U — 42
/1—u2 [—4(1—u2)u}du:/1_u2du

4
:/(4—1_u2)du
2 2
= 4 —
/( +1—u 1+u>du

=4du+2(In(u—1)—In(u+1))+¢, ceR
=4u+2In <u

u +

/V =44/1— -+mn< V5_1>+m,xemgy

1) +c, ceR.
Thus

VI—Vz+1

3) To calculate [ cos?® (x)sin®(z)dz, we make the substitution (change the variable) v =
sin (z) = du = cos (z) dx, we obtain

/0083 (z)sin® (z) dx = /cos () sin® (x) cos (z) dz

_ / (1 - sin? (2)) sin® () cos (z) dz
— / (1 —v?) u’du
/ (u6 - us) du
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T
=75 te
7 9
= sm7(:zc) _s1n9( )—l—c, ceR

4) To calculate [ cos®(z)sin® (z)dx, we make the substitution (change the variable) u =
cos () = du = —sin (z) dz, on obtain

/cos8 (z)sin® () dz = — / cos® (z)sin* (x) sin (x) dx
= —/ (1= cos? (x))” cos® (z) sin (z) dz
= — / (1 — u2)2u8du
[

WOyl 13
LA Yo R
9 + 11 + 3 +c ce
cos? () cos (z)  cos!®(z)
= — 2 .
o T T ¢

5) [cos?(x)sin* (z)dr. We use the linear expression, we have

eix +e—ia} 2 eix _ e—iz 4
cos? (z)sin? (z) = ( > ( 5 )

B 1 61:1: + e~ 6ix B 264ix + 6741'1 N 621'90 + 6721'1 P
32 2 2
1 L cos (6z) cos(4z) cos(2z)
16 3 16 32
Then
, 1 cos(6z) cos(4x) cos(2z)
2 4 _ 2 _ _
/COS (x)sin® (x) dx —/ [16 + n 16 39 dx
1 sin (6z)  sin(4x)  sin(22)
_ 1 _ _ R.
167 " 102 64 60 O ¢S
6)

/tan3 (x)de = /tan2 (x) tan (z) dx
= / (=14 1+ tan?(z)) tan (z) dx

:/(1+tan2(m))tan(:p) das—/tan(:v) do
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:%tanQ(:v)—/sm(x)de

cos ()

1
=5 tan? (z) + In |cos (z)| + ¢, where c € R.

2 2

/ < dx:/x—de
1+ 2 1+ (23)

1 2

_/Lm

3 14 (z3)

1
=3 arctan (:US) + ¢, wherece R.

/l‘er sin (e’“2> dx = %/Qxem sin ( > dz

1
3 cos (e”“g) + ¢, wherec e R.

dzx [ cosh?(x) — sinh? (z) .
/sinh (x) cosh? (x) _/ sinh (z) cosh ? (z d

1
=1In ‘tan <§> ‘ + cosh () + ¢, where ¢ € R.

10)
_sinh (z) sinh (z)

d
\/cosh 2m V/2cosh? (z) — 1 !

v/2sinh (z)
v/2 cosh (av))2
d (v2sinh (z))

)

2(:osh (x )2

dz

i

- 7

=—1In

NG V2 cosh () + \/(\/ﬁcosh (m))2 -1

10) By using the exponential expression, we obtain

/ dz B / dz
2sinh (z) + 3cosh (z)  J Ber 4+ e

+c, wherec € R.
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_2/ dx
5e2x—|—1

f/ \/_e:v

<\/_e>+c, where ¢ € R.

9.6.

= —— arctan

_\/5

Exercise 49. Calculate the following integrals:

1 2x—5
1) —1 x2—-5z+6"

2) fog cos? (z) dz.
Solution: 1)

Loor—5 1
[ s = e s o)L,

—In(2) —In(3) = —1n(6).

w3

cos® (z)dr = | cos?(x)cos (r)dx

J

(1 —sin®(x)) cos (z) d

:/cos(x)dx—

~ G - [0 0o

o
wly \u\:l O\w\:\

sin? (z) cos (v) dx

O\
el

o

0

Integration by part. Integration by successive reduction

Exercise 50. For all n € N, we set (put)

In:/l(l—xQ)

) Find the relation between I,, and [,,_; for all n € N”

2) Deduce the value of I
Ck

3) Deduce the value of Z 2k+1
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Solution: 1) By integration by part, we obtain

1

I, = / (1 —xQ)nda:

1 1
:2n/x—1 1—:c d:c+2n/ 1—x
0 0

— —2n/ (1 — a:Q)ndx + 2n/ (1 — :EQ)n_l dx
0 0
= —2nl, + 2nl,_;.

Thus

2
n — n [n—l
2n +1
2) We have
2n 2n 2n — 2

I = : I,
2n—+1 2n+1 2n—1
B 2n 2n—2 2n—4
C2n+4+1 2n—1 2n—3
2n(2n—2)(2n —4)---2

:"':(2n+1)(2n—1)(2n—3)---3]0

(2n)* (2n — 2)% (2n — 4)® - - - 22

n:

n—3

T @i+ ) (2n)2n—1)(2n—2)(2n—3) 2n—4)---

_P2n@n-2)2n—4)---1)°

(2n 4 1)! fo
_ [2"n (n — 1) (n—2)-~~2]21
(2n +1)! 0
B [27n)]
T @2n+ 1)
[2n)]?

T @2n+ 1)

-2
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because Iy = 1.

3) We have

Thus
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Absolute (value), 17.
-continuous 35.
-differentiable 47.
-bounded 27.

-class C™ 85.

Calcul of primitives, 104.
-changes of variables 106.
-by part 109.

Cosine and sine, 56.
-hyperbolic 70.
-hyperbolic ( formulas), 75.

Cotangent and tangent 57.
-hyperbolic 72.

Nigligible function, 39.
-equivalente to, 39.
-riciprocal, 78, 80.
-trigonometric, 59.

-trigonométric (formulas), 59.

Lagrange (remainder), 85.
Mac-Laurain (formula), 86.
Rational (number), 9.
Sequences, 16.
-monotonic, 17.
-bounded, 17.
-convergent, 18.
Taylor (formula), 88.
Uniform continuity, 35.
Yong (remainder), 86.
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