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Introduction

This handout is primarily intended for second-year preparatory students at the Higher
School of Economics. It has been designed to deepen your understanding of fundamen-
tal concepts in mathematical analysis through the study of numerical series, improper
integrals, ordinary differential equations, and functions of two variables.

Each section of this handout begins with an exploration of essential theoretical foun-
dations, followed by detailed theoretical propositions and a series of diverse practical
exercises. This pedagogical format aims to help you develop your analytical skills and
strengthen your theoretical knowledge, thereby preparing you to tackle more advanced
mathematical challenges that will be necessary in your future studies in economics.

The purpose of this handout is to acquire a thorough and rigorous understanding of
the methods and fundamental concepts of mathematical analysis, essential for effective
application in various fields of economics. We hope that this material will significantly
enrich your learning and help you excel in your studies.

Before concluding, we would like to remind you, dear students, that the key to solv-
ing exercises and problems lies in understanding the theory. As the proverb says, "Give a

man a fish and you feed him for a day; teach a man to fish and you feed him for a lifetime.”



Chapter 1

Numerical Series

1.1 Fundamentals of numerical series

Definition 1.1.1. Let (a,) be a sequence of elements in R. The expression ag+aj + -+ +
Qp + -+ = Zn>0 a, 1s called a numerical series.
The terms ag, ay,as, ..., a, are called terms of the series.

The term a,, is called the general term of the series.

Notation
[ ] Sl = Q.

] 82:a1+a2.

e S, =ay+ay+- -+ a,

The sums Sy, ..., S, are called partial sums of the series, and (S, )nen is the sequence

of partial sums of the series.

Definition 1.1.2. We say that the series ), ., a, converges if the sequence (Sp)nen has a
finite limit S € R, and we write Z an, = S.

n=0

1 1 1

Example 1.1.3. ; m =




11
¢ a2=35—3
[ ]
1 1
® Un1 =53 T
-1 _ 1
¢ an =7 n+1
Thus, by summation, we obtain S, = 1 — n+r1 — 1 as n — 4+o00. Hence, the series
converges and E a, = 1.
n=1
Remark 1.1.4.. —

The series Zan and Zan with & € N are of the same nature; in other words, the
n>0 n=k
convergence of a series does not depend on its initial terms.

Definition 1.1.5. For Zan a convergent series, the expression Z ay 15 called the re-

n=0 k>n+1
mainder of the series.

Proposition 1.1.6. For a convergent series Z a,, the remainder R, = Z a, tends to

n=0 k>n+1
0 as n — +o00.

PrROOF — Indeed, if Zan converges, then its partial sum S,, = Zak converges to
n=0 k=0
S € R, and we have S = S,, + R,,, thus R, =S — 5, tends to 0.

Proposition 1.1.7. For a convergent series Z an, we have lim a, = 0.

n—-4oo
n=0
n
PROOF — For alln >0, let S, = Zak.
k=0
Foralln > 1, a, = S, — Sn_1. If the series Zan converges, then its partial sum

n=0
S, converges to S, and the partial sum S,_1 also converges. Taking the limit, we get

lm a,=5—-5=0.

n—-4o00

Remark 1.1.8.. —

The converse is false.



Counter-example.

1
Consider the series Zlog (1 + —). It’s evident that the general term of this series
n
n>1
converges to 0. Now, let’s calculate the partial sum:

1
log (1 + —) = log(n + 1) — log(n)
n
The terms of the series can be written as:
e a; = log(2) — log(1)

e ay = log(3) — log(2)

an—1 = log(n) —log(n — 1)

e a, =log(n+1)—log(n)

By summation, we have S, = log(n + 1) which tends to +00 as n — +oo.
Remark 1.1.9.. —

The previous proposition is often used in its contrapositive form. For instance, the

series Zln(n) 15 divergent because its general term tends to +oo, which is not 0.
n=1

1.1.1 Geometric Series

Definition 1.1.10. The series Z E™ with k € R is called a geometric series.

n=0

Proposition 1.1.11. The geometric series Z k™ converges if and only if —1 < k < 1.

n=>0

PROOF — Indeed, we can easily calculate the partial sum:

- If k # 1, then:

1— kn+1
Sp=1+k+k+.. +Ek"="—"
1—-k
This series converges if and only if —1 < k < 1, and its limit is lim S, = ﬁ

n—-+o0o

-Ifk=1,then S, =14+14+...+1=n+1 and lim S, = +4o0.

n—-+4o0o



1.1.2 Riemann Series

1
Definition 1.1.12. The series Z — 18 called the Riemann series.
n

n=1

Proposition 1.1.13. The Riemann series converges if and only if p > 1.

PROOF — The proof will be provided on page 15 .
Remark 1.1.14.. —
In the case where p =1, the resulting series is called the harmonic series.

Proposition 1.1.15.

1) Let Z a, and Z b, be two convergent numerical series. Then Z a, + b, s con-

n=0 n=0
vergent and we have:

Zan+bn:Zan+an

n=0 n>0

2) ]fZan converges, then for c € R, ann converges and we have

n=0 n>0
E cay = C E Q.
n=>0 n>0

It is not always possible to calculate the partial sum; for this, convergence criteria are

used.

1.2 Series with Nonnegative Terms:

Definition 1.2.1. A numerical series Zan 15 said to have monnegative terms if for all
n=0

n=0,a,>=0.

1.2.1 Necessaries and Sufficients Conditions for Convergence

Proposition 1.2.2. A series Z a, with nonnegative terms is convergent if and only if the
n>0
sequence of partial sums S, is bounded.



PROOF — Since a, > 0, the sequence (S,,) is necessarily increasing.

Assume Z a, converges, then S, — S € R, hence (S,) is bounded.
n=0
Assume now that the sequence (S, )nen is bounded, i.e.,

dM >0 VnelN, S,<M

Since (S,,) is increasing and bounded, it converges to a limit S € R, thus Z a, converges.
n=0

1.2.2 Convergence Criteria for Series with Nonnegative Terms
Theorem 1.2.3.. — (First Version of the Comparison Criterion)

Let Zan and Z b, be two series with nonnegative terms, and let N € N. Then:

n=0 n=0

1) If a, < b, for alln > N and Z b, converges, then Z a, converges.

n=0 n=0

2) If b, < a, for alln > N and Z b, diverges, then Z a, diverges.

n=0 n=0

Proor —

1) Let (Sp)n and (T),), be the sequences of partial sums for Z a, and Z b, respec-

n>N n>N

tively. Suppose a, < b, for all n > N, then S, < T, for alln > N. If Zan

n=0
converges, by the previous proposition, (1)), is bounded, and since S, < T,, it fol-

lows that (Sy), is also bounded. Thus, Zan converges.

n=0

2) If an diverges, then the sequence T,, — +o0o, hence S, — 400, showing that

n=0
Z a, diverges.
n=0
1
Example 1.2.4. We want to study the convergence of the series Z R By comparison
n

n=1

1
with the Riemann series E —, Jor alln > 1:
n
n=1

1 1

<
n2+1 n?

9



1
n?+1

: ‘ 1
and since the series E — converges, E also converges.
n

n>1 n=1

Theorem 1.2.5.. — (Second Version of the Comparison Criterion)

Let Z a, and Z b, be two series with nonegatives terms.

n=>0 n=>0
If there exist constants A > 0, B > 0, and a natural number N such that

then the two series have the same nature. PROOF — The result follows from Ab, < a, <

Bb,, for alln € N.
Indeed, ifz a, converges, then by the previous theorem, Z Ab,, converges, hence Z b,

n=0 n=0 n=0
converges.

Assume now E b, converges, then g Bb,, also converges, thus by the previous theorem,
n=0 n=0
E a, converges. Therefore, the series have the same nature.

n=0

Corollary 1.2.1. Let Z a, and an be two series with positive terms.

k>0 n=0
. an .
- If lim — = c¢ > 0 then the series have the same nature.
n—+o00 0y,
. Qn
- If lim — =0 and E b, converges then g a, converges.
n—+o0 Oy
n=0 n>0
. an . .
- If lim — = 400 and E by, diverges then E a, diverges.
n—+oco0 0y,
n=>0 n=0

Proor —

1) Let’s assume there is | € IR such that lim Z—n = [. By the definition of the limit,

n—-4o00 n
we have:

In

n

Ve >0,dN € INNVne IN:n > N = < €

So, for alln > N, we have:
[l—e< —<l+e,

Thus,

10



where a =1 —¢e and b =1+ €. By choosing 0 < € < [, we obtain a > 0 and b > 0.
Therefore, applying the second version of the comparison theorem, we deduce that

the two series have the same nature.

2) A reasoning similar to the one above gives the result. Indeed, in this case, we have

Ve>0,I3N e INVne IN:n> N = |2

by,

< €.

Thus,

a, < €b,

Now, by hypothesis, an. converges. Therefore, according to the first comparison
n>0
criterion, Zan also converges.

n=0

3) The result follows from the definition of the limit in the case where | = 400 and

from the application of the second comparison theorem.

1
Example 1.2.6. We want to study the convergence of the series Z sin (—)

n
n=0

1 1 1
We already know that Z — 1s a divergent series. Let’s set a, = sin (—) and b, = —
el n n

Since

lim 2% =10,
n—-+o0o bn

the series have the same nature.

Remark 1.2.7.. —

Ifl =1, we say a, ~ b, as n — 400 and the series Zan and an will have the

n=0 n=0
same nature.

11



Theorem 1.2.8.. — (Cauchy’s Rule)

Let Zan be a series with positive real terms. Suppose there exists | € IR such that
k>0

lim {/a, =1

n—-+o0o

- Ifl < 1, then Zan converges.

n>0
- Ifl > 1, then Zan diverges.
n>0
PROOF — By the definition of the limit, we have:

lim Va,=1<Ve>0,3INe€IN, Vn>N |Va,—1|<e

n——+o00

Thus, | —e < {/a, <l +e.

- If 1 < 1, we choose €y such that lg = eg +1 < 1. Thus, a, <+ ey = ly implies

a, < l", and since Zlon is a convergent geometric series, according to the first
n>=0
COMParison criterion, Z A, CONUVETgES.
n=0
- If Il > 1, we choose €, such thatly =1 — ¢ > 1. Thus, {/a, > — €, = l; implies
a, > ", and since len 1s a divergent geometric series, according to the first
n=>0

COmMpParison criterion, E a, diverges.

n=0

1
Example 1.2.9. We want to study the convergence of the series Z —.
nn

n>0
1 1
Let’s define a, = —. We have /a, = — — 0 <1 as n — +oo. Therefore, the series
n" n

converges.
Remark 1.2.10.. —

If I =1, we cannot conclude anything about the nature of the series.
Theorem 1.2.11.. — (Rule of d’Alembert)

Let Zan be a series with positive real terms. Suppose there exists | € IR such that
k>0
G,
lim =,

n—-+oo an,

12



1) Ifl < 1, then Zan converges.

n=0

2) If 1 > 1, then Zan diverges.

n>0

PROOF — By the definition of the limit, we have:

. an—i—l a'n—i-l
lim

n—-+oo an

—1

=l Ve>0,dN € IN, Yn> N

< €.

Qp

Thus, for all n € IN we have

Ap+1

l—e< <l+e

an

1) If 1 <1, we choose € > 0 such that lp =1+ € < 1. Then,

2)

ani1 < lpa, Vn € IN.
Thus, for allm > N, we deduce
a, < l" Nay.
Therefore, for alln > N
an <lo"lo ™ =1"c,
where ¢ s a strictly positive constant.

Since 0 < Iy < 1, Z lo" converges, and according to the first comparison theorem,
n=0

E Qp, also converges.

n=0

If 1 > 1, we choose € > 0 such that ly =1 — € > 1. Then, for alln > N, we have
Qp, 2 lgn_N(lN.

Since lg > 1, we have

Qpy1 = a, Yn = N.

Thus, (ay,) is increasing for alln > N with ay > 0.
Therefore,
lim a, #0 and Zan diverges.

n—-+o0o
n=0

13



1

Example 1.2.12. We wish to study the nature of the series Z which is a series

= (n+1)!
with positive terms.
_ 1
Let a,, = CESVE
We have “ZIl = nLH —0< 1. Thus Z a, converges.

n=0

Remark 1.2.13.. —

1) If 1l =1 then nothing can be deduced.

2) If ngrfw a;“ =1, then lim <{/a, =1, implying that if the ratio test (d’Alembert’s

n——+00

test) leads to a limit equal to 1, the same holds true for the Cauchy’s root test.

Lemme 1.2.1. Let Z a, and Z b, be two series with positive terms.

n=0 n=>0
b
Assume that VYn € IN, agﬁ <
n n

1) If Z b, converges then Z @, CONVET]ES.

n=0 n=>0
2) If Z a, diverges then Z b, diverges.
n=0 n=0

PROOF — By hypothesis we have

Ap41

Gp,
<{—<..<—=c
bn+l bn

With ¢ > 0. Thus,

a, <cb, VYneN.

According to the first comparison criterion, we obtain the result.

Theorem 1.2.14.. — (Duhamel’s Rule)

Let Z a, be a series with positive terms. Suppose

n=0
n b 1
a+1:1__+0<_)
ay, n n

- Ifb>1 then Z a, conuverges.

n=0

14



- Ifb <1 then Z a, diverges.

n=0

Proor —

- If b > 1, there exists ¢ such that b > c > 1. Let b, = #

We have:
bn+1 n ¢ 1 -
= — 1 —_
b, (n + 1) ( + n)

By a first development limited to the vicinity of the infinite order 1 has:

(1+%)_c):1—§+0<%>

Now b > ¢ thus —% < —£. Therefore,
b 1 c 1
l——+o(—-)<l—=—=+40(—-].
n n n n

An41 < bn+1

< .
apn b,
1

Therefore, since the series b, = - converges, according to the previous lemma we

So

deduce that Zan also converges.

n=0

1
- If b < 1, let us put here an = Z —. So we have here:
n

n=0 n=0

bn-i—l o n - 1
b \n+1) 141

And since b < 1 then

That gives

And then, according to the previous lemma, since Z b, diverges then Z a, diverges

n=0 n>0
too.

15



)l

Example 1.2.15. We wish to study the nature of the series Z 220 (nl)2
n=0

Let a,, = % We have:

221 (n!)
ani1 2n+1 1 1 1
— —(1+=)(1== i
ap 2n +2 < * 2n n o n

We then have b = % < 1, so the series diverges.

Remark 1.2.16.. —

(p41 —1

Duhamel’s rule applies when lim
n—+4o0o [07%

Theorem 1.2.17.. — (Integral Criterion)

Let f : [1,4+o00[— R be continuous, decreasing, and positive. Define f(n) = a, for all
> 1. then:

Zan converges if and only 2f hm / f(z)dx converges. PROOF — Since f is de-
n>1
creasing, for all x € [n,n + 1]

fin+1) < f(x) < f(n)

Thus,
/ f(n+1)d / f(z / 1f(n)dx Vn > 1
Hence,
f(n—i—l)/wrl dr < /n+1f(x)dx < f(n>/"+1 de Yn>1
sman< [ @< sy v
So,

2
Mmsz@<[fmw<ﬂm

Forn—2, f(3)< /:f(:z:) iz < £(2),

Forn=1. f)< [ f@)ds< fn-1
n—1

16



By summation, we have:

n

J@) 4+ @) 4.+ )< [ fla)de < f(1)+ F@) +...+ f(n—1)

1

Sn—alg/ flx)de < S,
1
T

Assuming Tlirf f(z)dx converges, then fle(ZE) dx is bounded, so (S,) is bounded.
—+o0 Jq

Since it is increasing (f(n) > 0), it converges. Therefore, Z a, converges.
n=>1

This yields

If limp 4 o fl x) dx diverges, then S, diverges, so Zan diverges.

n>1

1
Example 1.2.18. Consider the Riemann series E — with p > 0.
n
n=1
This series converges if and only if p > 1.

Here’s why, define f(z) = i for all x > 1.

It is clear that f is positive and continuous on [0 +o00].

We have f'(x) = —pz~P~1 < 0. Therefore, ;—p and TEIEOO/ f(x)dx = — ~ have the
same nature.
We have p . p
x xr
Then -
Tlffoo/l f(z)dr = —— If p>1,

T
limTﬁﬁo/ flx)de =400 If 0<p<1,
1

T
Thus, lim / f(x)dx converges if p > 1.

T—+o0 1

1
Thus Z — converges ifp>1.
n

1.3 Alternating Series

Definition 1.3.1. A series of the form Z(—l)”am with a, > 0 s called an alternating
n=1
series.

17



Theorem 1.3.2.. — (Leibnitz Criterion)

Let Z(—l)”an be an alternating series.

n=0
If the sequence (a,) is decreasing and tends to 0 as n approaches infinity then Z(—l)”an

n=1
converges. PROOF — This criterion is a particular case of a criterion called Abel’s

criterion, which will be stated and proved later.

—1)»
Example 1.3.3. Consider the series Z u
n>1 n
Let a, = %

It is evident that (a,) is positive, decreasing, and tends to 0.

Thus, according to Leibnitz’s criterion, the series converges.

Corollary 1.3.1. Let Z(—l)”an be a convergent alternating series, then:

n=0

< Ap+1 \V/kf € N

Z(_l)nan

n=k

Remark 1.3.4.. —

The previous corollary provides an estimation of the remainder of an alternating series.

—1)»
Example 1.3.5. Consider the series Z (=1) . We want to determine the integer n such
n
n=0
that the sum approzimates the series with an error less than 1072. This series being an

alternating series satisfies the previous corollary, so we have:

Z(_l)n&n

n=k

S g1, VEEN

To find the natural number n, it suffices to satisfy the following inequality:
ap1 <1072, VkeN.

()" <~ (—1)"

Thus, n = 99. Therefore, Z
n n

n=0 n=1

18



1.4 Series with Arbitrary Terms

Definition 1.4.1. A series Z a, with arbitrary real terms is said to be absolutely conver-
n=0
gent if the series Z la,| converges.

n=0

Remark 1.4.1.. —

The series g \a,| is a series with positive terms, so the study of absolute convergence
n=0
can be done using criteria for series with positive terms.

(=D"

5 -

Example 1.4.2. We want to study the absolute convergence of the series Z

n=1
Let a, = (;ng)n.
We have (_le)n = n—lg, which 1s a convergent Riemann series. Therefore, the series
(="
Z 5— absolutely converges.
n

n=1

Theorem 1.4.3.. — A

series that is absolutely convergent is convergent.

5 || converges:>§ a, converges.

n=0 n=0

PROOF — Assume Z |a,| converges. Then the partial sum (S,,) associated with Z ||
n=0 n=0
converges, thus it is Cauchy. Hence,

Ve > 0,dN € N,Vn,m > N, Z la,| < e.

k=n+1

And since for all n,m we have

m
<D anl,

k=n+1

m
>
k=n+1

we conclude that
m

> a

k=n+1

Ve > 0,dN e N,Vn,m > N = < e.

Therefore, the partial sum (S),) associated with Z a, 1s Cauchy, thus it converges.

n=>0

19



(-1

poa The absolute

Example 1.4.4. We want to study the convergence of the series Z
n>1
convergence of this series was shown in the previous example, so we can deduce that this

series CONVETges.

1.4.1 Semi-convergence

Definition 1.4.2. A semi-convergent series is a convergent series that does not converge

absolutely.

_1)
Example 1.4.5. Consider the series Z u The convergence of this series has already

n
n=1
been shown by the Leibniz criterion. Now, we study absolute convergence.

1" 1
N

n
n=>1 n>1

This series is the divergent harmonic series, so the series converges but does not converge

absolutely.
Theorem 1.4.6.. — (Abel’s Criterion)

Let Z anb, be a numerical series such that:
n=0

1) The sequence (ay)nen 18 positive, strictly increasing, and a, — 0 as n — +00.

S

k>0

2) There exists M > 0 such that for alln € N, <M.

Then Z anb, converges.
n=0
PROOF — The idea of the proof is to perform a change in summation. For each n > 0,

let B, = by + ...+ b,. By hypothesis, the sequence (B,) is bounded. We write the partial

sums of the series E anby, as follows:
neN

Sn = aobo -+ Cllbl + ...+ Clnflbnfl -+ anbn

=apBy+ a1(B1 — By) + ... + an—1(Bn-1 — By—2) + an(B, — By—1)

= BQ(CLO — al) + Bl<a1 — CL2) + ...+ Bn,l(an,l — an) -+ Bnan.
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Since (By,) is bounded and a,, — 0, the last term Bpa,, tends to 0.

Now, we show that the series ZBk_l(ak_l — ay) is absolutely convergent. Indeed:
keN

| Br(ar — ar1)| = |Be| [(ar = arsa)| < M |(an = apga)],

since the sequence (ag) is a sequence of positive real numbers, decreasing, and |Bg| is
bounded by M. Moreover,

M((IO —CL1> + ... +M(6Ln —an+1) = M(CLQ — an+1),

which tends to Mag as (ay) tends to 0. The series Z M (ay, — ax41) therefore converges

to a series of comparison. So the series

> IBi(ax — ari1)]

s convergent, therefore, Z By(ar — ax41) is convergent, therefore, the suite (S,) is con-

vergent, which proves that the series Zakbk 1S convergent.

sin(n)

Example 1.4.7. Consider Z . Let a, = % and b, = sin(n). It is clear that a,, is

n>1
positive, decreasing, and tends to 0.

n

%) sin(
sin(1)

n_+1)

sin( :

Z sin(k)

According to Abel’s criterion, the series Z anby,.

n=1

3

D=

= sin(

1.5 Exercises:

Exercise 01:

Study the nature of the following series using partial sums:

1 3—n 2n —1
Z(2n—1)(2n+1)7 Zn(n—i—l)(n+2)7 Zn(nz—él)'

n>1 n>1 n=3

21



Exercise 02:

Determine the nature of the following series using convergence criteria:

! 1 o tan” (Z) i
DN RN WS = SIS
I ! 2" —|—3” s 2024
6) ZTLSln (E) ’ 7) Z n2 + ln(n) 4 5n78) Z <1 — COS <E>)(ln(n)> ,

n>1 n>1 n>1

1 2™ 1
9 — 10 "n! h R, 11 — 12
)an-i-l/\/ﬁ’ )Zan where a € K, )Z(2n+n)n’ )Z(n—i—l)ln(n—l—l)

n>1 n=>0 n>12 n>1

Exercise 03:

Study the convergence of the following series, specifying which are convergent and which

are semi-convergent:

1)21(2—721)_"1, 2)21(—1)"@2:), 3)21(—1)”3111(%),
DY DY gy O sintn)

el

Exercise 04:

Consider the function f defined by

flx)=——=, >0,aa>0.

1) Establish the variation table of the function f.
2) Study the nature of the numerical series S, -, =~ with o > 0.

nz1 nelIn(n)

8) Deduce the nature of the series Y -, In(n)In (1 + %) with a > 1.
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Exercise 05:

Show that the series 2@1 (?/15)71 and 2@1 <(:/17)Ln + %) are not of the same nature, despite
having equivalent general terms.

Exercise 06:

Consider the sequence wu,, defined by

1
Up =14+ -+ ...4+—.
2 n

1) Show that u,, ~ In(n) as n + occ.

2) Let v, = u,, —In(n) and w, = vp41 — v,. Study the nature of the series Z w,, and

n=1
deduce the nature of the sequence (vy)n.

Exercise 07:

Let u,, be the numerical sequence defined by

_ nte"n

Un I
n.

1) Using a Taylor expansion, study the convergence of the series with general term
Unp = ]_n (_UZ+1> .

2) Deduce the existence of a constant o > 0 such that in the vicinity of infinity,

nl ~n"e "\/n-a.

Exercise 08:

Let Z U, and Z vy, be two series such that Z u? and Z v2 converge.

n=1 n=1 n>1 n=1
1) Show that Zunvn also converges.
n=1
1
2) Deduce that if the sequence (u,,), s positive and the series ———— converges,
) f q (tn)n 15 p > T g

n>1
then the series E u, diverges.

n=1
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Exercise 09

We want to study, depending on the values of a, 5 € R, the convergence of the series with

general term
1

tn = n*(Inn)8

1. Show that the series converges if a > 1 .
2. Analyze the convergence of the series if a < 1.

3. Case oo = 1:
Let T,, = fzn x(lflgic)ﬁ'

(a) If B < 0, demonstrate that the series Z uy, diverges.

n=2

(b) If B > 1, show that the sequence (1,,) is bounded.
(¢c) If 0 < B < 1, demonstrate that the sequence (1,,) tends to +oo.

(d) Conclude on the nature of the series with general term wu, when a = 1.
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1.6 Solution:

Solution to Exercise 1
Study of the nature of the following series using partial sums:

1) First, observe that
1 1 1

Cn—1)@2n+1) 20@n—1) 2@2n+1)

so by grouping,

k

1 11, 1 1 1 1
;(277,—1)(2n+1) - (5_6)+(6_E)+”‘+(2(2k—3)_2(%—1))
1 1
+(2(2k —1) 22k + 1))
1 1 1

2 22kt 1) 2

as k — 4o00. Therefore, the sum of the series converges.

2) First, observe that

3—n _l(ﬁ_ 8 5 )
nn+1)(n+2) 2'n n+1 n+2”
so by grouping,
k
3—n 1 8 5 3 8 5
S atnen = oG5 G5
3 8 5 3 8 5
Gttt G st
I S A E B B
k-1 k k+1 kook+1 k+2
3 3
2

| =

5
k+1+k+2) -

as k — 4o00. Therefore, the sum of the series converges.
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M- e
2w
{)3
]
| =
Il
-
(I
3|H
_|_
X

S
|| e
2

|
©

S
_{_Cﬂ
N
~

n=3 n=3

L 1+’“‘23 k’f5

N —~ 4dn — &n ~ 8n

_11+1+3+3+1+3_ 3 3 5 5

C4\3 4 2 4 2 8 8(k—1) 8k 8(k+1) 8(k+2)
89

_> J—
96

as k — 4o00. Therefore, the sum of the series converges.

Solution to Exercise 2

Study the nature of the following series using convergence criteria:

1)
1

1
ncos?(n) = n’
1
This is a series with positive terms greater than —, which is the general term of a divergent

Riemann series with o« =1 < 1. Thus, the series Z

n>1

W difuer’ges.

1
2) ; W s a series with positive terms.

¢ Lo ! — 0
(In(n))»  (In(n)) n—too

By Cauchy’s root test, 0 < 1, hence the series converges.

2n 2\"
3) 2 4 x (§> , is the general term of a geometric series with ratio in | — 1,1,

hence the series converges.

tan” (%) 1 9 (1

n
2 —) , is the general term of a geometric series with ratio

4)
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tan” (%)
—2

in | — 1, 1[, which converges. By comparison test, the series Z

n>1

CONVETGES.

5)

S =Sy = S,

n=2 n=2 n=2

where a, >0, a, — 0 as n — 400, and the sequence (a,) is decreasing. By the Leibniz

criterion, the alternating series converges.

1 1
6) We have lim nsin(—) = 1 (recall sinx ~ x), and thus the series Znsin(—)

n—>-4o00 n >1 n
nz

diverges (its general term does not tend to 0).

2"+ 3" , , .
7) Z 2 is a series with positive terms.

+ In(n) + 5
2% 4 3n 30 (3"
n2 +1In(n) + 5" +o0 57 \5)

= is the general term of a convergent geometric series (—1 < k < 1), hence the series

CONVETGES.

8) Z(l — COS(E))(ID(H))QOM is a series with positive terms (0 < 1 — cos(%) < 2).
n

22

Using the cosine approximation, 1 — cosx ¥ we see that
2
s s
1— ™M 2024 ] 2024
(1 = cos(2))((m)2! ~ T (Inn) 2,
and (In(n))0%4 ] 2024
lim —2— = lim (n(n)™™ _ 0,
n——+00 o3 n——+00 n
1 1 2024
since Z 3 converges, then Z % converges.
n>1 n>1
Thus, Z(l - Cos(z))(ln(n))m24 converges.
n>1 n
9) Z Ps s a series with positive terms.
n>1 n
1 1 1+ 1 _In(n)
an = T = —N Vn o — — eXp Vn
1+ﬁ n n



In _In(n) 1
Since  lim (n) = 0, we have lim exp v» = 1. This shows a, ~ —, which s
n—s—+00 \/_ n—> 400 400 N
1
the general term of a divergent Riemann series with a = 1 < 1. Therefore, Z T
n>1 n vn
diverges.
10) Za”n!, a € IR. Fora >0,
n=0
n+1 )
im OO a1 1) = oo > 1.
n—+oo a™n) n—+oo
Thus, by the ratio test (d’Alembert’s criterion), Z a"n! diverges.
n=>0
Fora =0, Z a"n! converges.
n=0
Fora <0, let a = —b with b > 0, the series becomes Z 1)"b"nl.
n=0
Since Z b" ' s absolutely convergent by d’Alembert’s criterion, it converges. This
n>0

implies lim ; = 0, hence lim (—1)"b"n! # 0. Therefore, Z(—l)”b”n! di-

n—+oo (—1)"b"n! n—r+00 —
verges. ~

11) Z B 15 a series with positive terms.
n>2
2" 2
¢ = — 0.

(2" +n)r 2" 4 n n—rtoo

By Cauchy’s root test, 0 < 1, hence the series converges.

1
(x+1)In(z+ 1)’

12) We can apply the integral test; let f(z) = a positive and contin-

1—ln(1—|—x))

(In(z + 1))?

uous function for all x > 1. This function is clearly decreasing (f'(x) =

and tends to 0 as x — oo, and it is integrable because

T
1
dr = [In (In(1 =In(In(1+7)) —In(In(2
/1 (z+ 1) In(z + 1) z [n(n< ‘1‘37))] H(H( + )) n(n( ))—>+OO,
as T — 400, showing that the integral diverges. Hence, the series with general term
1
diverges.

(n+1)In(n+1)
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Solution to Exercise 3

Study the convergence of the following series, specifying those that are convergent versus

semi-convergent:

1)
1 1

T o—1 o

’<—1>n—1

2n—1

(-1

1
and the series Z o diverges (Riemann series with o = 1). Therefore, Z o1
n n—

n=1 n=1

-1 n—1
diverges, showing that the series Z %
n —
n>1

does not converge absolutely.

E (—1)”_1an converges by Leibniz’s criterion since a, > 0 and lim a, = 0, and the
n—>-+4oo
n>1

‘ : —1)mt : .
sequence (ay,) s decreasing. Hence, E (=1) 1S a semi-convergent series.

—~ 2n —1

2n +1\" A2n+1\" 2n+1 2
(—=1)» = = —_ —.
3n+1 3n+1 3n+1n—+o00 3

2 2 1\"
By Cauchy’s root test, 3 < 1, the series Z(—l)" < nt ) converges absolutely, hence

2)

= 3n+1
converges.
1 1 1 1 1
3) S (=1)"sin(=) is semi- t, since |(—1)"sin(=)| = sin(=) ~ = and § " =
) Z( ) sm(n) is semi-convergent, since |(—1) sm(n) sm(n) o an "
n>1 n=1
1 1
diver —1)"sin(—)| di . H Leibniz’s criteri —1)"sin(—
ges, thus Z (—1) sm(n)‘ diverges. However, by Leibniz’s criterion, Z( ) sm(n)
n>1 n=1
1 1 1
converges, since sin(—) >0 and lim sin(—) =0, and the sequence (sin(—)) is decreas-
n n—>-+00 n n

mg.

Z(—l)” sin(—) is thus a semi-convergent series.

n
n=1

NG (—1) 1
4) Y (=1)"— = , does not converge absolutely (Y —

is semi-convergent (easily verified by Leibniz’s criterion).

diverges), but it
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5) Let f(x) = m > 0,
1 o 1
o (nE+Dy  3E S ErD)
T = a0 = e r e

Therefore, the sequence with general term a,, = f(n) is decreasing, tends to 0, so by Leib-

niz’s criterion the series g (—1)"——— converges. The series is semi-convergent
o1 ln(\/ﬁ + 1)

1 1

1 5 ),
) mD| T mya D) S ) I ™ ;W(n) diverges
1

(Bertrand series with o < 1), thus Z(—l)”m does not converge absolutely.
n(yv/n

n=1

because

6) Zsin(n) diverges because lirE sin(n) # 0. Hence, this series does not converge
n—--+0oo

n=0

absolutely.

1 1
7) M < — and — converges, thus ZM
ny/n na in: ~ ny/n

Therefore, the series converges.

converges absolutely.

Solution to Exercise 4

Let the function f be defined as

1
f(z) = nx(f)’ x>0, a>0.

, 1 —aln(z) L _

1) ['(x) = —— 17— The variation table of the function f.
xa

x 0 ew +00

f'(x) + -
1
e 7N
—00 0
In(x) _ . In(z) .
2) Let a, = f(z) = > 0, forx > 1. Since lim = 0 and the function
x r—+oo T
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. . 1 . . . .
f is decreasing for x > e« i.e., the sequence (a,) is decreasing from a certain rank (for

n > [es] + 1), therefore Z (_a
n=1

3) Using the second-order Taylor expansion at zero of t — In(1 + t), we verify that

mWNHQL%t;W):hWU<ﬁ;V—2;a+o(i%>).

Furthermore, based on what we know about Bertrand series,

m@0<—m;a+o<é%))

1 -1
is the general term of a convergent series for o > 3 Thus, the series Z In(n) In (1 + (=1) >
nO[

In(n) converges by Leibniz’s criterion, for a > 0.

n>2

1
converges for a > 3 For a = 3’ the series diverges.

Solution to Exercise 5

1" 1
The series Z (=1 is an alternating series that converges by the Leibniz criterion (—
n

n=1 \/ﬁ

is positive, decreasing, and tends to 0).

—1)" - 1 U, 1"
Let’sdeﬁneUn:( ) anan:< ) +—.—:1+M—>1 as mn —
Vn vnoooon 'V, n
~+00, Zvn consists of a convergent series and the harmonic series, which diverges.
n=1

Therefore, ZU" diverges. Hence, the series are not of the same nature, yet u, ~ v,
n=1
as n — 400, showing that the comparison criterion applies only to series with positive

terms.

Solution to Exercise 6

1) We show that nl_l}_il_loo lnlzr;z) =1.

According to the proof of the integral criterion:

k+1 k
(/ WW<W</ (),
k

k -1

1
where f(t) = n and u, = f(k).
Thus, for all k > 1:

/k+ldt<1</k dt
st ok ot
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Summing these inequalities gives:

1
In(n+1)—In2 < E:un—l
k=2

Thus,

Inn+1)—mn2+1<u, <lnn+1.
Consequently,

In(n+ 1) N —In2+1 < U o +L.
Inn Inn Inn Inn
Up,

Taking the limit as n — +00, we obtain lim

= 1. Thus, u, ~ Inn.
n—-+00 n(n)

2) We study the nature ofz wy, with w, = v,11 — v, and v, = u, — lnn.
We have:

T
Wy, = Upt] — Uy = Ups1 — Uy + 10 )
+1 +1 TL+1

1
n+1

Now,

Unp4+1 — Un =

Therefore,

SIS Y (L S Y
B UL I AL B n+1/)"

1
Using a Taylor expansion of In (1 — ?) at infinity, we get:
n

. 1 . 1 1 1
This shows that w,, ~ —m as 0o. Since m ~ 9 and ; o2 con-
verges, an converges.
n=1
Let [ such that Z w, = 1. Then,

n=1

n
E Wy = Un41 — V1
k=1
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Thus,

nl_i)r_{loo(vn+1 —v,) =1

This shows that hI}_l v, = vy + 1. Therefore, (v,), converges.
n—-+0o0

Solution to Exercise 7
1) We have

1
. 1\"t2 1 1
o (1) [ (21 ]<>()
Uy, n 2 n

By performing a third-order Taylor expansion of In (1 + %), we get

( n 1> 1 1 n 1 n 1 1
tp=Mn+=)|—-—=—+—+0| = || 1.
27 |n 2n?2  3n3 n3

Therefore,
1
" o2 +@+0(—3>
Consequently,
1
™ 1oz

, 1
Since E o2 converges, E vy, converges too.
n

n=1 n=1

2) We have

Up = Iy — Inu,.

On the other hand, the sequence of partial sums of the series Z Uy 1S

>1

S, = ka = Z(lnuk+1 — Inwuy).
k=1 k=1

Upon calculation, we have
Sp=Inuy, —Inuy = lnu, + 1.

Since the series E v, converges, then

n=1

nEToo Inu,.1 =1—-1.
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Thus,

lim w,q = el L.
n—-4o0o

Let c = €'~ > 0, then

lim u, =c.

n—-+o0o
Therefore,
. n! 1
im —— = —.
n—+o00 n"e_n\/ﬁ Is
Thus,
n! ~an"e "\/n
: 1
with o = .

Solution to Exercise 8
We assume that Zui and Z v2 converge.

n>1 n>1
1) For alln € N,
Lo 2
|[unvy| < §(un +vy,).
. 1 :
Since Zui and ZUZ converge, then Z §(ui +v2) converges too. By the comparison
n=1 n=1 n=1
theorem, the series Z |unvn| converges, which means Z Upv, converges absolutely, hence
n>1 n=1
Z Up Uy, CONVETYES.
n=1
1 *
2) We assume that Z ———— conwverges and that Z u, converges. Then for alln € N*,
1+ n2u,
n>1 n>1
! ! >+
~ n— 00.
1+ n2u, n?u,
Let v, = o5~ according to the previous relation Zvn converges. Moreover, since for all

n=1

n € IN we have
24/ UnVp K Uy + Un,

then
Uy + Uy

1
n o 2
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Since E Uy, and E vp converge, E Up + v, converges too. According to the comparison

n>1 n=1 nz1

1 L
theorem E — converges, which is incorrect.
n=1

Therefore, the convergence ofz

n>1

1

—— does not imply the convergence o Uy, .
T2 ply g >

Then Z uy, diverges.

n=1
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Solution to Exercise 9
Let v be a real number such that 1 < ~v < a. Comparison of the growth rates of logarithms

and polynomials at infinity shows that:

Y -B
TR LU ) i
n—soco N (ln n) n—oo NI

=0

for any value of 8. In other words, u, = o (m) By comparison with a Riemann series,
the series converges.

Now, let’s compare it to the series with general term % Indeed, we have:

Therefore, for sufficiently large n, we have % < u,. By the corollary of comparaison
theorem, since Zn> % 15 divergent series, the series with general term w,, diverges.

If B <0, then = < Uy, and we conclude similarly that the series diverges. If B # 1,

In= /; x(lﬁxx)ﬁ =1 - 5 <(lnnl)f31 - (1n21)51> '

1 1
; 1 1 -
If B > 1, this tends to 51 @) =0 s We have T,, < 5= In(2)F1
If B < 1, it is immediately noticeable that (T,,) tends to 4+o00.
Finally, if B =1, we know that

"odx
/2 2(na) = In(lnn) — In(In 2),

we have

which also tends to +oo.

Next, we consider the case B > 0. The function x o )[3 is decreasing on [2,400].

For k > 3, we have:
/’f dx 1 /’“ dz
< < .
w1 T(Inz)? = k(Ink)? r  x(nz)B

Summing these inequalities for k from 3 to n gives:

3 2 dx
/nﬂa:lnx Zklnk /n z(lnx)f’

We conclude for o = 1 that if § > 1, the sequence of partial sums of the series is bounded,

and thus, since the series has positive terms, it converges. If 8 < 1, following the same
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reasoning as in the previous question, we find that the sequence of partial sums is bounded
below by a sequence tending to +oo. Therefore, it tends to +oo itself, then series is

divergent.
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Chapter 2

The impropers integrals

2.1 Fundamentals of impropers integrals

Definition 2.1.1. The integral f; f(z)dx is an improper integral if:
1) a=—00 orb=+o0
2) f is unbounded at one or more points in the interval [a,b].

3) Both conditions above are satisfied.

2.1.1 Integral of the Type f;roo f(z)dx or f_boo f(x)dx

Definition 2.1.2. We say the integral f oo f(z)dx (respectively f ’ f(z)dz) converges if

Thrf f f(z)dx =1 € R (respectively Zf hm fT x)dr =1 € R), and we write:
.

+Oof( = lim / flx)de=1€R

a T—+o00

b b
/wf(x)dm:TEIEm/T flz)dz =1€R.

Example 2.1.3. We want to study the nature of the integral fOJrOO e *dx. For this, we

respectively,

: . T _
examine the convergence of lim fo e vdx.
T—+o0

We have fOT edr=[-e | =—eT+1—1asT — +oo, thus the integral converges
and [ e~ dr = 1.
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Remark 2.1.4.. —

The integral fa+Tf(x) dx is a Riemann-type integral.

2.1.2 Riemann Integral of the Type f;oo 9 with p € R and a > 0

b

Definition 2.1.5. The integral f:oo i—ﬁ 15 called Reimanna integral.

0 dx

Proposition 2.1.6. The Reimann integral fa+ = converges if and only if p > 1.
PROOF — The integral is improper at +00. We then study lim faT 4z There are two

T—+o0 zP
cases:

1) If p# 1, then

de_

lim — im
T—+oo [, P T—+o00 —p—{—l

:L.—p—i-l :|T Tl—p _ al—p

= lim
u Tooo 1—p
This limit converges only if p > 1.
2) If p=1, we get

lim ' v _ In(z)]f = lim In(T) — In(a) = +oo,

T—~4o00 a T T—+o00

hence the integral diverges.

Conclusion:

The Riemann integral of the type f;roo i—ﬁ converges if and only if p > 1.

Studying the convergence of an integral requires the ability to compute the antiderivative,

which s not always possible. In such cases, convergence criteria are used.

2.2 Integral of non-negative functions:

Definition: We say the improper integral of the type f;roo f(z)dx (respectively fi}o f(z)dx)
is of non-negative terms if f(x) = 0 on [a,+o00| (respectively f(z) = 0 on | —o0,b]).
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2.2.1 Propositions and Criteria for impropers integrals

Proposition 2.2.1. The integral f:oo f(z)dx converges if and only if

T
M >0, VT € [a,+o0], / flz)de < M

PROOF — Let F(T) = [ f(x)dz.
Consider Ty, Ty such that Ty > T,. We have

P - Py = [ f(e)de >0

T5
If we assume that F' is bounded above, then it must converge.

Conversely, if f;oo f(z)dx converges, then F(T) converges, hence it is bounded above.

Since f is non-negative, F' is increasing, thus it converges.
Theorem 2.2.2.. — (Comparison Criterion)

Let f and g be two non-negative functions on an interval [a,+oo] with a € R.
Let F' = f;oo f(z)dx and G = f:oog(x) dx.
Suppose f(x) < g(x) for all x € |a,+0o0].

- If G converges, then F' converges.

- Contrapositively, if F' diverges, then G diverges.

PROOF — Suppose that G converges. According to the previous proposition, faT g(x)dx

18 bounded above, i.e.,
T
aM >0, VT € [a,+o0], / g(x)dx < M
By hypothesis, f(x) < g(z) for all x € [a,+00], hence
T
VT € [a, +o0], / fz)de < M

According to the previous proposition, f:oo f(z)dx converges.
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Example 2.2.3. 1) Consider the improper integral ffLoo MW'
This integral is of non-negative terms, and we have:

1
<
(1+22)(4+22) ~ 2*

dz

The integral f1+°° °1 1s a convergent Riemann integral, hence f1+°°

verges.

2) Consider now the improper integral f;oo (xdfl).

This integral is of non-negative terms, and we have:

\\V4
S

(z —1)

dx

The integral f;oo < is a divergent Riemann integral. Therefore, f;oo

verges.

dx

14+22)(4+22)

dx
(z—1)

con-

con-

Corollary 2.2.1. Let f and g be two non-negative functions on an interval [a,+oo] with

a € R.
Let F = [ f(x)dx and G = [" g(x) du.
Suppose lim,_, 4 o % =c € [0, +o0].
1) If ¢ > 0, then integrals F' and G have the same nature.
2) If c =0 and G converges, then F converges.

3) If ¢ = 400 and G diverges, then F' diverges.

PROOF — Iflimy_ o0 % = c € [0,00], then
Ve > 0,da > 0,Vx > «a, 'M—c <€
9(x)
Thus,
0—6<M<6+6, Ve > o
g(x
Consequently,



1) Suppose ¢ > 0: Apply the comparison criterion to the above inequality and conclude

that if G converges, then F converges, and if G diverges, then F' also diverges.

2) If c=0: We get
Ve >0,3a >0,V > a, f(z)<eg(z)

By applying the comparison criterion, we obtain the result.
3)

Example 2.2.4. We want to study the nature of the integral ffoo ij;L?.

Let f(z) = x2\/;+7' Since f(x) is asymptotically equivalent to w—lg, we have lim,_, ;o

f(z)

E
23

The integral f1+oo i—?;“ 15 a convergent Riemann integral, hence f1+°o f(z)dx converges.

2.2.2 Absolutely convergent generalized integrals

The notion of absolute convergence is useful when dealing with integrals of functions of

arbitrary sign.

Definition 2.2.1. The integral f;roo f(z)dx with a € R is said to be absolutely convergent
if the integral f:oo |f(x)| dx converges.

Example 2.2.5. We ezamine the absolute convergence of the integral [ oo sin(z?)

1 x2
i 2 . . . . .
%dw‘. To determine this, we use the comparison criterion:

dx, 1.e.,

—+00
the convergence Of fl o

|sin(z®)] _ 1

z2 2

Since f1+oo i—ﬁ converges, it follows that f+oo Lsin(@®)| converges, implying the absolute

1 x2
+oo sin(z2
convergence of [, smgf—f) dx.

Theorem 2.2.6.. — [

f the integral f:oo f(x)dx converges absolutely, then it converges, and we have:

< [T i@

In other words, absolute convergence implies stronger convergence.

+o00

f(x)dx

a
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PrROOF — This is a consequence of the Cauchy criterion.
Assume the integral f;oo f(x)dx converges absolutely. Then:

/u " ) da

Ve >0, dM >a, Yu,v> DM, we have <€

Thus,
“+oo

“+oo
f(x)de < / ()] da

a

Therefore, by the Cauchy criterion, the integral f(:roo f(x)dx converges.

2.2.3 Semi-convergent generalized integral

Definition 2.2.2. A generalized integral f;oo f(x)dx is said to be semi-convergent if it

converges but does not converge absolutely.

Example 2.2.7. The integral f1+°o Smxﬂ dx is semi-convergent. Indeed, convergence will be

shown subsequently by the Abel’s criterion. Now, we demonstrate that this integral does

not converge absolutely.

We have
sin(z) _ sin?(z) 1 - cos(2x)
> =
T T 2x

By integration by parts, we get:

/1T 1 — cos(27) dz = [In(z)]” — 1 {Sin(Qm)} T B 1/1T sin(27) i

2
T 1 4 T

T sin

It can be shown easily by the comparison criterion that the integral | % dx con-

1
: T
verges absolutely. Also, it can be shown that [%] converges as T — 400, and since
1

[In(z)]] — 400 as T — +o0, we obtain the result.
In the following, we present a result that could be used in the case where an integral

does not converge absolutely.
Theorem 2.2.8.. — Abel’s Criterion
Let f, g : [a,+00] be two locally integrable functions. Assume:

1) f is positive, decreasing, and tends to zero at infinity.
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2) There exists a constant M > 0 such that
T
VT > a, / g(x)dx < M

Then,
/ f(x)g(x)dx converges.

PrOOF — Let G(T f g(x)dx. If G is bounded, then there exists M > 0 such that
G(z) < M. By mtegmtzon by parts, we have:

[ )i = swaai - [ 16

Since G is bounded and f converges to 0, [f(z)G(z)]L converges to 0 as T — +o0. Now,

we show the absolute convergence of fa fl(x)g(z)dz. Since f is decreasing, we have:
f'(@)G(x) < = f'(x)M

As faT —f(x)dx = —f(T) + f(a) and by hypothesis f is positive, decreasing, and tends
to 0 at infinity, then the integral faT —f'(x) dx converges, which implies the absolute con-

vergence of faT f'(x)g(x)dz, hence the convergence.

Example 2.2.9. We aim to study the nature of the integral f+oo sin x) @ Let f(z) = L and
g(x) = sin(z) for x € [1,+ool.

e [t is evident that f is positive, decreasing, and tends to O near infinity.

e IM =2>0, forall T > 1, f1 sin(z)dx = —cos(T) + cos(1) < M. By Abel’s

Jr
criterion, the integral f > w converges.

2.2.4 Comparison between Improper Integral and Numerical Series

Proposition 2.2.1. If f is a function defined on an interval |a,+oo[ that is positive and

decreasing, then f;oo f(z)dx converges if and only if the series > f(n) converges.

n>n0

Example 2.2.10. We want to determine the nature of the integral f; 2( 7 Let’s define

flz) = #’4’(@ This function is continuous, posz’tz’ve and decreasmg on the interval
2, 400[. Therefore, [, ™ xx and the series > 3>

o TTo share the same nature. Since
the series > 5

dx
xIn?(x)

nl 2(n)

“+o00
converges (Zt s a Bertrand SGTZSS), f2

WQ() also converges.
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2.3 Improper Integral of the form fab f(x)dx with a,b € R

Now, we are interested in integrals of the form ff f(z)dx where a,b € R and f is not
bounded at one or more points in the interval |a,b].
In the following, we assume that f is not bounded at the point b in the interval [a,b],

which means we have an improper integral at b.

Definition 2.3.1. Let I = f; f(z)dx be an improper integral at b.
We say that the integral I converges if
t

lim [ f(x)de=1€R

t—=b= Jq,

/abf(x)dx:l

1) If limy_,,- f; f(z) dx diverges, we say that the integral I diverges.

and we have

2) If f is not bounded at a, then we say that the integral I = fabf(x) dx converges if
limy_ o+ ftb flx)dz=1€eR.

3) If f is not bounded at both a and b, then the integral fabf(m) dx converges if both
facf(x) dzx and fcbf(x) dx converge independently of the choice of c.

Example 2.3.1. 1) The integral I = fol % converges. Indeed, this integral is improper
at 0 and lim;_,o+ ftl % = limy_,+ [32'/3]} = lim,_,+ 3(1 — t¥/3) = 3. Therefore, the

integral I converges.

2) The integral J = fol d_ diverges. Indeed,

V1i—zx
T A [—In(1 — 2]} = lim In(1 —¢) = +
1m = 11m |— in — T = l1m In — = 0.
t=1- Jo 1 —ax  t—>1- 0 -

Therefore, the integral J diverges.
If f is not defined at a point b € R but has a continuous extension at that point, then

the integral ff f(z)dx converges. Such integrals are called falsely improper integrals.
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2.3.1 Riemann Integral of the Type fob ‘xl—if with p € R

Proposition 2.3.1. The integral fob 9 converges if and only if p < 1.

xP

PROOF — This integral is improper at 0, so according to the definition:
b b
dx 1 1 1
— = lim | Z—— =i — ifp 1.
5= (]~ e e 17

This limit converges if p < 1.
If p =1, then we get:

dv = lim [In(2)]? = /0 dr = lim In(b) — In(t) = +oo.

o P t—-0t T t—0+

Remark 2.3.2.. —

The integrals fab (b‘f—fc)p and fab (d—x converge if and only if p < 1.

z—a)P

2.4 Improper Integral of positive functions over bounded

intervals

The results for improper integrals of positive functions seen in the previous section hold

for improper integrals of positive functions over a bounded interval as well. For the con-

venience of the reader, let’s recall them.

Proposition 2.4.1. The improper integral ff f(z)dx converges at b if:

b—e
M >0, Ve>0, suchthat a<b—e implies (x)dx < M.

Theorem 2.4.1.. — Comparison Criterion

Let f and g be two positive functions on an interval [a,b] such that lim;_, f(x) =

limy_, g(x) = +o0.
Assume f(x) < g(z) for all x € [a,b]. Then:

1) If fabg(x) dx converges, then f: f(x)dx converges.
2) If f:f(x) dx diverges, then fabg(:c) dx diverges.
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Example 2.4.2. Let’s study the nature of the integral ff
We have:

Vz2-1

dr 1 - 1
V=1 Ve—1yvz+1 Vz—-1

dx
VaZ—1

Since the integral f1 \/: converges, f1 converges.

Corollary 2.4.1. Let f and g be two positive functions on an interval |a,b| such that

limy_p, f(x) = limy_yp g(x) = +00.

1) If limy_yp % = ¢ > 0, then the integrals fabf(x) dx and f; g(x)dx have the same

nature.
2) If hmt_>b =0 and f g(x) dx converges, then fabf(x) dx converges.

3) If limy_, E g +oo and f g(z) dx diverges, then f:f(:zf) dx diverges.

Example 2.4.3. Let’s study the nature of the integral fol Slr‘fa). This integral is improper

at 0.
We have:

i 1
Jim 2@ _ g

t—0 1
x

?

1 de dx dx
s0 [, iy and fo have the same nature. Since fo i diverges, fo ; diverges.

sin (z)

2.5 Absolute Convergence

Definition 2.5.1. The improper integral f; f(z)dx at a point in the interval [a,b] is said

to be absolutely convergent if the integral fab |f(x)| dx converges.

Example 2.5.1. Let’s study the absolute convergence of the integral f27r sin@)de — ppg

integral is not of positive terms and is improper at 0. .
We have: ‘
vz €]0, 27], sin(z) | 1
VE EVES
x 27 sin() do

Since the integral f027r 3_5 converges, |, Ty converges absolutely.

Theorem 2.5.2.. — [
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f the improper integral f: f(z) dx converges absolutely, then it converges and we have:

b
o] < / ()] de.

An integral that converges without converging absolutely is called semi-convergent.

Remark 2.5.3.. —

2.6 Improper Integral at more than one point

Consider the improper integral fa+°° f(z)dx such that f is unbounded at a. The conver-
gence of this integral requires the convergence of both f; f(z)dx and f x)dz inde-
pendently of the choice of b. In this case, we have:

“+o00 —+00

f(:c)dx:/ f(z)dz + b f(z)dx

a

2.7 Calculation of improper integral with change of variable

Let f :]a,b|— R and ¢ :]a, B[—]a,b] be C* functions that are bijective. Then the improper
integrals fab f(x)dx and faﬂ f(o(x)) (@) dx have the same nature, and if they converge then:

/ ) di = / " F(6())(¢) da

Example 2.7.1. Let’s calculate the improper integral f1+°° ds

z(14+1n2(z))
is continuous on [1,+o00[. To do this, we

It is improper at 400
because the function t — f(x) = m
consider the change of variable x = ¢(t) = In(t) defined from [1,+o0[ to [0,+00]. ¢ is

bijective because it is continuous and strictly increasing on [1,+oo[. Hence,

/1+00% :/0“0 v _ . [arctan(z)]¥ = lim arctan(u) = g

z(1+ In“(x 14+ 22  u=doo u—+oo

2.8 Integration by parts for improper integrals

Let f and g be C functions on |a,b[. If the function fg has finite limits at a and b, then:

[ @) de = s - i [
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Example 2.8.1. Let’s calculate the improper integral fOJrOO te~tdt. The functiont — f(t) =
te~" is continuous on [0, 400[, so we have an improper integral at +00.

We perform integration by parts with f(x) =z and g(t) = e~ *. For all x > 0:

+o0 T
/ re Ydr = lim xe “dx
0

T—+oo 0

t——+o0 r——400

= lim [—ze "]§ — / —e "dr = lim (—ze " —(e*—1)) =1
0
Therefore, the integral f0+°° re ¥ dx converges and we have f0+°° re Fdr=1.

2.9 Exercises:

Exercise 01:

Calculate and determine the nature of the following improper integrals:

1) /O m : Hem;ﬁﬂ_m), %) /0 - efd“”, 3) /1 @) de, 1) /0 n(e) de.

Exercise 02:

Study the nature of the following integrals:

~+o0 ) —+o0 1 : 400 1 oo —ax
1)/ e " dx; 2)/ L + sinfz) dx; 3)/ n(;c) dx, 4)/ < dx where
0 0 14+ Va3 1 T R

! arctan(z) oo e
d ————dz, 6 ————=dx.
) e 0 [

Exercise 03:

|
n(z) dx.
1+ 22

The goal of this exercise is to calculate the value of the integral f0+°°

1
1) Study the nature of the integral I = fol 1% )2

2) Using the change of variable y = %, establish a relationship between integral I and

0 l
integral J defined by J = f+ n(

da:, then deduce its nature.

In
3) Deduce the value of the integral fo 1ix)2 dx.
x
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Exercise 04:

a) Study the nature of the integral defined by:

+o0 IS—].
[—/ dx
0 (1+22)v1+ 2

b) Using a change of variable, find the value of I.

Exercise 05:

Consider the integrals I and J defined by: I = fog In(sin(x)) dzx and J = fog In(cos(x)) dz.

1) Show that I converges.

2) Show that I = J.

3) Determine the values of I and J.

Exercise 06:
Consider the integral I,, defined by:
+oo
I, = / x"e *dr, neN.
0
1) Calculate Iy and determine its nature.
2) Using integration by parts, establish a relation between I, and 1,1, and deduce the

nature of I,.

Exercise(7:

For a, 8 € R, we want to determine the nature of the integral fe+°° wa(ifz)ﬁ.

1) Suppose a > 1. By comparing with a Riemann integral, demonstrate that the integral

1 question converges.

2) Suppose a = 1. Compute feT x(lﬁ)ﬁ for B < 1, and determine the values of 3 for

which the integral converges.

3) Suppose av < 1. Show that the integral in question diverges.
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2.10 Solution:

Solution of Exercise 1
1) The function x —

1 +e(1 9 is continuous positive on [0,400], so we have
e + e~
an improper integral at +00.

1 1 1 e’

(14+er)(1+e2)  (1+ex)(14e )

(1+en)2

(1+e?)(1+ eiw)

U
We notice it has the form ————
f (14 u?)?

1
which has the antiderivative ————, hence:
1+u

oo dz , dx _ IR 1 1 1

= lim = lim [— lo = lim (z— ) =—.

o (@T+er)(1+e ™) Tt (14e*)(14+e®) Totoo 14e* T—+o0 2 1+e€l 2
dz

1+e")(1+e™)
e_\/E

Therefore, the integral f0+oo ( converges.

2) The function © — f(x) =

an improper integral at 4+00.

is continuous on the interval [0, 400, so we have

+o00 —\/Ed T 7\/§d
/ o 9 tm [ o lim 20V = lim (2 - 2¢V7) = 2.
0 x T—+o0 0 xT T—+oo T—~+o0

+00 e VT
Thus, the integral |

3) The function x — In(z) is continuous on the interval [1,+o0[, so we have an

COMVETGES.

improper integral at oo.

+oo T
o . o . _ T . . _
/1 In(z)dx = TLHEOO 1 In(x)dx = Tgrfm[x In(x) — ]y TLHEOO TIn(T)—T+1 = +oc.

Therefore, the integral f;roo In(z)dz diverges.
4) The function x — In(zx) is continuous on the interval |0, 1], so we have an improper

integral at 0.

/1 In(z)dr = lim 1 In(z)dz = lim [zIn(z) — 2]} = lim (=1 —tIn(t) +t) = —1.

t—0t J, t—0t+ t—0t

Thus, fol In(x)dx converges.
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Solution of Exercise 2

1) The function x — e *" is continuous on the interval [0, 4+00[, so we have an im-

—r —+o00
lim ¢ = and / du
1

proper integral at 400.

2

+o0

2
—T
o € “dx converges.

converges, hence by the comparison criterion corollary,
1 + sin(x)

14 Va3

2) The function x — is continuous on the interval [0, +oo[, so we have an

improper integral at +o00.

1+ si 2 oo g oo | 4 gi
Ln(:r;) < = and / —f converges, thus / +S—m(x)dx
1+ va? L I 1 1+ Va3

1 + sin(z)

400

converges, hence [ ———=="
1+ Va3

In(x)

x3

N

dx converges.

3) The function x — is continuous and positive on the interval [1,+o00[, so we

In(x)

have an tmproper integral at 400.

0o |
integral, hence f;r n(f)
x

1 too 1 _ .
< — and fl * —dx is a convergent Riemann
2 2

dx also converges.

—axr

e
The function x —

4) The J S

we have improper integrals at —oo and +0o0.

+oo —azx 0 —azx
/ ¢ dr and / ¢ dx.
0 1+e” oo L €%

is continuous and positive on the interval [—oo, +00[, so

For x > 0: _ _
e - (& _ 6—(0,4—1)33'
1+e” er
+o0 T —(a+1)z T 1 — —(a+1)T
/ e @te _ iy o@Dz — fim | | — fm —%
0 T—+oo g T—+oo | —(a+1)], To+c0 a+1

ax

~ € )
This limit converges if a > —1, so f0+ dx converges if a > —1.

1+ e®

For x < 0:
e—am
~ —aa:‘
1+ e”
0 0 —az70 _
oz . o ) e _ 1 —e
e = lim e “dr = lim = lim —.
o0 T——oc0 Jp T——o00 a T T—+o00 —a
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—ax

This limit converges if a < 0, so f?oo T dx converges if a < 0.
eI
e—ax
Th e
erefore, f_oo e

5) The function x —

improper integral at 0.

dx converges if a €] — 1,0].

arctan(z)

5 is defined and continuous on |0,1], so we have an
T

! arctan(z)

1 "1
flx) ~—= and / —dx diverges (Riemann integral with p = 1), hence / dz diverges.
o T 0

T T2
—T

6)$—>f($):m

integrals at 0 and +oc.

is defined and continuous on )0, 4+00|, so we have improper

¢ dx and fﬁoo (e—dx.

(@ + 1)z RSV

1 1
At x =0, f(x) ~ — and fol de converges (Riemann integral with p < 1), thus
T

VT

. 1
We examine f 0

fol f(x)dx converges.

—x

e
e * 75/2 too 1
At 400, f(x) ~ Y] and 1 0 as x — +oo. Also, fl de converges, So
15/2

ffLOO f(x)dx converges, thus f;oo f(x)dx converges.

Solution of Exercise 3

, 1 In(x)
1) The integral I = |, T2
In(x)

T2 In(x) as x — 0, from exercise 1 we know fol In(x)dz converges.
x

l
Therefore, fol 17:_(2)2

dx is an improper integral at 0.

Since

dx also converges.

1 —d
2) Let y = —, hence dx = _23/
x y

Asx — 0", y — +o0, and as x — oo, y — 0. Thus, we have:
1 1 _ —+o00 _ “+o00
]:/ In(1/y) —dy :/ In(y) —dy _ _/ In(y) dy = —J
+ 1 1

oo L+ 1/y% 42 v 41y
2

Y

Therefore, J converges.
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In(x)

Soadr=I+J=1-I=0.
€T

3) As I and J converge we have f0+°°

Solution of Exercise 4

3 —1
0+c>o d.T
(1+ 22)V/I + 2

is defined and continuous on [0, +ool.

a) We examine the convergence of the integral I =

3 —1

= flo) = (14 22)y/1 + 26

We have an improper integral at +oo, f(z) is positive for sufficiently large x.

1 oo 1 0o .
f(x) ~ s and [' 3 converges, hence [, f(x)dx converges. Also, fol f(x)dx is

a finite integral, so f0+°° f(z)dz converges.

1 1
b) Lety = —, hence dv = ——dy, y — 0 as © — +00, and y — +00 as x — 0.
Z Y
Substitute into I:

1 1
- - — -1

0 y3 1 +oo y3
[t () [
too (Y2 +1)4/1+1/y8 Yy o (P+1)/1+1/ys
+oo 1 — 3
o (I+y2)/1+y5

+00 y3_1
——/ dy = —1I.
o (1+y?)v/1+yS

Therefore, I = —1I, which implies I = 0.
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Solution of Exercise 5 1) The function v — In(sin(z)) is continuous on |0, %]
and I is an improper integral at 0.

Since sin(x) ~ x near 0, we have In(sin(z)) ~ In(z). According to Exercise 1,
fog In(x) dx converges, hence I converges.

2) Let’s substitute v = § —u, dor = —du. Then:

I /O : In(sin(§ — u)) (~du) = /0 : in(sin(§ — u)) du = /0 * (cos(u)) du = J
3)

2 =T 4J= /0 * n(cos(a)) di + /0 * (sin(a)) di / * n(sin() cos(a)) da

0

2 in(2 In2 2
:/ In (sm( x)) dy = — 2 +/ In(sin(2z)) dx
0 2 2 0

:_7”2“2 %/Owln(sin(t))dt:—ﬂgﬂ+é—%/;ln(sin(t))dt
:—WIQHQ—|—é—%/;ln(sin(7r—s))ds

__7”2“2 é—%/goln(sin(s))ds

:_ﬂ;2+[.

Thus, I = .J = —=22.

Solution of Exercise 6
1)

400
. —z T T — T _ Ty _
fo = /0 e dv= TLHEOO =™l TLHJrrloo(l ) =1

Thus, 1y converges.

2)

T T
. _ . T 1
I, = lim 2" " dx = lim [—x"e x]o +/ nz" te ™ dx
T—+oco 0 T—+o0 0
T
=n lim " e dr =nl,_y, forn>1.
T—+o00 0
Therefore, I, =nl, 1 =n(n—1)I, o =...=n! forn e N.

Thus, I, converges.
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Solution of Exercise 7t — f(t) = t"t(Int)? is defined, continious on [2,+00],
then we have an improper integral at +

Let v € (1,«). Then, we have

o 1
tﬁyt (lnt)ﬁ = m — 0

and thus, denoting f as the function, we have f(t) = o (t%) Since f:oo f—f converges, the

same holds true for f;oo f.
If a =1, then the function is of the form ZL‘—[;. Therefore, it admits a primitive of the

form ﬁu%ﬁ if B#1, and In|Inu| if B =1. For 8 # 1, we have
© o dt 1 1 b'e ] i )
/x t(nt)? ~ [1—ﬁ(lnt)1—6L =1 (X f— (ne)7].

As X tends to +o00, this converges to a finite limit if and only if 3 > 1. In the case where

B =1, the primitive is calculated slightly differently:

¢ dt

— = [In|In#]]* =In|In X| —In|Ine| = Inln X.
y tint N

This tends to +00, hence the integral does not converge.
ta_l

It is observed that 1 f(t) = e — U, which means T=o(f(1)).
Since f:oo % diverges, the same is true for f;oo f(t)dt.

In conclusion, the studied integral converges if and only if « > 1 or a« =1 and § > 1.
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Chapter 3

Ordinary differential equations

3.1 Fundamentals of differential equations
Definition 3.1.1. An ordinary differential equation of the order is a relation of the form
Y™ = fla,y,y, ..., y™ V), where:

1) y: function of x,

2) y': derivative of v,

3) f: continuous function.

An ordinary differential equation is often denoted as O.D.E.
To solve an ordinary differential equation, one must find the function y that satisfies

it, which is analytically possible only in certain cases of first and second orders.

3.2 First Order Ordinary Differential Equations:

Separable Variables Equations:

Definition 3.2.1. Let f : I — R and g : I — R be two continuous functions. The
differential equation y'g(y) = f(x) is called an O.D.E. with separable variables.

Resolution Method:

V9(w) = 1) = Lotv) = 0) = gl) dy = fx)do = [ gw)dy = [ Fia)ds
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where F' is the antiderivative of f, G is the antiderivative of g, and C,Cy € R.

Example 3.2.1.

3 dy 2x
2 2
3y’(m—1)—2xy:0:>3y'(x—1):2xy:>§%:x2_1
dy 2x dx 1 9
Y B ) = (e - 1)+C O

= |y| = eC’xz — 1\1/3 =y = k(2 — 1)1/3 where k= +e¢ € R*

It is noted that the solution y = 0 s also a solution, thus the general solution is
y = k(x? —1)/5,

3.2.1 Homogeneous Differential Equations:

Definition 3.2.2. An ordinary differential equation of the form y' = f (%) 15 called a

homogeneous equation.

Solution Method:

Lett =Y =y =tw, hencey =t'x +t.
Substituting into the O.D.E. iy = f (%), we obtain:
t/

ey e — F(E) — _!
te+t=f(t) =tr= f(t) t:>f(t)—t_x

This gives us a separable variables O.D.FE.

Example 3.2.2. Consider the O.D.E 2%y = 2* + xy — y?, y(1) = 0. By setting z = g,
x

such that iy = xz' + z, the equation becomes:
2 = 2*(1 - 2%).

This equation is rewritten as

Z/

1—22 2
then after partial fraction decomposition,

1—z+1—|—z z



Integrating yields the existence of C' € R such that
1+z2

In| | =2In| x| +C.
1—2
Setting C' = In\ with A > 0, this further simplies to
1
In| —Z | =in| \?|
1—=z2
Solving this equation gives
(=t
=z .
y A2 +1
The condition y(1) = 0 determines A = 1, thus the solution of the equation is the function
x?—1
= IR.
yo) =all Sl we

3.2.2 Linear Differential Equations:

Definition 3.2.3. Let f : I — R and a : I — R be continuous functions. The differential
equation of the form y' + a(x)y = f(x) is called a linear O.D.E.

1) If f(x) =0, it becomes a homogeneous linear O.D.E.

2) If f(x) # 0, it is a non-homogeneous linear O.D.FE.

3.2.3 Solution Method for Homogeneous Linear O.D.E.:

/

Y +ale)y =02y = —alay = - = —o(z)
This results in a separable variables O.D.E., and the general solution is:
y = ke_fa($)dz, kelR

Example 3.2.3.
: : Y dy
Yy4+aoy=0=y =—ay=>==—-1r=>— =—vdr
Y )
Integrating both sides:
2

In(yl) = —5 +¢, ceR

N

T

=> [y| = e‘e” 2
952
=>y=ke 2, keR"

x2
Note that y = 0 s also a solution, hence the general solution is y = ke~ z, keR.
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3.2.4 Solution Method for Non-Homogeneous Linear O.D.E.:

Proposition 3.2.1. The general solution of the non-homogeneous linear O.D.E. y'+a(x)y =
f(z) is the sum of the general solution of the homogeneous linear O.D.E. y' + a(x)y = 0
with a particular solution of the non-homogeneous O.D.E. y' + a(x)y = f(x).

PROOF — Let (1) denote the equation y' + a(x)y = b(z) and (2) denote the equation
v +a(x)y = 0.

Let fi be the solution of equation (1), fo the general solution of equation (2), and f,
a particular solution of equation (1). We show that fa+ f, is a solution of (1):

F(@)+ (@) +a(@)(falz)+ fo(x) = fi(r)+a(z) fol2)+ f () +alz) f(x) = 0+b(z) = b(z).
Example 3.2.4. Consider the following O.D.FE.:

v +ary=x (1)
To solve this, we consider the corresponding homogeneous O.D.FE.:

y+ay=0 (2

Equation (2) was solved in the previous example, and its general solution is:

2

y=ke 7, keR

Notice that y, = 1 is a particular solution of O.D.E. (1). Therefore, its general solution
18:
22
y=ke 2 +1, kel
Remark 3.2.5. It is not always straightforward to find a particular solution to a non-

homogeneous linear O.D.E. For this, a method called variation of parameters is used,

which allows us to find the general solution directly.

3.2.5 Method of Variation of Parameters:

Ify=ke Jo@dr [ cR s the general solution of the homogeneous O.D.E. y' + a(x)y =
0, then the general solution of the non-homogeneous O.D.E. y + a(z)y = b(x) is y =

k(x)e_f"“(m) dr I € R, where k is a function of x to be determined as follows:
y/ _ k/(x)e—fa(m) dr k(&:)a(l’)eifa(x)dz
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Substituting into the non-homogeneous O.D.E. y + a(x)y = b(z) (1), we get:
K (z)e I @ _ p(x)a(x)e T o@D @ 4 g(a)k(z)e™ 9@ = p(z)

Thus,
Therefore,

To find k(x), integrate k'

Example 3.2.6. We want to solve the non-homogeneous linear O.D.E. 2xy'—3y = /x  (1).
First, we solve the homogeneous O.D.E. 2xy' — 3y =0 (2). We have:

d d 3d 3
2oy =3y = %L =dv = L = == = In(ly) = Sn(la]) +c ceR
Yy Yy T

So,
y=kVa3, keR

We observe that y = 0 is also a solution of (2), so its general solution is
y=kVz3, keR
We now seek the general solution of (1) of the form
y = k(z)Va3
we now determine the function k, for which we have:
gw:m@¢ﬁ+gu@¢5
Substituting into equation (1):
2 [k’(x)\/ﬁ} =V

Therefore,

Thus,

1
k(x):—%—l—c, ceR

Hence, the general solution of equation (1) is:

1
y:—é\/i—l—cx/ﬁ, ceR
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3.3 Bernoulli Differential Equation:

Definition 3.3.1. Let a,b: I — R be two continuous functions. An equation of Bernoulli
is a differential equation of the form y' + a(x)y = b(x)y* with k #0,1.

Solution Method:

Divide the equation by y*:

vy~ +az)y' ™" = b(z)
Let z = y*%, then 2/ = (1 — k)y~*y'. The Bernoulli equation transforms into a non-
homogeneous linear equation:

1
1—-k

2 +a(x)z = b(x)
Example 3.3.1. We want to solve the following Bernoulli differential equation:
, 4
y-—y=avy (1)

Dividing by \/y gives:

_ 4
y'y /2 _y1/2 —
T

Let z = \/fy, then 7' = %5—;7 The equation (1) transforms into the following non-

homogeneous linear equation:
2 So=a ()
Z——z=x
x

First, solve the homogeneous equation:
4
22 ——2=0 (8
2= (9

The general solution of equation (3) is:

To find the general solution of equation (2) using the method of variation of parameters,

denote the solution as:
z=k(z)z?, keR

where k is a function to determine.
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We have:
=K (x)2® + 2k(z)x

Substituting into equation (2):
2K (2)2? + 4k(x)r — 4k(2)r =

Thus,

Therefore,

1
k(x) = 5111(\95]) +c, ceR

So, the general solution of equation (2) is:
z=2In(\/|z]) + cz®, c€eR

Hence, the general solution of equation (1) is:

y=2>= (m%n(ﬂ) +cx2>2, ceR

3.3.1 Riccati Differential Equations:

Definition 3.3.2. Let a,b,c : I — R be continuous functions. A Riccati equation is a

differential equation of the form y' + a(z)y = b(x)y* + c(z).

Solution Method:

The solution of a Riccati equation is possible if we already have a particular solution y,.
In this case, we can set the variable change z =y — y,, thusy = z +y, and y' = 2’ +y,,.

Substituting into the Riccati equation, we get:
(2 +y,) + a(@)(z +yp) = b(2) (2" + 229, + y;) + c(2)
Since yp, 15 a solution, we obtain a Bernoulli equation:

2+ (a(x) — 2b(z)y,)z = b(x)2?
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Example 3.3.2. Let’s solve the Riccati equation defined by:

@+ 1y =y*~1 (1)

Notice that y = 1 is one of its particular solutions. Let z =y —1, so 2’ = y'. Substituting
into equation (1):
(P + 1) =((z+1)*-1)

This simplifies to the following Bernoulli equation:
(2 +1)2 —22=2> (2

Divide equation (2) by 2*:
/

2
e ]_

) z
nN= —
(x4 )22 -

Let t = %, then t' = —j—;. This leads to:
—(+ ) —2t=1 (3)

FEquation (3) is a non-homogeneous linear differential equation. Consider the homogeneous
equation:

—(@*+ D —2t=0 (4)

Its general solution is:
t = kefQ arctan(:z:)’ EecR

By varying the constant k, we find the general solution of equation (3):
t = (—arctan(x) 4 c)e 2@ e R

Thus, the general solution of equation (2) is:

1
—arctan(x) + ¢

—2arctan(z)

Zz =

Therefore, the general solution of equation (1) is:

1

—2arctan(zx)
e +1
—arctan(z) + ¢

y:
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3.4 Second-Order Linear Ordinary Differential Equations

with Constant Coefficients:

Definition 3.4.1. Leta,b € R and f : I — R be a function. A second-order linear ordinary

differential equation with constant coefficients is of the form:
y' +ay +by = f(z)
- If f(z) = 0, it is the homogeneous case.
- If f(z) # 0, it is the non-homogeneous case.
Remark 3.4.1.. —
If y1 and yo are two solutions of the differential equation y" + ay' + by = f(x), then

ayy + Bys is also a solution.

Solution Method:

1) Homogeneous Case Solution Method:

We consider the following second-order equation:
r+ar+b=0

We calculate the discriminant A = a® — 4b.
1) If A > 0, the roots of the polynomial equation are real and distinct, vy and ro. The
particular solutions of the homogeneous equation y" + ay’ + by = 0 are y; = €% and

Yo = €% and the general solution is:
y=oae"" 4+ B a,felR

Example 3.4.2. We want to solve the ODE y" —y—2y = 0. The characteristic polynomial
isr?—1r—2=0 with A =9. The roots are ri = —2 and ro = 1. Thus, the particular

2x

solutions are y; = e~* and ys = €*, and the general solution is:

y=oe **+ 3% a,BcIR
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2) If A =0, there is a double root ro = —5. The particular solutions of the homoge-

T and yo, = xe™", and the general solution is:

neous equation are y; = €’
y = e 4+ fre™ a,f € IR

Example 3.4.3. We want to solve the ODE y" —4y+4y = 0. The characteristic polynomial
isr? —4r +4 = 0 with A = 0. The double root is ro = 2. Thus, the particular solutions

are y1 = €% and o = xe**, and the general solution is:
y = o™ + Bxe*, o,f € IR

3) If A <0, the roots are complexr 11 = —a + 118 and ro = —a — i3, where a« = % and

P

2

a
2

. The particular solutions of the homogeneous equation are:
y = Cre" " cos(fzr) + Coe”“sin(pz), C1,Cy € IR

Example 3.4.4. We want to solve the ODE y"+2y+5y = 0. The characteristic polynomial
is 7? +2r +5 =0 with A = —16. The complex roots are 11 = —1 — 2i and ry = —1 + 2i.

Thus, the general solution is:

y = Cre " cos(2x) + Cye” *sin(2z), C1,Cy € IR

2) Non-Homogeneous Case Solution Method:

The general solution of the non-homogeneous ODE y" + ay' + by = f(x) is the sum of
a particular solution of the non-homogeneous equation with the general solution of the

homogeneous equation y” + ay’ + by = 0.
Remark 3.4.5.. —

There are different methods to find a particular solution of a non-homogeneous ODE
y'+ay +by = f(x), which will be detailed subsequently. Generally, the method of variation
of parameters can be used.

Variation of Parameters:

If y = c1y1 + coys is the general solution of the homogeneous equation y" + ay’ + by = 0,

then the general solution of the non-homogeneous equation y" + ay’ + by = f(x) is:
y = ci(@)yr + c2(@)ye,
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where ¢1(x) and co(x) are functions to be determined by solving the following system:

Example 3.4.6. We want to solve the following non-homogeneous equation:
y' +6y +5=¢*. (1)
For this, we consider the associated homogeneous equation:
y' +6y +5=0. (2
The general solution of equation (2) is given by:
y=Cre 4+ Che ™™, C4,05 € IR.

To find the general solution of ODE (1) in the form y = Cy(x)e™>* + Cy(x)e™", we solve

the following system:
Ci(x)e™™ + Ch(z)e =0
—5C)(z)e™5 — CY(z)e™ = **

Thus, we find Cy(x) = —%e” + k1 and Cy(x) = —%639” + ko with kq, ko € IR. Therefore,
the general solution of ODE (1) is:

1
Y= %ezx + ke 4 kye %,

Special Cases:

Let A € IR, and P,(z) be a polynomial of degree n. Consider the ODE:
y'Fay by = Py(x)e (%)
The particular solutions are given by:

1) If X is not a root of the characteristic equation r* + ar +b =0, then
Yp = Qn(w)e’\x, deg(P,) = deg(Qn)
is a particular solution of ODE (*).
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2) If X is a simple root of the characteristic equation 7* + ar +b = 0, then
Yp = xQn(:p)em, deg(F,) = deg(Qn)

is a particular solution of ODE (*).

3) If X is a double root of the polynomial r*> + ar +b =0, then
Yp = T Qu(@)e™  deg(P,) = deg(Qy)

is a particular solution of the ODE (x).

Example 3.4.7. 1) Consider the equation y" + vy —y = x. A = 0 is a simple root of
the polynomial r* +1r —1 = 0, so y, = az® + bx + ¢ is a particular solution of

Yv'+y —y = y,=2ar+b and y, = 2a. By substitution into the ODE, we have:
—ar® + (2a —b)r+2a+b—c=x

By identification, we find:

Thus, y, = ga* — 22% 4 3x.

2) Consider the equation y’+2y = x?>—4x+3. X\ = 0 is a simple root of the polynomial
r?242r =0, soy, = z(azx®+bxr+c) is a particular solution of y" 42y = z* —4x+3.
y, = 3ax?® + 2bx + ¢ and y, = 6ax + 2b. If we substitute this into the ODE, we

obtain:
6ar® + (6a + 4b)x + 2c = 2* — 4z + 3

By identification, we find:

1 5 3
a—é, b__z_l’ and c=3.

Thus, y, = g2° — 22% + 3.

3) Consider the equation y" — 2y +vy = (z* + 1)e*. X\ = 1 is a double root of the
polynomial r* — 2r +1 =0, so y, = x?(ax® + bx + c)e* is a particular solution of

V' =2ty = (2 4 et
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Y, = (4az® + 3bx* 4+ 2cx)e* 4+ y, and Yy, = (12ax? + 6bz 4 2¢)e” —y,,. If we substitute
this into the ODE, we obtain:

6ar® + (6a + 4b)x + 2c = 2* — 4z + 3
By identification, we find:

1 5 3
afé, bf—l—l, and cf§.
3

Thus, y, = ga* — 22% 4 3a.
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3.5 Exercises:

Exercise 01:
Consider the function f defined on R* and C, D € R:

o Ce= if x>0
f(x)_{De‘J if <0

1) Give a necessary and sufficient condition on C and D for f(a:) to be continuous at
0.

2) Show that if this condition is met, then this extension is also differentiable at 0 and

its derivative is continuous at 0.

3) Consider the differential equation x?y —y = 0...(x).
a) Solve the ODE (x) on the interval on R*.
b) Deduce the solution of the ODE (x) on R.

Exercise 02

Give a differential equation whose solutions are of the form:

c+x

517 ceR
1+ 22 ¢

X

Exercise 03

1) Find differentiable functions f : R — R that satisfy:
1
VeeR, fl(z)+ f(x)= / f(t)dt.
0
2) Find differentiable functions f: R — R that satisfy:

Ve eR, f(x)+ f(x) = f(0)+ f(1).

Exercise 04

Determine differentiable functions f : R — R that satisfy for all s,t € R:
f(s+1t) = [f(s)f(?).
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Exercise 05

Solve the ODE':

4y =
4 z—1

with y(2) = 2.

Exercise 06

Solve the ODE:
y' 4+ 2y + 4y = ze”

with initial conditions y(0) = 1 and y(1) = 0.

Exercise 07

Using the variable change z =y, solve on | — 1, +o0[ the ODE:

(1+2)%"+(1+z)y —2=0.
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3.6 Solution:

Solution of Exercise 1
1) lilr(r)l+ f(z) = 0 independently of C and liI(I)l f(z) =0 only when D = 0. Thus, we have
T z—0—

a continuous extension at 0 if and only if D = 0, defined by:

- Ce™ if x>0,
fz) =
0 if x < 0.
2) . .
fo)—F0) ¢ .
x 2

Let u = %, then lim wue ™ = 0.
U—-+00

Therefore, f is differentiable and f'(0) =0 and
- Ce if © >0,

0 if < 0.

Using the same variable change, we get liII(l) f’(x) =0, so [ is continuous at 0.
T—r

3)

a) 2y —y=0<=> 2%y =y <=> % = —5. By integrating, we get:
y(x) = Ce™ = Vo # 0 with C' € R.

b) Let z be a solution on R, its restriction to IR* is also a solution and it is equal to
Y= Ce . So, according to the above, for y and y' to be continuous at 0, C' must be zero
if © <0, so the solution of the ODE (%) is equal to f.

Solution of FExercise 2

Ve eR, f(z)=

By derivation, we have:
(1+2%)f'(z) + 2vf(x) — 1= 0.

This is the desired ordinary differential equation.
Conversely, consider the ODE (1 + 22)y’ + 2zy — 1 = 0...(x).

We wverify that the functions f(x) = 10:;2 with ¢ € R are its solutions.
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By derivation, we have

;o —at = 2ca 41
Fe) = =5y

And if we replace in the ODE (x), we easily verify that f is a solution.

Solution of Exercise 3 1) Applying the same reasoning, we have:

AV@m:a

ctd(l—et)=c

So,

Therefore, d = 0, and the only solutions are constant functions.

Conversely, it is easy to verify that constant functions are solutions to the equation

Fl(x) + f(z) = [y f(t)dt.
2) Let f be a solution to the linear homogeneous equation y' +y = ¢ with ¢ € R. We
know that the solutions to this ODE are of the form f(x) = ¢+ de™™ with ¢,d € R. So,

for f to satisfy the ODE f'(x)+ f(x) = f(0)+ f(1), we must have f(0)+ f(1) = ¢, hence:
2e+d(l+e ) =c
c=—d(l1+et).
Thus, the solutions to the equation f'(z) + f(z) = f(0) + f(1) are of the form:

flz)=—d(1+e")+de ™.

Conversely, we have f'(x) = —de™", and we verify that f is a solution to the original
equation.
Solution of Exercise 4 For s =t =0, we have f2(0) = £(0), so f(0) = 0 or
F0) = 1.

If f(0) =0, for s=0 and t € R, we have:

We can then assume f(0) = 1.
Now fir s € R and differentiate with respect tot € R. We have:

f'ls+1) = f(s)f'(1).
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Fort =0, we get:
f'(s) = f(s)f'(0).

Thus, f is a solution to the homogeneous linear differential equation y' = ay with a € R,
whose solution is of the form f(z) = ce®, and since f(0) =1, then ¢ = 1.

Solution of FExercise 5 The ODE y + %y = %5 1s a non-homogeneous linear
first-order ODE.

We solve the homogeneous case:

1
Y+ -y =0.
T
The solution is:
Yy = E, ceR.
T

We then look for the genmeral solution of the non-homogeneous ODE in the form:

where ¢ is a function to be determined.

We have:

SO

c(x):%+x+1n(x—1)+k, ke R.

Thus,yz%—i—l%—@—kﬁ.

The condition y(2) = 2 gives k = 0, hence the solution to the non-homogeneous ODE

y’—i—%yziésyzg—l—l—k—ln(z_l).

z—1
Solution of Exercise 6 First, solve the homogeneous ODE:
Y +2y +4y = 0.

The characteristic equation is:
r? 4+ 2r+4=0,
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with discriminant A = —12 and roots —1 =+ i1/3.

The solutions to the homogeneous equation are:
y = ae~" cos(V/3z) + be *sin(v3z), a,beR.

Now, find a particular solution of the non-homogeneous ODE of the form y,(x) =

(cx + d)e”. We have:
Y, () + 2y, (x) + 4y, (x) = (Tcx + Td + 4c)e”.

By identification, we find ¢ = % and d = —%.
Thus, the solutions to the non-homogeneous ODE are functions of the form:
ze®  4de”
7 49’

y = ae~® cos(V/3x) + be " sin(V/3x) + a,beR.

- Ify(0) =1, thena— 55 =1, so a = 2.

53 cos(v/3)4-3sin(v/3
- If y(1) =0, then b= — Cosigsi)nt\/% V3

Solution of Exercise 7: If z =y, we obtain the ODE:
(1+2)* +(1+z)2—2=0.
which is a non-homogeneous linear first-order ODE. First, solve the homogeneous case:

(14 2)* + (14 2)z =0,

C
1+x

case using the method of variation of parameters:

o)
1+=z

the solution is z = with ¢ € R. Now, find the general solution to the non-homogeneous

where ¢ is a function to be determined. We have:

@04~ e)
(1+2)?

Substituting into the homogeneous ODE, we find:
()1 +2) =2,
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s0
clx)=2In(1+z)+d, deR,
and
2In(1 + ) k
= + ’
1+ 1+
Thus, the general solution to the initial ODE is:

z

decR.

y(z) = (In(1+2))* +dn(l +2) +e, d,e€R.
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Chapter 4
Functions of Two Variables

Definition 4.0.1. Let U and V' be two domains in IR. A real function of two variables is
an object that associates with every pair of real numbers (x,y) at most one real number.

Such a function is denoted as:
UxV = IR

(z,y) = f(z,y)

Example 4.0.2.

flz,y) =2y®, flzy)=Inlz+y), flz,y) = Vae

4.1 Domain of Definition:

Definition 4.1.1. The domain of definition of a function f of two wvariables is the set
defined by:

Dy ={(z.y) € I : f(z,) € IR}
The determination of the domain of definition of a two-variable function is often done

graphically.
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Example 4.1.2.

4.2 Graph of a function of two variables

Let f : Dy C R* = R be a function of two variables. The graph Gy of f is the subset

of R3 formed by points with coordinates (z,y, f(z,y)), where (z,y) belongs to the domain
Dy. Therefore, the graph is defined as:

Gr={(z,y,2) R’ | (z,y) € Dy and = = f(z,y)}.

Example 4.2.1. f(x,y) = cos(z) + sin(y)
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4.3 Limit Calculation

The limit calculation of a function of two wvariables can be approached in several ways.
To calculate limits, we use general theorems such as operations on limits and bounding.
These are the same statements as for single-variable functions; there are no difficulties or

new elements.

Proposition 4.3.1. Let f,g: R?2 — R be defined in a neighborhood of xy € R™ such that f
and g have limits at xo. Then:

lim (f +g¢g) = lim f+ lim g
T—T0 T—T0

Tr—TQ

lim(f-g)= lim f- lim g
T—T0 T—I0

T—T0

And if g does not vanish in a neighborhood of xy:

o1 1
lim — = =
T=T0 g hm:v—):vo g
]" XL X
lim ! — Moo /

Example 4.3.2.

lim ay® =0, lim (sin(x) 4 cos =—1, lim 2+ In(y) = —o0
(z,y)—=(0,1) Y (I7y)—>(0,ﬂ)( (=) @) (z,y)—(0,07) ()
Remark 4.3.3.. —

- The results above also hold for infinite limits with the usual conventions:

[+00=+00, [—00=—00,
1 o1
lim — =400, lim — = —o0,
z—0t T z—0— T
lim — =0,
r—+oo I

{xoo=00 (l#0), ooxoo=o00 (with sign multiplication rule).

- The indeterminate forms are: +00 — 00, %, =, 0 x o0, oo, 1%, and 0.
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Composition is also often useful:
Let f : R? — R be a function of several variables such that lim, ., f(x) = ¢, let

g : R — R be a function of one variable such that lim,_,, g(t) = ¢, then the function

go f:R* = R defined by (go f)(z) = g(f(x)) satisfies
Jim (g0 f)(x) =1

Theorem 4.3.4.. — (Theorem of Sandwich (or Squeeze Theorem))

Let f,g,h : R?> = R be three functions defined in a neighborhood U of zo € R2.
If for all x € U, f(x) < h(z) < g(x), then lim, ., f(z) = L and lim,_,,, g(z) = L imply
lim,_,,, h(x) = L.

Example 4.3.5. We want to calculate lim, ) (0,0) 2% sin <1—1y>

It is known that ¥(z,y) € R?, —1 <sin (iy) < 1, hence

1
—2® < 2%sin (—) <2?, V(z,y) € R%.
Yy

Since im ;. ) (0,0) 22 =0, it follows that limz ) (0,0) 2% sin < L ) = 0.

oy

4.3.1 Polar Coordinates

—

Let M be a point in the plane R?. Let O = (0,0) be the origin. Consider (O,z‘,j’) as a

right-handed orthonormal coordinate system.

e Let r = /22 + y? denote the distance from M to the origin.

- s
e Let 0 denote the angle between i and OM.

oy

M=[r:8]

s R e e R
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We denote by (r : 0) the polar coordinates of the point M. In this course, r will always
be positive. The angle 6 is not uniquely determined; multiple choices are possible. To
ensure uniqueness, we can restrict 0 to the interval [0,27) or (—m,w|. Polar coordinates
are generally not assigned to the origin (the angle would not be meaningful). In cases
of indeterminate form, we can calculate lim ;) 0,0) f(x,y) using the change of variables
x =rcos(f) and y = rsin(f) with r > 0 and 0 € [0,27x] (or 0 € [—m, 7)), giving us:

L Jim - f () =l (7 cos(6), sin(6)
Polar Coordinates to Cartesian Coordinates:

Cartesian coordinates (z,y) can be obtained from polar coordinates (r,0) using the

formulas

x=rcosf and y=rsinf.

In other words, we define a mapping:
(0,4+00) x [0,27) — R? (r,0) — (rcos®,rsinf).

Cartesian Coordinates to Polar Coordinates:
Polar coordinates (r,0) can be obtained from Cartesian coordinates (x,y) using the

following formulas:
r = /712 + y2

and, in the case x >0 and y > 0,

0 = arctan <%> .

When considering functions f : E C R? — R, it is sometimes easier to prove results about

limits, continuity, etc., by using polar coordinates.

Proposition 4.3.6. Let f : R? — R be a function defined in a neighborhood of (0,0) € R?,
possibly except at (0,0). If

lim f(rcosf,rsinf) =¢ € R

r—0

exists independently of 6, then

lim x,y) =1~
(rvy)—>(070)f( 2
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Remark 4.3.7.. —

To clarify this proposition and explain the different practical cases of the limit, here

is how it can be approached. We express f(x,y) in polar coordinates by calculating

f(rcos@,rsind).

1. If lim,_,q f(rcosB,rsin®) exists and is independent of 0, then this limit is the limit
of f at the point (0,0).

2. If lim,_o f(rcos@,rsinf) does not exist (or the limit is not finite), then f does not
have a finite limit at the point (0,0).

3. If lim, o f(rcos@,rsinf) = £(0) depends on 0, then f does not have a limit at the
point (0,0). To justify this, we provide two values 01 and Oy such that £(01) # £(02).

Example 4.3.8.

3 3 cos®(0 °(0
T . T‘COS() :hm&():o fOT’HE[0727T]

1) lim ——— =Ilim
(@)= 00) 22 +y2 50 1r2(cos?(f) +sin?(F)) 0 1

2)

im Y m rsin 6 _ 1 sin 6 '
(@y)—(00) 22 +y3  r=072(cos2f + rsin®h)  r cos? 6+ rsin® 0
Let’s fix 6 such that sinf # 0 (i.e., § #0,7,2x)). Then, asr — 0, f(rcosf,rsin)
does not have a finite limit. In particular, the function (z,y) — f(z,y) does not
have a finite limit at (0,0).

3)

22 —y* . r?cos(20)

(:v,y)lg%o,O) 22+ 92 o0 2 = cos(260)

which depends on 6, so the limit does not exist.

Remark 4.3.9.. —

If f:R? — R is a function such that for each fived 0, lim, o f(rcos@,rsin@) = £, then

we cannot conclude that f has € as its limit at the point (0,0).
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Example 4.3.10. Consider the function f defined on R*\ {(0,0)} by
2

_
f(‘ruy>_ x2+y4'

Along every ray, f tends to 0, meaning for each fized 0,
lim f(rcos@,rsinf) = 0,
r—0

however, f does not have a limit at (0,0).

. a2
Indeed, f(rcosf,rsinf) = %'

Let’s fix 0 and discuss according to its value:

e Ifcosf # 0, then the numerator tends to 0 while the denominator tends to cos? 8 # 0.
Therefore,

ll_r{(l)f(rcose,rsmé) = 0.

e [fcos =0, then (z,y) lies on points where x = 0, and hence f(rcosf,rsinf) =
f(0,y) = 0.

In all cases, [ tends to 0 along all rays defined by a fixed angle 6.
In the next section, we will provide a method to demonstrate the non-existence of this
limat.
Remark 4.3.11.. —
If the pair (z,y) tends to (zo,y0) € R*—(0,0), we can set X = x—x¢ and Y = y—1yp.
1
If the pair (z,y) tends to (00, 00), we can set X = — and Y = —.
€z Y

4.3.2 Method of Paths

Proposition 4.3.12. Let f : R* — R be a function defined in a neighborhood of (z,y) € R?,
possibly except at (x,y).

1. If f has a limit | at the point (x,y), then the restriction of f to any curve passing
through (xo,v0) has a limit at (zo,yo), and this limit is .
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2. Conwversely, if the restrictions of f to two curves passing through (xo,vo) have dif-

ferent limits at (xo,v0), then f does not have a limit at (zo,yo).

Remark 4.3.13.. —

The previous proposition shows that lim  f(x,y) does not exist, we can consider two
(z,y)—(z0,y0)

different paths y, = ¢1(x) — yo and yo = ¢o(x) — yo. If
T f(z,61(2)) # lim f(2,6(2)),

then the limit does not exist.

Example 4.3.14. Consider the limit:
2
lim &.
(2.9)(0,0) 22 + y*

Let yy = x and yo = /x. Both y; and yo approach 0 as x approaches 0.

-0 as x—0.

f(*rayl) = f<x7$)

- 14+
f(x,y0) = f(x, V) x—Q*—>1 as = —0
BN T o T g '
Since these limits are different,  lim 2=V does not exist.

o
2 4
(x,y)—(0,0) TV

4.3.3 Method of Sequences

Proposition 4.3.15. Let f : R> — R be a function defined in a neighborhood of (z,y) € R?,
possibly except at (x,y). If f has a limit £ at (zo,Yyo), then for any sequence (x,,yn) € Dy
such that (x,,yn) — (zo, x0), we have f(xn,y,) — { when n — +00.

Remark 4.3.16.. —

The previous proposition show that ( )lir(n )f(m, y) does not exist, we can consider
z,y)—(To,Y0

two sequences (T, yn)— > (0,0) and (x),,y.) both approaching (xq,yo).
If
Hm f(2n,yn) # Um f(z7,y5),
n——+00

n——+oo

then the limit does not exist.
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Example 4.3.17. Consider the limit:

72— y2
lim ———
(2,9)—(0,0) 2 4 y2

We have:

3
f(@nsyn) =0 and  f(z),y,) — ~E when n — +o00.

Since these limits are different, the limit  lim > does not exist.

2
2.2
(z,y)—+(0,0) * e

4.3.4 Iterated Limits

If lim  f(z,y)=1€ IR, then lim lim f(x,y) # hm hm f(z,y).

(z,y)—(wo,y0) TT0 Y—Yo
Conversely, if lim lim f(z,y) # lim lim f(x,y), then lim  f(z,y) does not
T—T0 Y—Yo Y—Yo T—T0 (z,y)—(x0,Y0)
extst.

Example 4.3.18. We want to show that the function f defined by:

$3_y3
f(%y)—m

does not have a limit at (0,0).

We have:
lim hm flz,y) =—1

y—0z—

and

lim lim f(z,y) = 1.

z—0 y—0

Since these two limits are different, the limit ( l)m% f(z,y) does not ezist.
z,y)—(0,0)

Remark 4.3.19.. —

If the two iterated limits are equal, we cannot draw any conclusion.
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4.4 Continuity

Definition 4.4.1. Let f be a function of two variables and (xo,yo) a point in Dy. f is said
to be continuous at (xo,yo) if:

lim  f(z,y) = f(Zo,Y0)-

(z,y)—(x0,y0)

Proposition 4.4.2. Let f and g are two functions continuous with two variables continious

in (o, Y0) € Dy N Dy, then:
e f+ g is continuous at (xq,yo),

e f-g and % (where g(z,y) # 0 in a neighborhood of (xo,v0)) are continuous at
(1'0790);

e [fh:R — R is continuous, then h o f is continuous at (xg, o).

Remark 4.4.3.. —

The mappings defined by (x,y) — x + vy, (z,y) — x* + xy, as well as all polynomial
functions in two variables x and y, are continuous on R? (for example, (x,y) — x>+ 3xy).
Similarly, all rational functions in two variables are continuous where they are defined.
Since the exponential function is continuous, (x,y) — e* Y is continuous on R%.  The
function defined by f(z,y) = 53— 1is continuous on R?\ {(0,0)}.

2 +y2

Example 4.4.4. Consider the function f defined on IR* by:

oy = | 7o Y@ #0.0),

[ is continuous on R*{(0,0) as a quotient of continuous functions. Continuity at (0,0):

lim  f(z,y) = 3 = limrcos®*(#) = 0 = £(0,0).

, lim ———
(,9) = (z0,50) (@y)—(00) 22 +y2  r=0

Therefore, f is continuous at (0,0).
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4.5 Continuity Extension

Let f be a function of two variables and (xo,yo) a point not in Dy. f is said to be

continuously extendable at (o, yo) z'f( lim  f(z,y) =1 € IR, and we can define the

z,y)—(x0,Y0)

function f as follows:

~ f(:c,y) Zf (Ji,y) 7& (LEQ,JJ()),

flz,y) = _
! if (z,y) = (o, o).
Example 4.5.1. 1) Consider the function f defined on IR*—{(0,0)} by f(z,y) = %
We have lim f(z,y) = lim 7eos@sn*(0) Therefore, f has a continuity
(,9)—(0,0) r—0 "

extension at (0,0) and we define:

~ i (x, 0,0),
g = [ 200
0 if (z,y) = (0,0).

2) Consider the function f defined on IR* — {(0,0)} by f(z,y) = -2

x2 +y2 .
r cos(0) sin(6)
r

We have  lim )f(:c,y) = hH[l) = cos(0)sin(0), which does not exist.
r—

(z,y)—(0,0
Thus, f does not have a continuity extension at (0,0).

4.6 Differentiability

Definition 4.6.1. Let f be a function of two variables and (xg,vyo) € Dy. f is said to be

differentiable at (xo,y0) if there exists a continuous linear map df such that:

lim f(xo+ h1,y0 + ho) — f(z0,y0) — df (zo, yo)(h1, ho)
(h17h2)_>(070) 1/ h% + h%

Remark 4.6.2.. —

=0.

1) The function df is called the differential of f at (xo,yo)-

2) In practice, to show that f is differentiable at (xo,yo), we demonstrate:

f(@o + hi,yo + ha) — f(x0,90) = df (w0, y0) (b1, ha) + o(y/ A3 + h3)

i Wit h)
(h1,h2)=(0,0)  \/h? + h3
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Example 4.6.3. Consider the function f defined on IR* by f(z,y) = vy. We want to show
that f is differentiable on IR*. For any (xo,y0) € IR*, we have:

f(xo + hi,90 + he) — f(0,Y0) = yoh1 + xoha + hihs.

lim fuhy _ _ lim 7 cos(€) sin(f) = 0.

(hlth)%(Ofo) \/ h% + h% r—0

Therefore, f is differentiable on IR* and df (o, yo)(h1, ha) = yohi+xohs for all (z,y) € IR*.

Proposition 4.6.4. Let f be a function of two variables and (xo,yo) € Dy.
If f is differentiable at (x¢,yo), then f is continuous at (xg,yo).
Conversely,

If f is not continuous at (xo, o), then f is not differentiable at (xq,yo)-

Example 4.6.5. Consider the function f defined by

f(:L" y) = xzxfyz if (z,y) # (0,0),

, , 7 sin(0)r cos(d) sin (@) cos(0)
1 =1 = .
(x,y)lgéo,o) f(@y) r0 12 cos?(0) +r2sin?(6)  cos?(6) + sin?(0)

The limit does not exist, so f is not continuous at (0,0), hence f is not differentiable at
(0,0).

Remark 4.6.6.. —

The sum, product, quotient, scalar multiple, and composition of differentiable functions

are differentiable.

Definition 4.6.7. The partial derivatives of f are the functions:

0 0
(x,y) — f(ai:y), and (z,y) — fg];’y)

In practice, to compute a partial derivative, we differentiate with respect to one variable

while treating the other as constant.

Remark 4.6.8.. —
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For piecewise-defined functions, the partial derivatives at a point (zo,y0) € Dy, if they

exist, are given by the following limit formulas:

of o fl@o+hyyo) = flwo,y0)  Of . f(wo,yo + h) — f(z0,%0)
%($07y0) = }lllg(l) h ) a—y(%,yo) = ,1112(1) h .

Remark 4.6.9.. —

We can also use the notations

df (z,y)
de

df (z,y)
dy

(x,y) — and (z,y) —

or
(z,y) = fo(x,y), and (2,y) = f(z,y)

Example 4.6.10. Let’s compute the partial derivatives of the function f defined by f(x,y) =
2%y. We have:

Of(x,y) _ oy and 0f(z,y) _ 2

ox dy

Proposition 4.6.11. Let f be a function of two variables and (zo,yo) a point in Dy¢. If f
is differentiable at (xq,yo), then afgi’y) and afg;’y) exist, and we have:
0 0

05 (w), |

ox dy

Example 4.6.12. Weve already shown that f is differentiable and df (z,y)(hi, ha) = yhi +
why for all (x,y) € IR?. Hence, 8%2’?’) y and af(my _

df (z,y)(h1, he) = ho.

Remark 4.6.13.. —

The converse of previous proposition is false.

Counterexample

Let f be the function defined by:

foy = T T @0 #0.0)
0 if(x.y) = (0,0).

As shown in example 4.6.5, f is not differentiable. Now let’s compute the partial deriva-

tives:

ox h—0 h

=0,
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0f(0,0) _ . f(0.h) = f(0,0) _

Thus, the partial derivatives exist but the function is not differentiable.

Remark 4.6.14.. —

Polynomials, logarithmic functions, exponential functions, trigonometric functions,

etc., are all differentiable functions.

Proposition 4.6.15. Let f be a function of two variables. If 8féz’y) and afg;’y) exist and

are continuous, then f is differentiable.

Example 4.6.16. Consider the function:
fla,y) ="

On IR*\ {(0,0)}, f is differentiable as it is the ratio of differentiable functions.

Of(,y) _ 2y’
or (224 y?)?
and
Of(x,y) _  2a'y
oy B (:1:2 +y2)2'
Ox h—0 h
and 5
F0.0) L F08) - F0.0)
oy h—0 h
Now, let’s study the continuity of the partial derivatives:
3 .4
lim Of(z,y) — im 2r cos” () sin*(0) _o
(29)+00) Or "0 12 cos?(0) + r2sin?(0)
3
lim Of (z,y)  lim 2r sin”(6) cos* () _0
(@y)—(00) Oy 70 72 cos2(6) + r2 sin*(0)

The partial derivatives exist and are continuous, hence f is differentiable.

Definition 4.6.17. Let f be a function of two variables and let I . We say that [ is of

class C1 in I if it is differentiable and its differential is continuous in I.
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Theorem 4.6.18.. — L

et f be a function of two variables.

is of class C* at (zo,v0) € Dy if and only i af“’) and 8fxy) exist and are continuous
[is of Y f y By

at (Io, ?JO) .

Example 4.6.19. Consider the function:

2,2

22 i (a,) # (0,0,
0 if (x,y) = (0,0).

It has been shown in Example 4.6.16 that the partial derivatives exist and are continuous

over R?, hence f is of class C' on R2.

flz,y) =

Definition 4.6.20. Let f be a function of two variables and (xg,yo) € Dy. We say that f
is twice differentiable at (xo,yo) if it is differentiable and its differential is differentiable
at (I(]a yO) .

Notation

The second-order partial derivatives of a function f(x,y) are defined as follows:

Pf 0 (0f
Rf 0 (0f
0_gﬂ_0_y(3_y>
O*f o (of
9 axay“%(a_y)
O*f 0 (0f
4) 8y8x_8_y<8_x)

Example 4.6.21. Let f be the function defined on R* by f(z,y) = x%y>.

We compute the

first and second-order partial derivatives:

0 0
L) =2, ey -2
aZf ) 82f ) 82f a2f
_ 'l _ —4
92 (z,y) =2y, e (z,y) = 227, 920y (z,y) = By0n ——(z,y) = 4xy.

91



Remark 4.6.22.. —

Polynomials, logarithmic functions, exponential functions, trigonometric functions,

etc., are all twice differentiable functions.

Proposition 4.6.23. Let f be a function of two variables. If f is twice differentiable, then
all second-order partial derivatives exist at (xo,yo), and the second differential of f at
(%0, Y0) 1s the bilinear form given by:

2 2 2

0 0 0
0, 0) (o), (i ) = 55 oo, ok 5% g kG, ) (huha).

Example 4.6.24. Reconsider the example defined by f(z,y) = x*y*. Then:
df($, y)(hl, hg)(k’l, k’g) = 2y2h1k‘1 + 2$2h2/€2 + 4xyh1k:2 + 4l‘yhgk’1.
Theorem 4.6.25.. — L

et f be a function of two variables. If the second-order partial derivatives

R A A
ox?’  0y?’  Ox0y’ OyOx

exist and are continuous in a neighborhood of a point, then f is said to be twice differen-

tiable at that point.
Theorem 4.6.26.. — (

Schwarz’s Theorem) Let f be a function of two variables. Suppose that the mized

partial derivatives
2 2
@iy Py

0x 0y Oyox

exist and are continuous at a point (xg,yo) € Dy. Then,

O (o) = L (20,0)
(91:(9y 0; Yo _8y6’x 0,Y0)-

Remark 4.6.27.. —
This theorem is often used in its contrapositive form.

Definition 4.6.28. Let f be a function of two variables. We say that f is of class C? if it

is twice differentiable and its second differential is continuous.
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Theorem 4.6.29.. — L

et f be a function of two variables. The function f is of class C* if all second-order

partial derivatives

Piey) Pfay) Py P
ox? oy? oxdy Oyox

exist and are continuous in a neighborhood of each point in the domain.

Example 4.6.30. Consider the function f: R*> — R defined by:

3

Flz,y) = #yyz if (2,y) # (0,0),

0 if (2,y) = (0,0).

We will show that f is not of class C*. To do so, we will prove that % s not
Y
continuous at (0,0).

Since [ is the quotient of smooth functions (with the denominator never vanishing
away from the origin), it is differentiable on R?\ {(0,0)}, and we can compute its partial
derivatives there.

)
We first compute 8—£ on R?\ {(0,0)}:
0f( ) zyt + 32%y°
——(z,y) = ———->.
oy T @y
At the origin, since f(x,0) =0 for all x, we have:

oy (00) = Jim T = i = =0

We now consider the mized partial derivative %gy on R?\ {(0,0)}. Differentiating the

expression of g—i(m’, y) with respect to z, we obtain:

0% f (2.1) y® — 3a%y? + T2y’ + 3yt
LL‘ = .
dxoy "’ Y (2 + y?)*

At the origin, we define the mized derivative by the limit:

Oxdy "’ h—0 h

= O7
since 2 (2,0) = 0 for all x, and in particular at z = 0.

ox
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However, to determine whether f € C?, we must check whether B af 18 continuous at
(0,0).
Let us examine the limit of%gy(:c, y) as (z,y) — (0,0). Switching to polar coordinates

xr=rcosf, y=rsinf, we get:

0% f 78 (sin® 0 — 3 cos? 0sin® f + 7 cos® §sin® § + 3 cos* O sin* )
——(r,0) = )
0x0y r8

Simplifying, we obtain:
0 f
—2—(r,0) = sin® 0 — 3cos? fsin? O + 7cos? O sin® O + 3 cos* fsin® 0,
0zxdy

which **depends on 0** and not on r. Therefore, the limit

o2
1. o°f
(z,y)—(0,0) Dxdy

(z,9)

**does not exist**, since it depends on the direction of approach.
Hence, % is not continuous at (0,0), and we conclude that f ¢ C*.

4.6.1 n-times differentiability

Definition 4.6.31. Let f be a function of two variables. f is said to be n-times differentiable
if it is (n — 1)-times differentiable and the (n — 1)-th differential is differentiable.

Definition 4.6.32. Let f be a function of two variables. f is said to be of class C™ if it is

n-times differentiable and the n-th differential is continuous.

4.7 Taylor’s Formula

4.7.1 Taylor’s Formula with Lagrange Remainder:

Let f be a function of two variables of class C™*'. For (ay,a2) € Dy and (a1+hy, as+hy) €
Dy, we have:

1
flar+hy, ax+hy) = f(a1, az +Z 7l (a1, a) hl”“)k*(m 1)!

where 8 €]0,1].

94

d(nJrl)f((ll +9h1, (12+9h2> (hl , hg)(n+1)



Example 4.7.1. We want to give Taylor’s formula of order 1 for the function f at (0,0)
defined by f(x,y) ="V +y — 1.
f is of class 2,
df(0,0)(hq, he) = hy + 2hs

and
2 f(Ohy, Ohy)? = nthap2 o fhutha)p,  9pf(utha)p b,

Thus,
f(h1,hy) = hy 4 2hy + /Mt p2 o btha)py ) o 9cfUntha)p, b

where 6 €]0,1].

Taylor’s Formula with Young’s Remainder

Let f be a function of two variables of class C™. For (zo,yo) a point in Dy, there exists

a function € : Dy — R such that:

n

flay+ hy,ap + ho) = f(ay, az) + > %d”)(al, as)(hi, ha)* + (B3 + ha)"e(h1, ha))

k=1

where  lim  €(hy, hy) = 0.
(hl,hz)%(o,o)

Remark 4.7.2.. — T

his formula gives the Taylor expansion of a function f up to order n.

4.7.2 Local Extrema of a Function of Two Variables

Definition 4.7.3. Let f be a function of two variables defined on a domain Dy.

We say that f has a local maximum at vy € U if there exists an open set containing
xg such that for all x € Dy N U, f(x) < f(xg). Similarly, we say that f has a local
minimum at xo € U if there exists an open set containing xo such that for all x € Dy NU,
f(x) = f(xg). We say that f has a local extremum if it has a local minimum or local

MaTImMuUm.
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Proposition 4.7.4. Let f be a function of two variables. If f has a local extremum at a

point M € Dy, then:
dF(M) _ df(M)
dx dy
In this case, M 1s called a critical point.

=0

Example 4.7.5.
flay)=2—(z-1)"—(y—3)*

We find:

df (z,y) _ 2w —1) =0, df (x, y)

dx dy
Thus, x =1 and y = 3. Therefore, the only critical point is M = (1,3).
f(M) =2 and f(z,y) < f(M) over R?, hence on a neighborhood of M, f has a local

maximum at M.

= 2y - 3)=0

Remark 4.7.6.. —
If dféy) = %2/1) =0, f does not necessarily have an extremum at M. For example,
consider f(z,y) = z%y3. We have:
d, d,
f(‘r7y> :255:1/3:0, f<x7y) :31'21/2:0
dz dy

The only critical point is (0,0), yet f(z,y)— f(0,0) = z*y> does not have a constant sign,

implying f does not have an extremum at (0,0).

Proposition 4.7.7. Let f be a function of two variables of class C* in a neighborhood of a

critical point M € Dy. Denote:

i N oy
= 5aa (M), T=55(M), S =52 (),

Then:
1) If RT — S? >0 and R > 0, then [ has a local minimum at M.
2) If RT — S? >0 and R < 0, then f has a local mazimum at M.
3) If RT — S* < 0, then f has a saddle point at M (i.e., no local extremum).

4) If RT — S? =0, the test is inconclusive (degenerate case).
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Example 4.7.8. Let f(z,y) = a* +y* — 4xy + 8. To find the critical points, we solve:
of

= =42 — 4y =0 _ .3
y==x
gf‘ = 3:>y:y9:>y:0, +1, andx =y>.
— =4y —dx =0 r=Yy
dy

Thus, the critical points are (0,0), (1,1), (—=1,—1).

At (0,0):
0*f O*f 0*f
=2 100=0 T=5%2(00= - =4
R o2 (07 0) 07 6y2 (07 0) 07 S axay (07 0) )
= RT'—-S>=-16<0.
So f has a saddle point at (0,0).
At (1,1):
O f O f O*f
=—(1,1)=12, T=—(1,1)=12 = 1,1) =—-4
o 8:62(’ ) ’ 83/2(’ ) S 8x8y(’ ) ’

= RT—-S*=144-16=128>0, and R> 0.
So f has a local minimum at (1,1).
At (—1,—1): The second derivatives are the same as at (1,1), so f also has a local
minimum at (—1,—1).
Example of a Degenerate Case:

Let
fla,y) =2 +y* =3y — 2.
We compute the first-order partial derivatives:

Of s OF .o
a$—4x, 8y_3y 3.

Solving g—i =0 and g—i = 0, we find the critical points:
4 =0=2=0, 3°-3=0=y==+l.
Thus, the critical points are (0,1) and (0,—1).
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We now compute the second-order partial derivatives:

92]6 ) 92]6 92]0
Frche 1227, _y2 = 6y, 20y =0
Analysis at (0,1):
R——2 (0,1)=0 T——Q‘(Ol)—6 S = 2f(Ol)—O
- 9[L’2 ) - - 9y2 ’ - Y - axay 9 - Y-

= D=RT-5"=0.

Since D = 0, the second derivative test is inconclusive at (0,1).
To investigate further, we consider the Taylor expansion of f near (0,1). Let hy = z,
ho =y — 1, so that (z,y) = (h1,1+ hy). Then:

f(hi, 14 ho) — f(0,1) = Al + (1 + ho)® = 3(1 + ho) — (1 — 3-1) = hi + hj + 3h3.

Thus,
f(hi, 1+ hy) = £(0,1) = hi + h3 + 3h3.

For small hy, the dominant term in hiy+3h3 is 3h3 > 0, and since hi > 0, we conclude:
f(h1,1+ ha) > f(0,1) for all (hy,hs) # (0,0) sufficiently close to (0,0).

Therefore, f has a local minimum at (0,1), even though the second derivative test was

conclusive.

4.7.3 Global Extrema of a Two-Variable Function:

Let f be a function of two variables and let (zo,y0) € Dy. We say that f has a global

minimum (respectively, maximum) if f(x,y) = f(xo,y0) (respectively, f(z,y) < f(xo,y0))
for all (z,y) € Dy.

Example 4.7.9. Consider the function defined on R? by f(x,y) = 2*> +y* — 2. We have
flx,y) — f(0,0) = 2* +y* > 0, thus [ has a global minimum at (0,0).

Remark 4.7.10.. —

1) If there exists (xo,y0) € Dy such that f(z,y) — +oo near (zo,Yo), then f does not

have a global maximum.
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2) If there exists (zo,v0) € Dy such that f(z,y) — —oo near (xo,yo), then f does not

have a global minimum.

Example 4.7.11. Consider the function defined on R? by f(x,y) = 2 +y.

We have lim f(z,y) = 400, so [ does not have a global maximum.
(z,y)—(+00,0)
Also, ( )li{n )f(x,y) = —00, so [ does not have a global minimum.
z,y)—(0,—o0
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4.7.4 Exercise:

Consider the function defined on R? by:

f(z,y) = 22° + 62y — 3y + 2.

Study the existence of local and global extrema of f on R2.

Solution:
w = 62% + 6y, W = 6z — 6y and the critical points are (0,0) and (—1,—1).
Z Y
&’ f(z,y) &’ f(z,y) & f(z,y)
Also, ———== =12z, ——* = —6, and ————= =6
50 T A © dy? o an dxdy

At (0,0), R =0, T = —6, and S = 6, so RT — S? < 0, which implies that f does
not have a local extremum at (0,0).
At (=1,-1), R=—12, T = —6, and S = 6, so RT — S? > 0 and since R < 0, f has a
local mazimum at (—1,—1).

lim  f(z,y) = —o0, so f does not have a global minimum.

(z,y)—(0,4+00)

lim  f(x,y) = 400, so f does not have a global mazimum.
(z,y)—(400,1)
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4.8 Exercises:

Exercise 01:
Give the domain of definition of the following functions and graphically represent them:
) Filwy) = =+ —= +In(l —z ~y), fo(ry) DV T
z,y)=—+—+In(l —x—vy), folr,y) = ——— —x?—
1 Yy \/E \/g Yy 2 Yy jj2 T y2 1 Y

Exercise 02:

Calculate the following limits:

3 Tty 1 .
I e et 2 am Tl gy g SO
(z,9)—=(0,0) x* + ¥y (z,9)—(0,0) x (@)~ 0,0) || + |y
1 .
4)  lim (x4 y)sin (ﬁ) : 5 lim |$2| + ‘3/2” 6) lim Sln(ycy)7
(z,9)—(0,0) . ety (z,y)—(0,0) * + Y (z,9)—(0,a) y
7 lim Y

(@,y)—(0,0) 22 — Y2

Exercise 03:

Study the continuity of the following functions on their domains of definition:

2

25 if (2,y) #(0,0)

1) fi(z.y) :{ 0 if(x,y) = (0,0)

2 (2)
2) falz,y) = ?Sm(y) Z:ng

202+ —1 if 2?4+ > 1

T otherwise

Exercise 04:

Consider the following function:

[ 55 if () £ (0,0)
f(z,y) { . "0

1) Calculate f,(0,0) and f,(0,0).
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2) Show using the definition that f is not differentiable.

8) Are f, and f, continuous at (0,0)?

Exercise 05:

Consider the following function:

i (a,y) £ (0,0)
I ’y)_{o if (a,y) = (0,0)

1) Study the continuity of f on its domain of definition.

2) Calculate %(0,0) and j—’;(0,0). What can be deduced?

Exercise 06:

Study the continuity extension of the following functions:

Flay) = sin(z) — sin(y) o(z.y) = 1 — cos(y/22 + 12)

- )

x—y N x? + 12

Exercise 07:
Consider the following function:
€T~ — .
my—y Zf (l’,:g) 7é (Oa())
0 if (z,y) = (0,0)

1) Calculate f,,(0,0) and f],(0,0).

flz,y) =

2) Are the functions f;, and f,, continuous at (0,0)?

Extra Exercises

Exercise 08:

Study the existence of local extrema of the following functions:

fi(z,y) = *—2y+y*+32—2y+1, fo(z,y) = 2> F2oy+y*—1, fs(x,y) = 3vy—2®—?, fi(z,y) = 2*y*(1+a+
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Exercise 09:

Study the existence of local and global extrema of the following functions on their domains
of definition:

fr,y) =sin(z) +y* +y+2, g(z,y) =2° - 3z(1 +y?).

Exercise 10:

Provide the second-order Taylor expansion of the following functions around (xg,yo):
flr,y) =2 + oy +4y* at (zo,90) = (1,2),

g(z,y) =zn(y) +yIn(z) at (zo,40) = (1,1),

hz,y) =In(1+4 2z +2y) at (xo,y0) = (0,0).

103



4.9 Solution:

Solution to exercise 1
*1. Domain of fi(z,y) =

We need:

1+1+1(1 )
—+—+Inl—a—y
VIoVY

x>0, y>0, z4+y<l1

Domain: v >0,y>0,z+y<1

Y

0.5

Domain
‘ K
—0.2 02 04 06 0.8 1 1.2

1

Vaz+y?—1

224y —1>0 and 4—22—y> >0

*2. Domain of fo(z,y) =
We need:

+ ’4—x2—y2

= l<a2?+4*<4

So the domain is the **annulus** (ring-shaped region) between the circles of radius 1
and 2.
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Solution to exercise of 2

1)
, 3y , 3 cos® () sin(6) cos®(0) sin(6)
lim —— = lim —1 = _—
(zy)=00) o4+ y* ot rt(cos(0) +sin*(0))  cost() + sin*(6)

The limit depends on 6, hence it does not exist.

2)

Tty . .
im € 1 im ETY o rcos(f) +rsin(f)  cos(0) + sin(0)

(zy)—=(00) T (@y)—=(00) X r—0+ rcos(6) B cos(6)

The limit depends on 6, hence it does not exist.

3)
im sm(xy) = lim Y =0
(@y)—00) || + y|  @y—00) |z|+ |y|

4)

1
lim r+uy)sin | ——
(x,yw(om( v) (x2 + y2>

. 1
(5| <2

2)' < |z +y| — Owhen(x,y) — (0,0).

We use the inequality:

SO

24y

(x +y)sin (
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We conclude by the Squeeze Theorem:

1
lim T -+ y)sin =0.
(x,ywom( 2 (fc2 + y2>

5)

|x2| + |y| — lim r(cos(f) 4 sin(0)) i cos(f) + sin(h) C e
(@y)—00) 22 +y* =0 72 70 r
6)
im SR p W g a
(z,y)—(0,a) Y (z,y)—(0,0) Y (z,y)—(0,0)
7) Fory =2z, we get lim, g _?3 =0.
Fory =2+ 2%, we get lim,_, f:T“fQ = —%.

Solution to Exercise 3

1) Domain of fi(z,y) = -2+ is R2.

x2+y4
f1 1s continuous on R*\ {(0,0)} because it is a ratio of polynomials.

At (0,0): Consider two paths:
1. Fory=x, we get lim, o 755 = 0.

2. For y = 2%, we get lim,_ % =1+ £1(0,0).
Therefore, f1 is not continuous at (0,0).

2) Domain of fo(x,y) = y?sin (%) is R2.

fa is continuous on R*\ {(a,0) | a € R} because it is the product of a continuous function
(y*) and a bounded function (sin (%))

lim ;) —(0,0) ¥° sin <§) = 0 # 0 (since the function (x,y) — sin (5) is bounded and
(z,y) — y* tends to 0).

Therefore, fy is not continuous at (0,0).

202 + 2 —1 if a4yt > 1

3) f3($,y) = { ZL’2
f3 is defined on R?.

f3 is continuous on R?\ {(z,y) | 22 + y* = 1} because it is a polynomial function on

otherwise

these sets.
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Now, verify continuity on x> +y? = 1:

Let (x,,yn) be a sequence converging to a point (a,b) such that a* + b* = 1.
1 If22 + 92 >0, then f3(z,,yn) =222 +y2 — 1.

2. If 22 +y2 <0, then f3(xn,yn) = 2.
As 222 +y2 —1—=2a*>+b* — 1 =a? and 22 — d?, and a®> + b* = 1, both limits are

equal. Therefore, f3 is continuous at (a,b).

Solution to Exercise 4

3

2 i (x,y) # (0,0)
1) f(:E,y)—{ 0+ if(xjy):(o’o)

Calculate f,(0,0) and f,(0,0):

f(h,0) = £(0.0) _ . fz

/ _ 1 h? _
£2(0,0) = ilg% h N leo h !
70.0) — i QN =F0.0 3

v h—0 h h—0 h

2) Assume by contradiction that f is differentiable at (0,0):
Then df(O, O)(hl, hg) = f;(O, O)hl + f;(O, O)hQ = hl - hg.

So,
f(h1,ha) — £(0,0) — df(0,0)(hy, hy)

lim
(h1,h2)~(0,0) i+ h3

Calculate this limit in polar coordinates:

=0

2o’ O)=r2sin* @) _ yeos(g) + rsin(0)

r2

lim = lim(cos®(6) + sin®(0)) — cos(#) + sin()

r—0 r r—0
This limit depends on 6, so it does not exist.

8) If f, and f, are continuous at (0,0), then f is differentiable at (0,0). This contra-
dicts part 2.
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Solution to Exercise 5

ey = | 1@ 2 00
0 if (x,y) = (0,0)
[ is continuous on R*\ {(0,0)} because it is a ratio of two polynomials.
At (0,0):
For the path x = y:
2
lim ——— = li !

1m
z—0 2 + x4 5014 x2

ThUS, liIn(ac,y)%(O,O) f(xa y) 7é f(ov O)
Therefore, f is not continuous at (0,0).

2) Calculate f,(0,0) and f,(0,0):

 f(h,0) = f(0,0) . 57
/ - =
£.(0,0) = }llur(l] . = }ZH% Y 0.
. f(O,n) = f(0,0) . —%‘
! — _ =
£,(0,0) = flLl_>H(l) h N }1L1—>Hé h 0

The partial derivatives exist despite the discontinuity of the function.

Solution to Exercise 6

1) f(z,y) = w is defined on R*\ {(z,y) | * = y}. We investigate the limit
My ) (a,a) f(2,y) where a € R. By the definition of the derivative, we have:

lim sin(z) — sin(y)

(Izy)*)(ava) r—y

=cos(a) € R

Therefore, f can be extended by continuity to the set {(z,y) | © = y}. The extended
function f(x,y) is defined as:

sin(z)—sin(y) .
- — " ifr#y
flz,y) = !

cos(a) ifx=y
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This extension ensures continuity of f on R2.

Solution to Exercise 7

1) To compute second-order partial derivatives, we first calculate first-order deriva-

lives:
of _y(a' —32%y® —y')
or (22 + y2)?
of _ a(=a" +32%° +y*)
oy (a4 y?)?

Also, the partial derivatives are:

Of _ iy FO1) = f(0,0) _

Eri h
Jdy  h—0 h

And the mized partial derivatives are:

of of
0xdy h—0 h
Oyox h—0 h

2) The cross derivatives are different at (0,0) and f is anti-symmetric, according to

the Schwartz theorem, 628’;(55) and 825;:” are not continuous in(0,0).
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